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Euclidean MST Problem: Connect N 
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Needs to work on large data!



MST Algorithms

None achieves O(N log N) lower bound!

• Prim’s: O(|V| log |V| + |E|)

• Kruskal’s: O(|V| + |E|)
But |E| is O(N2)!

Graph-Based Algorithms O(|E|) = O(N2) Lower bound
Shamos & Hoey [SH75] O(N log N) two dimensions
Voronoi Diagrams O(N2 log N) three or higher
Bentley & Friedman [BF78] No rigorous bound Expected N log N behavior

in uniform data

Yao [Y82] O(N2!2!(k+1)
(log N)1!2!(k+1)

In k dimensions
Agarwal et al. [A91] O(Fd(N, N) logd N) Depends on time to solve

closest pair problem
Callahan & Kosaraju [CK93] O(Fd(N, n) log N) High memory overhead
Well-Separated Pair Decomposition

Shamos & Hoey, 1975 O(N log N) two dimensions
Voronoi Diagrams O(N2 log N) three or higher
Bentley & Friedman, 1978 No rigorous bound Expected N log N behavior

in uniform data

Yao [Y82] O(N2!2!(d+1)
(log N)1!2!(d+1)

In d dimensions
Agarwal et al., 1991 O(Fd(N, N) logd N) Depends on time to solve

closest pair problem
Callahan & Kosaraju, 1993 O(Fd(N, n) log N) High memory overhead
Well-Separated Pair Decomposition

Graph-Based Algorithms O(|E|) = O(N2)
Voronoi Diagrams [SH75] O(N log N), O(N2 log N)
Bentley & Friedman [BF78] No rigorous bound
Agarwal et al. [A91] O(Fd(N, N) logd N)
Well-Sep. Pair Decomp. [CK93] O(Fd(N, n) log N)



EMST: New Results
• New algorithm: DualTreeBoruvka

• The first application of adaptive 
algorithm analysis to the EMST problem

• The tightest runtime bound on the 
EMST problem: achieves lower bound 
O(N log N) to within nearly a constant factor

• The fastest experimental results, as 
compared to the current best algorithms



Boruvka’s Algorithm (1926)
• MST algorithms are based on 

Tarjan’s Blue Rule: lightest edge in 
any cut is in the MST

• Boruvka’s Algorithm: Maintain a 
spanning forest, use each 
component as a cut

• Boruvka step: Add the blue edge 
for all components to the 
spanning forest

• O(T(N) log N) time

• T(N) is time to perform 
Boruvka step



Outline
• The first application of adaptive algorithm 

analysis to the EMST problem

• What is adaptive analysis?

• What properties of the EMST should we study?

• The tightest runtime bound on the EMST 
problem: achieves lower bound O(N log N) to within 
nearly a constant factor

• The fastest experimental results, as 
compared to the current best algorithms



Adaptive Analysis
• Standard (worst-case) analysis: consider the worst possible input.

• How will the algorithm perform on real data? on my data?

• Adaptive Analysis: Find properties of the data that make solving the problem 
difficult -- Describe the running time in terms of these

• Previously applied to: list searching [1976], array merging [2000], sorting 
[1992], convex hull [1986], all nearest neighbors problem [2009]

• Problem: How to find and use properties?

• What makes computing the EMST difficult?

• Key computation is finding the blue edge - the nearest neighbor pair

• Properties: Expansion Constant [Karger & Ruhl, 2000], Cluster 
Expansion Constant [new], Linkage Expansion Constant [new] 



Expansion Constant

• Expansion 
Constant, is the 
smallest c such 
that, for all 
points and 
distances: 

|BS(p, 2r)| ! c|BS(p, r)|



Cluster Expansion Constant
• Boruvka Clustering at 

level i, Di - apply i 
Boruvka steps

• Set of clusters in Di 
within r of q:

• Cluster Expansion 
Constant: smallest cp 
such that:

|Bc
i (q, 2r)| ! cp|Bc

i (q, r)|

Bc
i (q, r)



Linkage Expansion Constant
• Let C1, C2 be clusters at 

level i; S1 ⊆C1, S2 ⊆C2,

p ∈ S1, q ∈ S2

 

• Linkage Expansion 
Constant: smallest cl such 
that:

|Bl
i(S1, S2, 2r)| ! cl|Bl

i(S1, S2, r)|

Bl
i(S1, S2, r) = {(p, q)|d(p, q) ! r}



Outline
• The first application of adaptive algorithm 

analysis to the EMST problem

• The tightest runtime bound on the EMST 
problem: achieves lower bound O(N log N) to within 
nearly a constant factor

• The Dual-Tree Boruvka Algorithm, with cover trees

• Adaptive Runtime Analysis of DTB

• The fastest experimental results, as compared 
to the current best algorithms



DualTreeBoruvka
• Use Boruvka’s algorithm

• Use a dual-tree algorithm to find blue 
edges

• Find blue edge for each 
component simultaneously - 
amortize costs between nearby 
components

• Query qj - find the blue edge for 
every component with points in 
this node

• Reference cover set Ri - set of 
nodes that might contain the 
other end of the blue edge of 
some component in qj

algorithm 3 uses the cover tree[7].

For the remainder of this work, we assume that we are given
a set S of N points in R

d. Furthermore, we make the stan-
dard assumption that all pairwise distances between points
are unique. We make use of the following notation:

• q ! r : q and r belong to the same component of the
spanning forest.

