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Aim

The problem

Learn a linear mapping that can be used to embed the 
attributes of the graph vertices into a metric space whose 
basis is the optimal transformation of a linear map from the 
vertex to the edge space.
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• Learn an operator which reflects the structure of the 
edge-space of the graph while being based upon its 
attribute-set.

• This operator is optimal with respect to a cost function 
which “makes sense” from the machine intelligence point 
of view



� Embedding methods can be used to transform 

the relational-matching problem into a point-

pattern matching one in a high-dimensional 

space.
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� Graphs can be “compared” using metrics in the 

embedding space

� From the theoretical point of view, such an 

embedding  provides a link between the spectra 

of graphs and linear operators



Motivation

� Since similar graphs should have akin edge-spaces, the 
learned mapping will reflect the common graph topology 
for the graphs under study.
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• Consider the probability distribution for an MRF given by

where set of hidden variables

Structured Learning
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unary and binary potential 
functions

Normalisation factor

Here we consider the hidden variables to be given by

where  is the ath row of the attribute matrix for the ith

graph



Whose log-probability function is given by

where
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where

But…

�The above function is not convex

�Proposed methods often find a continuous relaxation 
solution 



We note that

� The first and the second terms on the right-hand-side of 
the cost function can be treated as correlation terms.

� View correlation as a measure of similarity and, hence, 
an inverse distance.

Thus, we can transform the maximisation problem into a 

Structured Learning
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Thus, we can transform the maximisation problem into a 
minimisation one of the form



We write

Finding a Solution
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where



To solve the problem, we introduce a matrix NNNN of Lagrange 

multipliers which constrain the rows of the transformation 
matrix to add to unity and write

We can now compute       and       so as to equate them to 

Finding a Solution

∂g
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We can now compute       and       so as to equate them to 
zero.

This yields a linear equation that can be written in matrix 
notation in a straightforward manner by adding over the set  
of graphs

N∂

∂g



Recovering the Embedding

1. For every graph, compute the corresponding incidence 
mapping via the Young-Householder decomposition of 
the graph Laplacian.

2. Compute the vectors ci(a) via PCA on the incidence 
mappings for the graphs in the data set.

3. Compute the linear mapping by minimising the cost 
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3. Compute the linear mapping by minimising the cost 
function.

� The Laplacian can be expressed as follows

� It can be shown that the space spanned by the PCA 
analysis on the incidence mapping is equivalent to the 
edge-to-node scatter for the graph.
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� We use the MPEG7 CE-shape-1

� We have represented each shape as a graph whose 
vertices correspond to contour pixels sampled in regular 

intervals (1 in every 10 pixels).

� We build a fully connected graph whose edge-weights 
are given by the normalised Euclidean distances on the 

image plane between each pair of pixel-sites.

Experiments
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image plane between each pair of pixel-sites.

� The attribute set is given by the frequency histogram of 
these distances for every clique.

� The embedding space is 
70-dimensional.



Experiments - Graph Matching

• Our method

• Soft-assign
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• Soft-assign



Experiments – Shape Categorisation

� We use a histogram of distance frequencies in the 
embedding space.

� The histogram bin-centres have been recovered using k-
means.

� This can be viewed as a codebook in the target space
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� This can be viewed as a codebook in the target space

� With the codebook we have performed categorisation 
using a linear SVM.



� Proposed an embedding method which is based 

upon the graph attributes and, at the same time, 

is inherently related to the graph topology.

� We have done this by using a linear operator 

Conclusions
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� We have done this by using a linear operator 

over the graph-vertex attributes. 

� This linear operator is a mapping recovered via 

a learning process based upon a cost function 

which is convex in nature.
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