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Why IT in Graphs?

I Graphs are structural (non-vectorial) patterns. This implies
either the re-definition of measures, principles and theories for
the structural domain (e.g. MDL for trees - [Torsello & Hancock,

PAMI’06]) or the vectorization of graphs and the subsequent
application of traditional IT methods (e.g. embed
vertex-labeled graphs into normed spaces and match pairs of
weighted distributions using EMD–[Demirci et al., IJCV’06]).

I Spectral Graph Theory (SGT) [Chung, 97] has been one of the
driving formal elements in the continuous characterization of
graphs. See for instance the use of eigevalues magnitudes for
defining trees descriptors–[Shokoufandeh et al, PAMI’05].
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Graphs and Laplacians

Graphs

Let X = (VX ,EX ) and Y = (VY ,EY ) be two undirected and
unweighted graphs with respective node-sets VX and VY , edge-sets
EX and EY and number of nodes N = |VX | and M = |VY |.

Laplacians

I The adjacency matrices are AX and AY , and their degree
matrices are DX and DY .

I LX = DX − AX = ΦXΛXΦT
X and LY = DY − AY = ΦY ΛY ΦT

Y

are the eigen-decompositions of their Laplacian matrices.

I Graphs volumes are volX = trace(DX ) and volY = trace(DY ).
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Green’s Functions and Commute Times

Green’s Function

For X the Green’s function (pseudo-inverse of LX ) has elements

GX (i , j) =
∑|VX |

z=2
1

λ
(z)
X

φ
(z)
X (i)φ

(z)
X (j).

Hitting Times and Commute Times

I The hitting time O(i , j) of a random walk on a graph is defined
as the expected number of steps before node j is visited,
commencing from node i .

I The commute time is defined as

CT (i , j) = O(i , j) + O(j , i)
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Spectral Commute Times

Connection with the Green’s Function

In terms of the Green’s function the CT is given by [Qiu & Hancock,
PAMI’07]

CT (i , j) = vol (G (i , i) + G (j , j)− 2G (i , j))

Therefore the CT induces a metric between the nodes in the graph.

Spectral Commute Times

Substituting the spectral expression for the Green’s function into the
definition of the commute time, we have

CTX (i , j) = volX
∑|VX |

z=2
1

λ
(z)
X

(φ
(z)
X (i)− φ(z)

X (j))2
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CT Embedding

Embedding Matrices

I The co-ordinate matrices of the commute-time embeddings for
the two graphs are

ΘX =
√
volXΛ

−1/2
X ΦT

X , ΘY =
√
volY Λ

−1/2
Y ΦT

Y

I The co-ordinate vectors for the individual graphs are the
column-vectors of the embbedding matrices.

CTs and Distances

Under the commute-time embedding, the Euclidean distances
between pairs of nodes are equal to the commute times.
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Low-pass CT Embedding

Dimension selection

Let Θ̂X and Θ̂Y be reduced co-ordinate matrices with respective
dimensions d × N and d ×M that approximate the embeddings
obtained by removing the first rows (of zeros) and considering only
the remaining consecutive d rows, with (d + 1) ≤ N.

Low-pass columns

The resulting structure of the i−th column of Θ̂X is

Θ̂
(i)
X =

√
volX ( 1√

λ
(2)
X

φ
(2)
X (i) . . . 1√

λ
(d+1)
X

φ
(d+1)
X (i))T ,

and similarly for Θ̂
(u)
Y corresponding to the u−th column in Θ̂Y .
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Low-pass CT Embedding (2)

Approximating CTs

As the commute time defines a metric in each graph, we have that

ĈT (i , j) , ||Θ̂(i)
X − Θ̂

(j)
X ||

2

is an approximation of CT (i , j) with i , j ∈ VX :

ĈT (i , j) , volX
∑d+1

z=2
1

λ
(z)
X

(φ
(z)
X (i)− φ(z)

X (j))2 ≤ CT (i , j)

with equality when d + 1 = N.
Therefore, CT is an upper bound of the approximation.
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Manifold Alignment

Non-rigid transformation

If we have i ∈ VX and u ∈ VY , let T be a non rigid transformation
which aligns the manifold Θ̂Y with Θ̂X . Then, we can define

C̃T
∗
(i , u) , minT ||Θ̂(i)

X − T (Θ̂
(u)
Y )||2 = minT ′ C̃T (i , u) where

C̃T (i , u) ,
√

volXY

d+1∑
z=2

1√
λ

(z)
XY

(φ
(z)
X (i)− T ′(φ(z)

Y (u)))2 ,

where volXY , volX volY , λ
(z)
XY , λ

(z)
X λ

(z)
Y , and T ′(.) aligns

non-rigidly the eigenvectors of φY with those of φX .
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Manifold Alignment (2)

Coherent Point Drift
I Finding CT ∗ is then posed in terms of non-rigid manifold

alignment through the CPD (Coherent Point Drift) formulation
which generalizes non-rigid alignment to an arbitrary number of
dimensions, say d .