• R !" Q: all points in node R are in the same component
as all points in node Q. Similarly, r !" q in a cover tree
denotes that all descendants of r are connected to all
descendants of q.

• Cq : the component of the forest containing q

• d(Cq): distance to current nearest neighbor of compo-
nent Cq (initialized to ").

• e(Cq): edge from Cq to its candidate nearest neighbor

• d(Q,R): the minimum distance between the bounding
boxes of nodes Q and R

DualTreeBoruvka on a kd-tree. The kd-tree [36] is a
binary space-partitioning tree which maintains a bounding
box for all the points in each node. The root consists of
the entire set. Children are formed recursively by splitting
the parent’s bounding box along the midpoint of its largest
dimension and partitioning the points on either side.

In the kd-tree version of DualTreeBoruvka, each node
Q maintains an upper bound d(Q) = maxq!Q d(Cq) and
records whether all the points belong to the same component
of the spanning forest. A node where all points belong to the
same component is referred to as fully connected. With these
records, we can prune when the distance between the query
and reference is larger than d(Q) or when all the points in
Q and R belong to the same component.

Theorem 4.1. The FindComponentNeighbors routine
in Algorithm 2 returns the correct nearest neighbor pairs.

Proof. The algorithm can only prune in two ways. If Q
and R are fully connected, then no edges (q, r) with q # Q
and r # R can be nearest neighbor pairs. The distance-based
prune only occurs when for all q # Q, d(Cq) < d(Q,R).
Therefore, all components with points in Q must have a
candidate neighbor closer than any point in R, which again
implies that no edge (q, r) can be a nearest neighbor pair.
So, for each q # Q, the correct Boruvka neighbor r of the
component Cq cannot be pruned and must be found in the
base case.

DualTreeBoruvka on a Cover Tree. A cover tree is
a data structure introduced by Beygelzimer et al. [7] for
practically and theoretically e!cient nearest-neighbor com-
putations. In previous work, a proof of linear running time
for the dual-tree all nearest neighbor algorithm used cover
trees [38]. Here, we give a brief overview of the properties
of a cover tree used in this paper.

A cover tree consists of a set of nested sets Ci, each at a
scale i. A node in the cover tree consists of a single point

Algorithm 1 Dual-Tree Bor̊uvka (Tree root q)

E = $
while |E| < N % 1 do

3: FindComponentNeighbors(q, q, e)
E & E ' e
UpdateTree(q)

6: end while

and links to the node’s children. The root is a single point
at level ". As we descend the tree, the scale decreases, until
C"# contains the entire set of points. For convenience, we
index nodes in the cover tree with the node’s point and use
pi to denote the node indexed by p at level i of the tree.

Algorithm 2 FindComponentNeighbors(kd-tree node
Q, kd-tree node R, Edge set e)

if Q !" R then
return

3: else if d(Q,R) > d(Q) then
return

else if Q and R are leaves then
6: for all q # Q, r # R, r (! q do

if d(q, r) < d(Cq) then
d(Cq) = d(q, r), e(Cq) = (q, r)

9: end if
end for
d(Q) = maxq!Q d(Cq)

12: else
FindComponentNeighbors(Q.left,R.left, e)
FindComponentNeighbors(Q.right,R.left, e)

15: FindComponentNeighbors(Q.left,R.right, e)
FindComponentNeighbors(Q.right,R.right, e)
d(Q) = max{d(Q.left), d(Q.right)}

18: end if

As in [7], we consider two representations of a cover tree.
Conceptually, an algorithm descends from the root C# to
the set of all points at level C"#, touching every level in
between. Each point in level Ci has itself as a child in level
Ci"1 along with any other children. We refer to this idea
of the tree as the implicit representation and make use of it
in the algorithm description and proof. The explicit repre-
sentation allows us to use the cover tree in practice. In the
implicit representation, there are many levels where a node
has only itself as a child. To create the explicit represen-
tation, we combine all such nodes. Therefore, a node is a
single point, and contains pointers to all its children. The
explicit representation has O(N) nodes [7].

A cover tree has the following invariant properties:

1. Nesting: Ci ) Ci"1

2. Covering: For every p # Ci"1, there exists a q # Ci

such that d(p, q) * 2i and exactly one such q is a parent
of p. Note that this implies that if p$ is any descendant
of a point p # Ci, then d(p, p$) * 2i+1.

3. Separation: For all p, q # Ci, d(p, q) > 2i.

The cover tree version of FindComponentNeighbors (Al-
gorithm 3) follows the all nearest neighbor pseudocode given
in [38]. The reference set Ri contains all points at level i

Brief Article
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Algorithm 1 Dual-Tree Bor̊uvka (Tree root q)

E = !
while |E| < N " 1 do

3: FindComponentNeighbors(q, q, e)
E # E $ e
UpdateTree(q)

6: end while

Algorithm 2 FindComponentNeighbors(Cover tree
node qj , Reference Set Ri, Edge set e)

if i = "% then
// base case

3: for all q that are descendants of qj and r & Ri with
r '( q do

if d(q, r) < d(Cq) then
d(Cq) = d(q, r), e(Cq) = (q, r)

