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Outline

• Manipulating colloidal interactions via


- Small particle additives and colloid shape


• Algorithms for dealing with large particle size asymmetry


• Studies


- Depletion induced chaining of indented colloids


- Phase behaviour of indented colloids



Motivation: Small particle additives

• Adding small particles (eg. polymers or nanoparticles) to  
suspensions of neutral colloids modifies net colloid-colloid 
interaction


• Scope for controlling:


‣Bulk phase behaviour


‣Microphase formation (clusters, stripes, lamellae, etc)


‣Self assembly

• Most celebrated example is Depletion Interaction in hard 
spheres



Size: Depletion

�V

• Control range


• Control strength


• Very sensitive to shape


• In situ control



Depletion: Experiments

•Adding small non 
absorbing polymers 
to colloidal 
dispersion leads to 
fluid-fluid phase 
separation 

•Small particles 
induce effective 
entropic attraction 
between large ones

Fig courtesy of D. Aarts
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We have studied the crystallization behavior of colloidal cubes by

means of tunable depletion interactions. The colloidal system

consists of novel micron-sized cubic particles prepared by silica

deposition on hematite templates and various non-adsorbing water-

soluble polymers as depletion agents. We have found that under

certain conditions the cubes self-organize into crystals with a simple

cubic symmetry, which is set by the size of the depletant. The

dynamic of crystal nucleation and growth is investigated, monitoring

the samples in time by optical microscopy. Furthermore, by using

temperature sensitive microgel particles as depletant it is possible to

fine tune depletion interactions to induce crystal melting. Assisting

crystallization with an alternating electric field improves the

uniformity of the cubic pattern allowing the preparation of macro-

scopic (almost defect-free) crystals that show visible Bragg colors.

The relation between particle shape and crystal symmetry and

structure remains a fundamental issue in condensed matter science.

The simplest and most symmetric crystal is cubic and its natural

building block is the cube. Simple cubic crystals are quite rare: the

lethally toxic a-emitter polonium is the only element which forms

a simple cubic (SC) structure.1,2Here we present the first observations

by optical microscopy of simple cubic crystals, close-packed colloidal

structures, that have self-assembled in aqueous dispersions of novel

hollow silica cubes. There are important reasons to investigate the

uncommon simple cubic structure employing colloids rather than

atoms. SC-crystals of colloidal cubes may fill space, in marked

contrast to the very open atomic SC-patterns. On the other hand

cubic particles can fill space with non-registered planes which lack

shear rigidity, sliding phases, and also constitute a promising exper-

imental system for theories4–8 of cube fluids. In our system cubic

crystal nucleation and growth, directly observed with an optical

microscope, is driven by anisotropic depletion forces that cannot be

generated in conventional sphere fluids. This allows additional

control of the condensed phase where for example decreasing the size

of the depletant locks neighboring sliding planes in registry and

produces a true simple cubic crystal. Essential for time- and space-

resolved imaging is that cubes are large enough for optical micros-

copy but still small enough to exhibit Brownian motion such that

equilibrium thermodynamics of the cubes is probed on the time scale

(typically minutes to hours) of optical microscopy. We synthesized

micron-sized hollow cubic colloids suitable for such studies in three

steps. First, iron-oxide template cubes (Fig. 1) are prepared following

ref. 9, which are then covered with an amorphous silica shell to form

what will become the hollow cube. Finally the iron oxide templates

are dissolved by hydrochloric acid to iron chloride which diffuses

away through the nano-porous silica shell (see Materials and

Methods for synthesis details). The synthesis yields particles with

uniform size and shape with a typical side of 1338 nm and

Fig. 1 Left: transmission electron micrograph (TEM) images of bare

hematite (a-Fe2O3) cubes (a), covered with amorphous silica (b) and

dissolved by acid yielding hollow silica cubes (c), with a total cube length

of 1338 nm and a silica shell thickness of 100 nm. Cubes are very uniform

in shape and size, with a typical size polydispersity of 3%. Scale bars are

1 mm. Right: cubes have rounded edges and can be modelled as super-

ellipsoids with semi-major axis lengths a ¼ b ¼ c and shape parameter

m " 3.5 (see ref. 3 and ESI†).
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Simulation challenges

• Aim to tackle the full two component mixture

• But such systems are notoriously difficult to simulate 
effectively ☹


‣Large size asymmetries → huge numbers of small 
particles.