I The problem is posed in terms of minimizing [Myronenko &
Song, PAMI’10]

E (W, σ2) =
1

2σ2

N,M∑
i=1,u=1

PiuC̃T (i , u) +
NP

2
log σ2 + ϕ(W) . (1)

where W are the parameters of a non-rigid transformation T and σ is
the isotropic variance.
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Manifold Alignment (3)

Coherent Point Drift
I The key elements of the latter cost functions are the matching

probabilities Pui = P(Θ̂
(u)
Y |i):

Pui =
exp− 1

2σ2 C̃T (i ,u)∑M
v=1 exp− 1

2σ2 C̃T (i ,v)+c
,

where c = (2πσ2)D/2 w
1−w

M
N and w ∈ [0, 1] the fraction of

noise.

I Another key element is the regularization function

ϕ(W) = (λ/2)trace(WTGW)

imposes the smoothness of the correspondence field) and it is
consistent with the bending energy of the thin-plate splines .
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Manifold Alignment (4)

Coherent Point Drift
I G a M ×M Gaussian kernel matrix (regularizer) where

G (u, v) = exp−1
2δ

2ĈT (u, v).

I We obtain the parameters of W by solving:

(G + λσ2diag(P1)−1)W = diag(P1)−1PΘ̂T
X − Θ̂T

Y ,

I T (Θ̂Y ) = Θ̂Y + GW.

I Once W is known, the variance is given by

σ2 = 1
NP

∑N
i=1

∑M
u=1 C̃T (i , u).

I We have a chicken-and-egg problem (W→ P, W← P).
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Example of Manifold Alignment

Figure: Left: 2 fish graphs. Right: Alignment of their 3D manifolds
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Normalized Laplacians and CTs

Normalized Laplacians

Normalized Laplacians are defined as

L = D−1/2LD−1/2.

Although un-normalized Laplacians are described here for simplify
the analysis, normalized ones are preferred since there are two well
known practical consequences: (i) each eigenvalue of the spectrum
is constrained to the range [0, 2] and (ii) each coordinate of

Θ =
√
volΛ−1/2ΦTD−1/2

is now divided by the square root of the corresponding degree.
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Distributional Similarity Measures

Towards Distributional Measures
I The minimization of the CPD energy function yields the

optimal manifold alignment but it is not suitable for quantifying
manifold similarity after obtaining T ∗(Θ̂Y ).

I It loosely follows the approach in [Belongie et al., IJCV’02]

because it considers both the distance between matched points
and the complexity of the transformation.

I Since the costs of unmatched points are not taken into account
in CPD, a principled similarity measure between the manifolds
requires incorporating a criterion that compares the spatial
distributions of both the deformed/aligned T ∗(Θ̂Y ) and the
static Θ̂X manifolds.
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Distributional Similarity Measures(2)

Recent Example of Distributional Measure

I In [Chen et al., IJCV’09] the estimation of the cumulative
distribution functions (CDFs) of the point sets and then the
estimation and minimization of their Havrda-Charvát (HC)
divergence drives point-set registration.

I In this latter case, the quality of the registration is evaluated
through a Kolmogorov-Smirnov test for 2D/3D. Therefore,
Information Theory (IT) is a valuable source of inspiration for
cost functions for registration.

I However, their role in point-set similarity (manifolds in this
case) has been poorly evaluated in the past.
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Normalized-Entropy-Square Variation

Definition

In this regards, we introduce here a new IT measure that we call
normalized-entropy-square variation (NESV):

V(Θ̂X , Θ̂Y ) =
(H(T ∗(Θ̂Y ))− H(Θ̂X ))2

H(T ∗(Θ̂Y )) + H(Θ̂X )

=
(H(T ∗(Θ̂Y ))− H(Θ̂X ))2

I (T ∗(Θ̂Y ); Θ̂X ) + H(T ∗(Θ̂Y ), Θ̂X )
,

where H(.) and H(., .) are respectively the Shannon entropy and
joint entropy, and I (.; .) denotes the mutual information.
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Symmetrized NESV

Properties

I NESV quantifies the degree of entropy similarity after
alignment, normalized by the sum of entropies.

I Normalization is key when comparing graphs (manifolds) with a
significantly different number of nodes (points) and is also
consistent with mutual information maximization.

I Symmetrizing NESV we can infer a kernel between the
probability functions for the manifolds and, thus, implicitly
between the graphs.

I Inferring such kernels is of pivotal importance for principled
comparisons of the probability distributions associated with
the manifolds [Martins et al.,JMLR’09].
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Symmetrized NESV (2)

Definition

The symmetrized version of NESV (SNESV) accounts for the cost of
deforming Θ̂X into Θ̂X and viceversa because in general
V(Θ̂X , T ∗(Θ̂Y )) 6= V(T ∗(Θ̂X ), Θ̂Y ):

SV(Θ̂X , Θ̂Y ) =
(H(T ∗(Θ̂Y ))− H(Θ̂X ))2

I (T ∗(Θ̂Y ); Θ̂X ) + H(T ∗(Θ̂Y ), Θ̂X )
+

(H(T ∗(Θ̂X ))− H(Θ̂Y ))2

I (T ∗(Θ̂X ); Θ̂Y ) + H(T ∗(Θ̂X ), Θ̂Y )
.
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Symmetrized NESV (3)

The NESV Kernel
I It is well known that H(.) is a negative definite (n.d.) function.