6: end if
end for

else if j < i then
9: // reference descend

R = {r & Children(r!) : r! & Ri and r '!" qj}

d = min

8

>

<

>

:

d(Cq), min
r"R
r#qj

{d(qj , r) + 2i}, min
r"R

r $#qj

{d(qj , r)}

9

>

=

>

;

12: Ri%1 = {r & R : d(qj , r) ) d + 2i + 2j+2}
d(Cq) = d
FindComponentNeighbors(qj , Ri%1, e)

15: else
// query descend
for all pj%1 & Children(qj) do

18: FindComponentNeighbors(pj%1, Ri, e)
end for

end if



Cover Trees
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Cover Trees
Beygelzimer, Kakade & Langford, 2006

Construction: O(N log N)
Space: O(N)

Depth O(c2 log N)
Branching factor: ≤ c4

Level i-1



Finding Blue Edges
Single Query All Queries

Single Tree Two Trees
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Ci"1 along with any other children. We refer to this idea
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sentation allows us to use the cover tree in practice. In the
implicit representation, there are many levels where a node
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tation, we combine all such nodes. Therefore, a node is a
single point, and contains pointers to all its children. The
explicit representation has O(N) nodes [7].
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such that d(p, q) * 2i and exactly one such q is a parent
of p. Note that this implies that if p$ is any descendant
of a point p # Ci, then d(p, p$) * 2i+1.
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Runtime Proof
• Theorem: For a set S of N points in a metric space 

with expansion constant c, cluster expansion 
constant cp, and linkage expansion constant cl, the 
DualTreeBoruvka algorithm on a cover tree runs in 
time:

• α(N) is inverse of Ackermann function

• Comes from Disjoint-Set data structure

• Grows very slowly: α(1080) ≤ 5

O(N log N !(N)) ! O(N log N)



Runtime Proof

• DTB requires log N calls to 
FindComponentNeighbors

• The execution of each part of  
FindComponentNeighbors requires 
O(N α(N) maxi |Ri|) work

• maxi |Ri| depends only on c, cp, cl
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• DTB requires log N calls to 
FindComponentNeighbors

• The execution of each part of 
FindComponentNeighbors requires 
O(N α(N) maxi |Ri|) work

• maxi |Ri| depends only on c, cp, cl

Follows from 
Boruvka’s algorithm!



Runtime Proof

• DTB requires log N calls to 
FindComponentNeighbors

• The execution of each part of 
FindComponentNeighbors requires 
O(N α(N) maxi |Ri|) work

• maxi |Ri| depends only on c, cp, cl



• Adapted from Ram, Lee, March & Gray, 2009

• Base Case:

• O(N) query nodes,
Work per query: 

• Reference Recursion:

• Duplication of references bounded by 
tree’s width and depth bound,
Max duplication:

• Query Recursion:

• O(N) explicit query nodes

• TOTAL TIME:

Algorithm Execution
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|Ri| · N · !(N))

O(c4N + c6 max
i

|Ri| log N!(N))

O(max
i

|Ri| !(N))



Runtime Proof

• DTB requires log N calls to 
FindComponentNeighbors

• The execution of each part of 
FindComponentNeighbors requires 
O(N α(N) maxi |Ri|) work

• maxi |Ri| depends only on c, cp, cl



Bounding |Ri|

d

Ri!1 = {r ! R : d(qj , r) " d + 2i + 2j+2}
d + 2j+2

2i



Case I: d is Small
• Let d ≤ 2i+2

• Use packing argument, 
adapted from Beygelzimer, 
et al., 2006

• Invoke expansion constant

2i+2 + 2j+2

2i
|Ri| ! c6



Case II: d is Large
• All points close to q are 

connected to q

• How many components 
are here?  

• Use cluster expansion 
constant!

d

d + 2j+2

2i
d - 2i

(a) Large expansion
constant.

(b) Large cluster expansion
constant.

(c) Large linkage expansion
constant.

Figure 1: Cases illustrating expansion constants.

that belong in the MST from those that do not. If the in-
correct edges can be excluded from consideration with few
computations, then it may be possible to compute the MST
e!ciently. On the other hand, if there are very many possi-
ble nearest neighbors of a given component, it may be impos-
sible to avoid computing the distances to all such neighbors
to find the nearest.

One possible case where the correct MST edge may be dif-
ficult to identify is given in Figure 1(a). Since Q is nearly
equidistant from the points in R, there are many edges with
nearly the same length as the edge in the MST. In this case,
the expansion constant must be at least as large as the num-
ber of points in R.

Figure 1(b) shows an analogous possibility. Here, the MST
must have an edge from the component Q to one of the
components in the ring R. As before, the possible edges
have nearly the same length, and it may be di!cult to find
the shortest edge. However, the expansion constant may
still be small relative to the number of points. If Q contains
|R|/c points, then it is possible for the expansion constant
to be bounded by c, even if R has O(N) points. The cluster
expansion constant is large in this case, so it captures this
possible source of di!culty in computing the MST.

Figure 1(c) shows another case where finding the correct
edges of the MST is di!cult. There are many possible
nearest neighbor pairs, and therefore many possible near-
est neighbor edges, between Q and R. As in Figure 1(b),
the expansion constant may still be small. Since this set
has only two components, the cluster expansion constant is
small as well. Here, the linkage expansion constant is large,
capturing the di!culty of identifying the MST edge.