‣Relaxation of large particles frustrated by the small 

particles.



Particle displacements

Visualising the problem

 Geometric 
Cluster Algorithm



Geometrical cluster algorithm

• Geometrical cluster algorithm (GCA)†:  accelerates 
relaxation by collectively updating whole clusters of 
particles (big and small together).


• Cluster updates are rejection free.

†Hard Core: Dress and Krauth, J. Phys. A 28, L597 (1995)

Soft core: Liu and Luijten, PRL 92, 035504 (2004). 



















Indented colloids

LETTERS

Lock and key colloids
S. Sacanna1, W. T. M. Irvine1, P. M. Chaikin1 & D. J. Pine1

New functionalmaterials can in principle be created using colloids
that self-assemble into a desired structure by means of a program-
mable recognitionandbinding scheme.This ideahasbeen explored
by attaching ‘programmed’ DNA strands to nanometre-1–3 and
micrometre-4,5 sized particles and then using DNA hybridization
to direct the placement of the particles in the final assembly. Here
we demonstrate an alternative recognition mechanism for direct-
ing the assembly of composite structures, based on particles with
complementary shapes.Our system,which uses Fischer’s lock-and-
key principle6, employs colloidal spheres as keys andmonodisperse
colloidal particles with a spherical cavity as locks that bind sponta-
neously and reversibly via the depletion interaction. The lock-and-
key binding is specific because it is controlled by how closely the
size of a spherical colloidal key particle matches the radius of the
spherical cavity of the lock particle. The strength of the binding can
be further tuned by adjusting the solution composition or temper-
ature. The composite assemblies have the unique feature of having
flexible bonds, allowing us to produce flexible dimeric, trimeric
and tetrameric colloidal molecules as well as more complex col-
loidal polymers. We expect that this lock-and-key recognition
mechanism will find wider use as a means of programming and
directing colloidal self-assembly.

The three essential ingredients of our scheme are key particles, lock
particles and the depletion interaction. The key particles are simple
spheres made of silica, poly(methyl methacrylate) or polystyrene,
with sizes depending on the targeted geometry of the final assembly
and on the physicochemical properties that we want to build in (see
Methods for synthesis details). The lock particles, a new kind of
colloid with a single spherical cavity (Fig. 1), are produced through
two consecutive polymerizations of a monodisperse silicon oil emul-
sion of 3-methacryloxypropyl trimethoxysilane (TPM)7. The syn-
thesis protocol (sketched schematically in Fig. 1a) starts with the
solubilization of TPM in water by slow hydrolysis, followed by rapid
polymerization via a polycondensation reaction to give low-molecular-
weight TPM oligomers. The oligomers phase separate to give charge-
stabilized oil-in-water emulsion droplets that are grown to the desired
size by seeded growth. A second polymerization of the oil phase,
now acting on the acrylate moieties of the TPM oligomers, creates
the cavities: the radical polymerization grows a rigid cross-linked shell
around the droplets and simultaneously causes the contraction of the
polymerizing liquid core,with the contractiondrivinga controlled shell
buckling that results in spherical cavities forming on the particles (see
Fig. 1b and c).All oil dropletsbuckle to form lockparticles, anda typical
synthesis yields approximately 0.1 g of particles permillilitre of reaction
mixture. The method, which is described in more detail in the
Methods, routinely produces bulk quantities of 20–500ml or approxi-
mately 1010–1013 particles.

Short-range attraction between the surfaces of the lock and key
particles turns the complementary geometry of our simple building
blocks—a spherical key fitting into the cavity of a lock—into a site-
specific lock-and-key interaction. We induce such a short-range
attraction by adding a non-adsorbing water-soluble polymer—the

depletant—to the system, causing depletion interactions8,9 which
have their origin in the entropy associated with the centre of mass
of the polymers. That is, each colloidal particle is surrounded by an
exclusion layer whose thickness is given by the radius rp of a polymer
molecule; the polymer is excluded from this region because its centre
cannot approach the colloid surface any closer than rp (Fig. 2a). If the
surfaces of two colloidal particles come closer than 2rp, their exclu-
sion volumes overlap and the total volume from which polymers are
excluded decreases by the amount of their overlapping exclusion
volumes DV. This increases the total volume available to the poly-
mers by DV and hence increases the entropy of the polymers, which
reduces the free energy of the system by:

DFd< kBTnpDV (1)

where np is the number density of polymers,T is the temperature, and
kB is Boltzmann’s constant. The free energy reduction DFd associated
with two particles coming together represents the binding energy due
to the depletion interaction and is determined, according to equation
(1), by the overlap volumeDV and the number density of polymersnp,

1Department of Physics, New York University, 4 Washington Place, New York, New York 10003, USA.
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Figure 1 | Fabrication of lock particles. a, Diagram showing the synthetic
steps involved in the preparation of particles with well-defined spherical
cavities. Monodisperse silicon oil droplets are (1) nucleated from a
homogeneous solution of hydrolysed 3-methacryloxypropyl
trimethoxysilane monomer, and (2) encapsulated into cross-linked polymer
shells. The liquid core (3) contracts when polymerized and (4) drives a
controlled shell buckling that forms spherical cavities. b, This last step is
easily followed by optical microscopy. After polymerization, cavities are
visible as darker spots on the particles surfaces. c, The complementary fit
between the locks and the spherical keys (here silica), is clearly visible in this
transmission electron microscope image.
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range and depth of the attractive depletion potential falls below that
required for binding. As a result, all locks release their bound keys
(Fig. 4b, images at bottom; see also Supplementary Movie 2). Particle
assembly can also be controlled by an externally applied electric field:
as illustrated in Fig. 4c, the shape-anisotropic lock particles organize
into chains with all cavities arranged perpendicularly to the field.

A striking and unique feature of our lock-and-key assemblies is that
the bonds between particles are flexible. Spherical keys fitting inside
matching lock cavities formball-and-socket joints held together by the
depletion force. The absence of chemical bonds at the junction allows
keys to rotate within the cavity of their locks.When two ormore locks
are bound to a single key, this rotation becomes visible under an
optical microscope (see Fig. 5, and Supplementary Movies 3 to 5).
The assembly of monomers, dimers, trimers and tetramers occurs
simply by progressively increasing the size of the central key particle
to make room for extra locks to dock (Fig. 5 and Supplementary
Fig. 1). This flexibility provides an additional degree of freedom that,
together with the reversible nature of the binding, facilitates annealing
during the assembly of larger structured aggregates. In the absence of
spherical keys, locks with sufficiently large cavities assemble in a head-
to-tail fashion into polymeric worm-like chains that diffuse and grow
in solution (see Fig. 5d and Supplementary movie 5), provided the
depletant concentration is sufficiently high to drive binding. Many
other configurations are possible as well, including snowman-like
particle assemblies that formwhenmonodisperse keys aremixed with
two different sets of locks (Fig. 5c).

Taken together, our observations demonstrate that the self-
organization of colloidal particles by means of directional, selective
and reversible interactions can be essentially reduced to a simple
geometrical problem. This allows the lock-and-key interactions to
direct the assembly of basic building blocks regardless of their com-
position and surface chemistry; this should offer unprecedented
opportunities for engineering ‘smart’ composite particles, new func-
tional materials and microscopic machinery with mobile parts.

METHODS SUMMARY
The precursor emulsion for the synthesis of lock particles is prepared by a modi-
fication of a hydrolysis and polymerization method originally described in ref. 7.
Typically, 750ml of TPM are first hydrolysed in 15ml of deionized water and then
mixed to 30ml of aqueous NH3 at 0.4M. The ammonia catalyses a polycondensa-
tion reaction yielding low-molecular-weight TPM oligomers that in water rapidly
phase-separate, forming a charge-stabilized emulsion. The resulting oil-in-
water emulsion droplets are grown to the desired final size by feeding the emulsion
with a solution of hydrolysed TPM at 0.2M. To form the cavities, the emulsion is
further polymerized by adding a radical initiator (potassium persulphate,
[KPS]5 0.45mM) and heating at 75 uC for 6h. Specially modified locks with a
polyacrylamide coating are prepared to prevent aggregation when mixed with
pNIPAM particles. The coating is formed by mixing 20ml of the lock suspension
with 80mg of acrylamide and 20mg of KPS and heating at 75 uC for 3h.
Key particles of silica are prepared by the Stöber method13. Poly(methyl methacry-
late) and styrene particles are prepared by a standard surfactant-free emulsion
polymerization14. pNIPAM particles were synthesized according to the method
described in ref. 15. After preparation, all the colloidal systems are washed and
redispersed in deionized water. The binding curves in Fig. 3 are obtained by mea-
suring the fraction of lock–key complexes recorded in a series ofmicroscopy images
after an equilibration time of 30min. Thermo-reversible lock–key binding experi-
ments are performed by gluing samples on heated microscope slides coated with
indium tin oxide. Electric-field-induced lock assembly is performed by bringing
lock suspensions in contactwith twoparallel indiumelectrodes 200mmapartwith a
typical alternating-current electric potential of 20V at 50 kHz.