I It is straightforward to prove that (H(T ∗(Θ̂Y ))− H(Θ̂X ))2 is
n.d., but that its negative exponentiation is p.d. for any β > 0
decay modulator.

I As negative definiteness is closed under the sum, then
H(T ∗(Θ̂Y )) + H(Θ̂X ) is n.d.

I However, as the sum of entropies is non-negative, we have that
1/(H(T ∗(Θ̂Y )) + H(Θ̂X ) + a) is p.d. for a > 0.

I The product of two p.d. functions is p.d.
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Symetrized NESV (4)

The NESV Kernel

Then, combining the previous properties and incorporating symmetr,
we have the following p.d. kernel KSV(p∗X , p

∗
Y ):

KSV =
e−βy (H(T ∗(Θ̂Y ))−H(Θ̂X ))2

H(T ∗(Θ̂Y )) + H(Θ̂X ) + ay
+

e−βx (H(T ∗(Θ̂X ))−H(Θ̂Y ))2

H(T ∗(Θ̂X )) + H(Θ̂Y ) + ax
,

where βy , βx , ay , ax > 0. Learn them for optimizing SVM.!

This result, consistent with families of kernels based on the
Jensen-Shannon divergence and others IT-measures, opens a novel
perspective for graph comparison because we are implicitly learning
a family of kernels between graphs.
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The Ubiquous 4th Dimension

Entropy Estimation

One of the problems of using IT measures in high dimensional
domains is the estimation of the measures themselves. Given that
the dimensionality of the manifolds may be too high for a plug-in
entropy estimator, in this work we exploit the kNN-based bypass
estimator proposed in [Leonenko et al, Annals of Statistics’08]:

I More efficient than the ones based on Entropic Graphs because
these rely on computing minimal spannin trees.

I Approximate directly the Shannon entropy instead of
extrapolating the Rényi entropy.

I Based on the limit of the Tsallis entropy which in turn is rooted
on the Student distribution.
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The Ubiquous 4th Dimension

Leonenko’s Estimator

ĤN,k,1 =
1

N

N∑
i=1

log{(N − 1)e−Ψ(k)Vd(ρ
(i)
k,N−1)d},

I N is the number of i.i.d. samples (points) x1, . . . , xn in Rd .

I k the maximum number of nearest neighbors considered.

I Ψ(k) = Γ′(k)/Γ(k) = −γ + Ak−1 the digamma function with
γ ≈ 0.5772 (Euler constant) and A0 = 0,Aj =

∑j
i=1 1/i .

I Vd = πd/2/Γ(d/2 + 1) is the volume of the unit ball B(0, 1) in
Rd .

I ρ
(i)
k,N−1 is the k−th NN distance from xi to some other xj .
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GatorBait100 Database

http://www.cise.ufl.edu/anand/publications.html

I 100 shapes with fishes from 30 different classes (genus)
quantized to form Delaunay graphs.

I High intraclass variability in many cases and many similar
species from different genus and few homogeneous classes.

I There are 10 classes with one species (not included in the
analysis and curves), 11 with 1− 3 individuals, 5 with 4− 6
ones and only 4 classes with more than 6 species.

I Hence, it is hard to devise a mesure which produces an average
recall curve far above the diagonal. This is the case of SNESV.

I d = 5, where the 5D setting is selected experimentally since
intrinsic dimensions are overestimated in this case.
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Performance Analysis

Figure: Left: Gator Samples. Right: Average recall curves
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A More General Framework

Figure: SNESV error evolution both for CT (left) and Laplacian Eigenmap
(right) embeddings.)
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Discussion and Future Work

Discussion
I The more competitive IT measure with respect to SNESV is

the Henze-Penrose divergence estimated as in [Neemuchwala et

al.’05 (with spanning trees).

I Two other measures which originate a p.d. kernel are studied:
a) Kullback-Leibler divergence is also close to the diagonal and
b) Jensen-Tsallis divergence for α = 0.1 (both estimated
through Leonenko’s method). In all cases k = 4.

Ideas for the Future
I Re-cast other graph problems (e.g. clustering...).

I Establish links with edit distances.
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Discussion and Future Work (2)

I It is straightfoward to incorporate attributes (simply redefine
the Laplacian Matrix as L = A−W).

I Also it is interesting to generalize to directed graphs, either by
considering the directed version of the Laplacian or by
exploiting the complex spectrum of the antisymmetric matrices
used for building trees.

I Anyway, the integration of spectral graph theory and
information theory seems to be a promising way to discover
new techniques.

I THANK YOU FOR YOUR ATTENTION!
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