As we contended above, the EMST depends on distances
between groups of points as well as the pairwise distances.
We also argued that the expansion constant alone is insu!-
cient to quantify the amount of computation needed to iden-

tify edges in the MST, thus motivating the need for further
parameters to understand the behavior of any MST algo-
rithm. We now turn to the definition and adaptive analysis
of our new algorithm, DualTreeBoruvka, and show that
the combination of all three types of expansion constant does
contain enough information about the data to obtain a more
precise analysis of the EMST problem.

4. DUAL-TREE BORUVKA ALGORITHM

The running time of Bor̊uvka’s algorithm depends on an ef-
ficient method to find the nearest neighbor pair of each com-
ponent. Here, we describe a method to compute all nearest
neighbor pairs simultaneously by amortizing some compu-
tations across di"erent points. This allows us to implement
Boruvka’s algorithm more e!ciently than previous methods.

Dual-Tree Algorithms. Dual-tree algorithms are a com-
putational framework that has been applied to many prob-
lems in computational statistics, physics, and machine learn-
ing. These algorithms are the overall fastest known methods
for many problems, including all nearest neighbors [22], ker-
nel density estimation [23], mean shift [47], kernel discrimi-
nant analysis [39], and n-point correlation functions [22, 30].

For concreteness, consider the all nearest neighbors problem:
we are given a query set Q and a reference set R of points in
Euclidean space, each of O(N) size. The goal is to find, for
each point q ! Q, the point r ! R such that d(q, r) is min-
imized. A brute-force solution to this problem consists of
two nested “for” loops which compute all pairwise distances
and requires O(N2) time. We can improve on this algorithm
with a space partitioning tree (e.g. a kd-tree) built on the
set of references. For each query, we descend the tree, ex-
panding reference nodes closer to the query first. We store
the smallest distance d(q, r) found so far at each stage of
the algorithm, which provides an upper bound on the true
nearest neighbor distance. Given this upper bound, we can
prune nodes in the tree that are far enough away to not
contain the true nearest neighbor, thus reducing the total
number of distance computations. This single-tree method,
described in [18], requires roughly O(N log N) time.

A dual-tree method further improves this by constructing
another tree on Q. We consider both a query and reference
node, and expand both. When the upper bounds allow, we
can then prune a distant reference node for an entire node
of queries with a single distance computation. This delivers
tremendous speedups in practice and has been shown to re-
quire O(N) time after tree construction with a cover tree [7].
We extend this idea to e!ciently find the nearest neighbor
pair for each component in a spanning forest.

New Algorithm. Our new algorithm, DualTreeBoru-

vka, uses a dual-tree method to find the nearest neighbor
pair for each component. Algorithm 1 gives the description
of the outer loop. The subroutine UpdateTree handles the
propagation of any bounds up and down the tree and resets
the upper bounds d(Cq) to infinity. We also make use of a
disjoint set data structure [45] to store the connected com-
ponents at each stage of the algorithm. Our algorithm is
independent of the particular space partitioning tree used.
In this paper, we present experimental results on two instan-
tiations of the algorithm. Algorithm 2 uses a kd-tree, and
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that belong in the MST from those that do not. If the in-
correct edges can be excluded from consideration with few
computations, then it may be possible to compute the MST
e!ciently. On the other hand, if there are very many possi-
ble nearest neighbors of a given component, it may be impos-
sible to avoid computing the distances to all such neighbors
to find the nearest.

One possible case where the correct MST edge may be dif-
ficult to identify is given in Figure 1(a). Since Q is nearly
equidistant from the points in R, there are many edges with
nearly the same length as the edge in the MST. In this case,
the expansion constant must be at least as large as the num-
ber of points in R.

Figure 1(b) shows an analogous possibility. Here, the MST
must have an edge from the component Q to one of the
components in the ring R. As before, the possible edges
have nearly the same length, and it may be di!cult to find
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still be small relative to the number of points. If Q contains
|R|/c points, then it is possible for the expansion constant
to be bounded by c, even if R has O(N) points. The cluster
expansion constant is large in this case, so it captures this
possible source of di!culty in computing the MST.

Figure 1(c) shows another case where finding the correct
edges of the MST is di!cult. There are many possible
nearest neighbor pairs, and therefore many possible near-
est neighbor edges, between Q and R. As in Figure 1(b),
the expansion constant may still be small. Since this set
has only two components, the cluster expansion constant is
small as well. Here, the linkage expansion constant is large,
capturing the di!culty of identifying the MST edge.

As we contended above, the EMST depends on distances
between groups of points as well as the pairwise distances.
We also argued that the expansion constant alone is insu!-
cient to quantify the amount of computation needed to iden-

tify edges in the MST, thus motivating the need for further
parameters to understand the behavior of any MST algo-
rithm. We now turn to the definition and adaptive analysis
of our new algorithm, DualTreeBoruvka, and show that
the combination of all three types of expansion constant does
contain enough information about the data to obtain a more
precise analysis of the EMST problem.

4. DUAL-TREE BORUVKA ALGORITHM

The running time of Bor̊uvka’s algorithm depends on an ef-
ficient method to find the nearest neighbor pair of each com-
ponent. Here, we describe a method to compute all nearest
neighbor pairs simultaneously by amortizing some compu-
tations across di"erent points. This allows us to implement
Boruvka’s algorithm more e!ciently than previous methods.