Received 7 October 2009; accepted 2 February 2010.
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Figure 5 | Flexibility of the lock–key junctions in self-assembled colloidal
molecules and polymers. Time-lapse optical microscopy images (left three
columns), and schematics (rightmost column), show the flexibility of
lock–key bonds in various assemblies (a–d), which are confined to two
dimensions by being placed on a glass microscope slide. The absence of
irreversible chemical bonds between the building blocks allows these ball-in-
socket joints to move freely. Scale bars, 2mm.
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Depletion induced chaining















Snapshots: fixed dc, various ηs
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Snapshots: fixed dc, various ηs
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Snapshots: fixed dc, various ηs
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Snapshots: fixed dc, various ηs
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Snapshots: fixed dc, various ηs
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dc = 0.7Movie



Measures

AB

Label distinct particle faces

Let NA count number of unbound A faces in a system of N particles 

Then                           provides a measure of the inverse of the 
average chain length

X =
NA

N
2 (0, 1)



Snapshots N = 60
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X < 0.1

X = 0.5
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Wertheim perturbation theory for associating fluids

X =
1

1 + 2⇢X�

• Developed for “patchy” particles

Mass action equation

f(12) = exp[��V (r12)]� 1

� = 4⇡

Z
gHS(r12)hf(12)i!1!2r

2
12dr12 Plays role of equilibrium constant

X = fraction of unbonded patches = NA/N

Mayer function: angular average can be 
determined exactly for square well interaction or 
measured via two body g(r)

• Simplest version:
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,X

Well Depth,✏/kBT

⇢ = 0.2

• Bonds are independent, so Δ determines the relative probability of 
bonded clusters of all sizes.

cf. Sciortino et al JCP 126, 194903 (2007)

mainly 
monomers

mainly 
chains



•Simplest version of Wertheim theory is remarkably 
accurate for patchy spheres 

•What about non-spherical particles?
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Reformulated theory (overview)

•Derives explicit expressions for 

(i) probability of free particle binding to an empty site

(ii) probability of a bound particle breaking off  


Not included in simplest 
version of Wertheim theory

is “binding free energy’’, calculable from g2(r) 

where ρ=N/V  is the number density of free binding sites and ρ(1-X)  is the 
number density of bonds, and

K0 =

Z

v
dre�U(r,r0)

• Equating the two rates gives a revised expression for the 
equilibrium constant:

K1 = K0(1 + ⇢�V1 + ⇢(1�X)�V2) + · · ·



V21 V22V11

dc V11 V21 V22 �V1 �V2

0.50 3.719 5.234 7.399 2.204 -1.339
0.80 4.109 6.489 10.27 1.729 -0.75
1.00 4.189 7.074 11.64 1.304 -0.1

�V1 = 2V11 � V21

�V2 = 4V21 � 4V11 � V22

•Sub K1 into mass action equation and solve self-consistently for X 
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Bulk phase behaviour

• For computational expediency, work with an effective potential 
model 

• Employ a grand canonical framework: biased particle 
insertions and deletions.



Effective potential



Effective potential



Effective Potential: Back to back
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Mapping the two parameters
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95%Tc
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Connected Clusters
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Cavity size in liquid at 95% Tc
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Network motifs
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Trees and loops

No free binding sites

One loop per cluster



Isotropic binding

Connecting clusters

Connecting particle



Summary
• Tailored MC algorithms allow for efficient study of depletion-induced 

assembly and phase separation in anisotropic colloids 

• For spherically indented colloids, observe chaining and branching 
over a narrow range of depletant volume fraction. 

• Progress in developing a version of Wertheim’s perturbation theory 
suitable for predicting the combinations of particle shapes and 
depletant volume fractions for which assembly occurs. 

• Chaining leads to “porous liquids”. 

• Directionality of bonds play important role in liquid structure.