Dual-Tree Algorithms. Dual-tree algorithms are a com-
putational framework that has been applied to many prob-
lems in computational statistics, physics, and machine learn-
ing. These algorithms are the overall fastest known methods
for many problems, including all nearest neighbors [22], ker-
nel density estimation [23], mean shift [47], kernel discrimi-
nant analysis [39], and n-point correlation functions [22, 30].

For concreteness, consider the all nearest neighbors problem:
we are given a query set Q and a reference set R of points in
Euclidean space, each of O(N) size. The goal is to find, for
each point q ! Q, the point r ! R such that d(q, r) is min-
imized. A brute-force solution to this problem consists of
two nested “for” loops which compute all pairwise distances
and requires O(N2) time. We can improve on this algorithm
with a space partitioning tree (e.g. a kd-tree) built on the
set of references. For each query, we descend the tree, ex-
panding reference nodes closer to the query first. We store
the smallest distance d(q, r) found so far at each stage of
the algorithm, which provides an upper bound on the true
nearest neighbor distance. Given this upper bound, we can
prune nodes in the tree that are far enough away to not
contain the true nearest neighbor, thus reducing the total
number of distance computations. This single-tree method,
described in [18], requires roughly O(N log N) time.

A dual-tree method further improves this by constructing
another tree on Q. We consider both a query and reference
node, and expand both. When the upper bounds allow, we
can then prune a distant reference node for an entire node
of queries with a single distance computation. This delivers
tremendous speedups in practice and has been shown to re-
quire O(N) time after tree construction with a cover tree [7].
We extend this idea to e!ciently find the nearest neighbor
pair for each component in a spanning forest.

New Algorithm. Our new algorithm, DualTreeBoru-

vka, uses a dual-tree method to find the nearest neighbor
pair for each component. Algorithm 1 gives the description
of the outer loop. The subroutine UpdateTree handles the
propagation of any bounds up and down the tree and resets
the upper bounds d(Cq) to infinity. We also make use of a
disjoint set data structure [45] to store the connected com-
ponents at each stage of the algorithm. Our algorithm is
independent of the particular space partitioning tree used.
In this paper, we present experimental results on two instan-
tiations of the algorithm. Algorithm 2 uses a kd-tree, and
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that belong in the MST from those that do not. If the in-
correct edges can be excluded from consideration with few
computations, then it may be possible to compute the MST
e!ciently. On the other hand, if there are very many possi-
ble nearest neighbors of a given component, it may be impos-
sible to avoid computing the distances to all such neighbors
to find the nearest.

One possible case where the correct MST edge may be dif-
ficult to identify is given in Figure 1(a). Since Q is nearly
equidistant from the points in R, there are many edges with
nearly the same length as the edge in the MST. In this case,
the expansion constant must be at least as large as the num-
ber of points in R.

Figure 1(b) shows an analogous possibility. Here, the MST
must have an edge from the component Q to one of the
components in the ring R. As before, the possible edges
have nearly the same length, and it may be di!cult to find
the shortest edge. However, the expansion constant may
still be small relative to the number of points. If Q contains
|R|/c points, then it is possible for the expansion constant
to be bounded by c, even if R has O(N) points. The cluster
expansion constant is large in this case, so it captures this
possible source of di!culty in computing the MST.

Figure 1(c) shows another case where finding the correct
edges of the MST is di!cult. There are many possible
nearest neighbor pairs, and therefore many possible near-
est neighbor edges, between Q and R. As in Figure 1(b),
the expansion constant may still be small. Since this set
has only two components, the cluster expansion constant is
small as well. Here, the linkage expansion constant is large,
capturing the di!culty of identifying the MST edge.

As we contended above, the EMST depends on distances
between groups of points as well as the pairwise distances.
We also argued that the expansion constant alone is insu!-
cient to quantify the amount of computation needed to iden-

tify edges in the MST, thus motivating the need for further
parameters to understand the behavior of any MST algo-
rithm. We now turn to the definition and adaptive analysis
of our new algorithm, DualTreeBoruvka, and show that
the combination of all three types of expansion constant does
contain enough information about the data to obtain a more
precise analysis of the EMST problem.

4. DUAL-TREE BORUVKA ALGORITHM

The running time of Bor̊uvka’s algorithm depends on an ef-
ficient method to find the nearest neighbor pair of each com-
ponent. Here, we describe a method to compute all nearest
neighbor pairs simultaneously by amortizing some compu-
tations across di"erent points. This allows us to implement
Boruvka’s algorithm more e!ciently than previous methods.

Dual-Tree Algorithms. Dual-tree algorithms are a com-
putational framework that has been applied to many prob-
lems in computational statistics, physics, and machine learn-
ing. These algorithms are the overall fastest known methods
for many problems, including all nearest neighbors [22], ker-
nel density estimation [23], mean shift [47], kernel discrimi-
nant analysis [39], and n-point correlation functions [22, 30].

For concreteness, consider the all nearest neighbors problem:
we are given a query set Q and a reference set R of points in
Euclidean space, each of O(N) size. The goal is to find, for
each point q ! Q, the point r ! R such that d(q, r) is min-
imized. A brute-force solution to this problem consists of
two nested “for” loops which compute all pairwise distances
and requires O(N2) time. We can improve on this algorithm
with a space partitioning tree (e.g. a kd-tree) built on the
set of references. For each query, we descend the tree, ex-
panding reference nodes closer to the query first. We store
the smallest distance d(q, r) found so far at each stage of
the algorithm, which provides an upper bound on the true
nearest neighbor distance. Given this upper bound, we can
prune nodes in the tree that are far enough away to not
contain the true nearest neighbor, thus reducing the total
number of distance computations. This single-tree method,
described in [18], requires roughly O(N log N) time.

A dual-tree method further improves this by constructing
another tree on Q. We consider both a query and reference
node, and expand both. When the upper bounds allow, we
can then prune a distant reference node for an entire node
of queries with a single distance computation. This delivers
tremendous speedups in practice and has been shown to re-
quire O(N) time after tree construction with a cover tree [7].
We extend this idea to e!ciently find the nearest neighbor
pair for each component in a spanning forest.

New Algorithm. Our new algorithm, DualTreeBoru-

vka, uses a dual-tree method to find the nearest neighbor
pair for each component. Algorithm 1 gives the description
of the outer loop. The subroutine UpdateTree handles the
propagation of any bounds up and down the tree and resets
the upper bounds d(Cq) to infinity. We also make use of a
disjoint set data structure [45] to store the connected com-
ponents at each stage of the algorithm. Our algorithm is
independent of the particular space partitioning tree used.
In this paper, we present experimental results on two instan-
tiations of the algorithm. Algorithm 2 uses a kd-tree, and
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that belong in the MST from those that do not. If the in-
correct edges can be excluded from consideration with few
computations, then it may be possible to compute the MST
e!ciently. On the other hand, if there are very many possi-
ble nearest neighbors of a given component, it may be impos-
sible to avoid computing the distances to all such neighbors
to find the nearest.

One possible case where the correct MST edge may be dif-
ficult to identify is given in Figure 1(a). Since Q is nearly
equidistant from the points in R, there are many edges with
nearly the same length as the edge in the MST. In this case,
the expansion constant must be at least as large as the num-
ber of points in R.

Figure 1(b) shows an analogous possibility. Here, the MST
must have an edge from the component Q to one of the
components in the ring R. As before, the possible edges
have nearly the same length, and it may be di!cult to find
the shortest edge. However, the expansion constant may
still be small relative to the number of points. If Q contains
|R|/c points, then it is possible for the expansion constant
to be bounded by c, even if R has O(N) points. The cluster
expansion constant is large in this case, so it captures this
possible source of di!culty in computing the MST.

Figure 1(c) shows another case where finding the correct
edges of the MST is di!cult. There are many possible
nearest neighbor pairs, and therefore many possible near-
est neighbor edges, between Q and R. As in Figure 1(b),
the expansion constant may still be small. Since this set
has only two components, the cluster expansion constant is
small as well. Here, the linkage expansion constant is large,
capturing the di!culty of identifying the MST edge.

As we contended above, the EMST depends on distances
between groups of points as well as the pairwise distances.
We also argued that the expansion constant alone is insu!-
cient to quantify the amount of computation needed to iden-

tify edges in the MST, thus motivating the need for further
parameters to understand the behavior of any MST algo-
rithm. We now turn to the definition and adaptive analysis
of our new algorithm, DualTreeBoruvka, and show that
the combination of all three types of expansion constant does
contain enough information about the data to obtain a more
precise analysis of the EMST problem.

4. DUAL-TREE BORUVKA ALGORITHM

The running time of Bor̊uvka’s algorithm depends on an ef-
ficient method to find the nearest neighbor pair of each com-
ponent. Here, we describe a method to compute all nearest
neighbor pairs simultaneously by amortizing some compu-
tations across di"erent points. This allows us to implement
Boruvka’s algorithm more e!ciently than previous methods.

Dual-Tree Algorithms. Dual-tree algorithms are a com-
putational framework that has been applied to many prob-
lems in computational statistics, physics, and machine learn-
ing. These algorithms are the overall fastest known methods
for many problems, including all nearest neighbors [22], ker-
nel density estimation [23], mean shift [47], kernel discrimi-
nant analysis [39], and n-point correlation functions [22, 30].

For concreteness, consider the all nearest neighbors problem:
we are given a query set Q and a reference set R of points in
Euclidean space, each of O(N) size. The goal is to find, for
each point q ! Q, the point r ! R such that d(q, r) is min-
imized. A brute-force solution to this problem consists of
two nested “for” loops which compute all pairwise distances
and requires O(N2) time. We can improve on this algorithm
with a space partitioning tree (e.g. a kd-tree) built on the
set of references. For each query, we descend the tree, ex-
panding reference nodes closer to the query first. We store
the smallest distance d(q, r) found so far at each stage of
the algorithm, which provides an upper bound on the true
nearest neighbor distance. Given this upper bound, we can
prune nodes in the tree that are far enough away to not
contain the true nearest neighbor, thus reducing the total
number of distance computations. This single-tree method,
described in [18], requires roughly O(N log N) time.

A dual-tree method further improves this by constructing
another tree on Q. We consider both a query and reference
node, and expand both. When the upper bounds allow, we
can then prune a distant reference node for an entire node
of queries with a single distance computation. This delivers
tremendous speedups in practice and has been shown to re-
quire O(N) time after tree construction with a cover tree [7].
We extend this idea to e!ciently find the nearest neighbor
pair for each component in a spanning forest.

New Algorithm. Our new algorithm, DualTreeBoru-

vka, uses a dual-tree method to find the nearest neighbor
pair for each component. Algorithm 1 gives the description
of the outer loop. The subroutine UpdateTree handles the
propagation of any bounds up and down the tree and resets
the upper bounds d(Cq) to infinity. We also make use of a
disjoint set data structure [45] to store the connected com-
ponents at each stage of the algorithm. Our algorithm is
independent of the particular space partitioning tree used.
In this paper, we present experimental results on two instan-
tiations of the algorithm. Algorithm 2 uses a kd-tree, and
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that belong in the MST from those that do not. If the in-
correct edges can be excluded from consideration with few
computations, then it may be possible to compute the MST
e!ciently. On the other hand, if there are very many possi-
ble nearest neighbors of a given component, it may be impos-
sible to avoid computing the distances to all such neighbors
to find the nearest.

One possible case where the correct MST edge may be dif-
ficult to identify is given in Figure 1(a). Since Q is nearly
equidistant from the points in R, there are many edges with
nearly the same length as the edge in the MST. In this case,
the expansion constant must be at least as large as the num-
ber of points in R.

Figure 1(b) shows an analogous possibility. Here, the MST
must have an edge from the component Q to one of the
components in the ring R. As before, the possible edges
have nearly the same length, and it may be di!cult to find
the shortest edge. However, the expansion constant may
still be small relative to the number of points. If Q contains
|R|/c points, then it is possible for the expansion constant
to be bounded by c, even if R has O(N) points. The cluster
expansion constant is large in this case, so it captures this
possible source of di!culty in computing the MST.

Figure 1(c) shows another case where finding the correct
edges of the MST is di!cult. There are many possible
nearest neighbor pairs, and therefore many possible near-
est neighbor edges, between Q and R. As in Figure 1(b),
the expansion constant may still be small. Since this set
has only two components, the cluster expansion constant is
small as well. Here, the linkage expansion constant is large,
capturing the di!culty of identifying the MST edge.

As we contended above, the EMST depends on distances
between groups of points as well as the pairwise distances.
We also argued that the expansion constant alone is insu!-
cient to quantify the amount of computation needed to iden-

tify edges in the MST, thus motivating the need for further
parameters to understand the behavior of any MST algo-
rithm. We now turn to the definition and adaptive analysis
of our new algorithm, DualTreeBoruvka, and show that
the combination of all three types of expansion constant does
contain enough information about the data to obtain a more
precise analysis of the EMST problem.

4. DUAL-TREE BORUVKA ALGORITHM

The running time of Bor̊uvka’s algorithm depends on an ef-
ficient method to find the nearest neighbor pair of each com-
ponent. Here, we describe a method to compute all nearest
neighbor pairs simultaneously by amortizing some compu-
tations across di"erent points. This allows us to implement
Boruvka’s algorithm more e!ciently than previous methods.

Dual-Tree Algorithms. Dual-tree algorithms are a com-
putational framework that has been applied to many prob-
lems in computational statistics, physics, and machine learn-
ing. These algorithms are the overall fastest known methods
for many problems, including all nearest neighbors [22], ker-
nel density estimation [23], mean shift [47], kernel discrimi-
nant analysis [39], and n-point correlation functions [22, 30].

For concreteness, consider the all nearest neighbors problem:
we are given a query set Q and a reference set R of points in
Euclidean space, each of O(N) size. The goal is to find, for
each point q ! Q, the point r ! R such that d(q, r) is min-
imized. A brute-force solution to this problem consists of
two nested “for” loops which compute all pairwise distances
and requires O(N2) time. We can improve on this algorithm
with a space partitioning tree (e.g. a kd-tree) built on the
set of references. For each query, we descend the tree, ex-
panding reference nodes closer to the query first. We store
the smallest distance d(q, r) found so far at each stage of
the algorithm, which provides an upper bound on the true
nearest neighbor distance. Given this upper bound, we can
prune nodes in the tree that are far enough away to not
contain the true nearest neighbor, thus reducing the total
number of distance computations. This single-tree method,
described in [18], requires roughly O(N log N) time.

A dual-tree method further improves this by constructing
another tree on Q. We consider both a query and reference
node, and expand both. When the upper bounds allow, we
can then prune a distant reference node for an entire node
of queries with a single distance computation. This delivers
tremendous speedups in practice and has been shown to re-
quire O(N) time after tree construction with a cover tree [7].
We extend this idea to e!ciently find the nearest neighbor
pair for each component in a spanning forest.

New Algorithm. Our new algorithm, DualTreeBoru-

vka, uses a dual-tree method to find the nearest neighbor
pair for each component. Algorithm 1 gives the description
of the outer loop. The subroutine UpdateTree handles the
propagation of any bounds up and down the tree and resets
the upper bounds d(Cq) to infinity. We also make use of a
disjoint set data structure [45] to store the connected com-
ponents at each stage of the algorithm. Our algorithm is
independent of the particular space partitioning tree used.
In this paper, we present experimental results on two instan-
tiations of the algorithm. Algorithm 2 uses a kd-tree, and
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that belong in the MST from those that do not. If the in-
correct edges can be excluded from consideration with few
computations, then it may be possible to compute the MST
e!ciently. On the other hand, if there are very many possi-
ble nearest neighbors of a given component, it may be impos-
sible to avoid computing the distances to all such neighbors
to find the nearest.

One possible case where the correct MST edge may be dif-
ficult to identify is given in Figure 1(a). Since Q is nearly
equidistant from the points in R, there are many edges with
nearly the same length as the edge in the MST. In this case,
the expansion constant must be at least as large as the num-
ber of points in R.

Figure 1(b) shows an analogous possibility. Here, the MST
must have an edge from the component Q to one of the
components in the ring R. As before, the possible edges
have nearly the same length, and it may be di!cult to find
the shortest edge. However, the expansion constant may
still be small relative to the number of points. If Q contains
|R|/c points, then it is possible for the expansion constant
to be bounded by c, even if R has O(N) points. The cluster
expansion constant is large in this case, so it captures this
possible source of di!culty in computing the MST.

Figure 1(c) shows another case where finding the correct
edges of the MST is di!cult. There are many possible
nearest neighbor pairs, and therefore many possible near-
est neighbor edges, between Q and R. As in Figure 1(b),
the expansion constant may still be small. Since this set
has only two components, the cluster expansion constant is
small as well. Here, the linkage expansion constant is large,
capturing the di!culty of identifying the MST edge.

As we contended above, the EMST depends on distances
between groups of points as well as the pairwise distances.
We also argued that the expansion constant alone is insu!-
cient to quantify the amount of computation needed to iden-

tify edges in the MST, thus motivating the need for further
parameters to understand the behavior of any MST algo-
rithm. We now turn to the definition and adaptive analysis
of our new algorithm, DualTreeBoruvka, and show that
the combination of all three types of expansion constant does
contain enough information about the data to obtain a more
precise analysis of the EMST problem.

4. DUAL-TREE BORUVKA ALGORITHM

The running time of Bor̊uvka’s algorithm depends on an ef-
ficient method to find the nearest neighbor pair of each com-
ponent. Here, we describe a method to compute all nearest
neighbor pairs simultaneously by amortizing some compu-
tations across di"erent points. This allows us to implement
Boruvka’s algorithm more e!ciently than previous methods.

Dual-Tree Algorithms. Dual-tree algorithms are a com-
putational framework that has been applied to many prob-
lems in computational statistics, physics, and machine learn-
ing. These algorithms are the overall fastest known methods
for many problems, including all nearest neighbors [22], ker-
nel density estimation [23], mean shift [47], kernel discrimi-
nant analysis [39], and n-point correlation functions [22, 30].

For concreteness, consider the all nearest neighbors problem:
we are given a query set Q and a reference set R of points in
Euclidean space, each of O(N) size. The goal is to find, for
each point q ! Q, the point r ! R such that d(q, r) is min-
imized. A brute-force solution to this problem consists of
two nested “for” loops which compute all pairwise distances
and requires O(N2) time. We can improve on this algorithm
with a space partitioning tree (e.g. a kd-tree) built on the
set of references. For each query, we descend the tree, ex-
panding reference nodes closer to the query first. We store
the smallest distance d(q, r) found so far at each stage of
the algorithm, which provides an upper bound on the true
nearest neighbor distance. Given this upper bound, we can
prune nodes in the tree that are far enough away to not
contain the true nearest neighbor, thus reducing the total
number of distance computations. This single-tree method,
described in [18], requires roughly O(N log N) time.

A dual-tree method further improves this by constructing
another tree on Q. We consider both a query and reference
node, and expand both. When the upper bounds allow, we
can then prune a distant reference node for an entire node
of queries with a single distance computation. This delivers
tremendous speedups in practice and has been shown to re-
quire O(N) time after tree construction with a cover tree [7].
We extend this idea to e!ciently find the nearest neighbor
pair for each component in a spanning forest.

New Algorithm. Our new algorithm, DualTreeBoru-

vka, uses a dual-tree method to find the nearest neighbor
pair for each component. Algorithm 1 gives the description
of the outer loop. The subroutine UpdateTree handles the
propagation of any bounds up and down the tree and resets
the upper bounds d(Cq) to infinity. We also make use of a
disjoint set data structure [45] to store the connected com-
ponents at each stage of the algorithm. Our algorithm is
independent of the particular space partitioning tree used.
In this paper, we present experimental results on two instan-
tiations of the algorithm. Algorithm 2 uses a kd-tree, and
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that belong in the MST from those that do not. If the in-
correct edges can be excluded from consideration with few
computations, then it may be possible to compute the MST
e!ciently. On the other hand, if there are very many possi-
ble nearest neighbors of a given component, it may be impos-
sible to avoid computing the distances to all such neighbors
to find the nearest.

One possible case where the correct MST edge may be dif-
ficult to identify is given in Figure 1(a). Since Q is nearly
equidistant from the points in R, there are many edges with
nearly the same length as the edge in the MST. In this case,
the expansion constant must be at least as large as the num-
ber of points in R.

Figure 1(b) shows an analogous possibility. Here, the MST
must have an edge from the component Q to one of the
components in the ring R. As before, the possible edges
have nearly the same length, and it may be di!cult to find
the shortest edge. However, the expansion constant may
still be small relative to the number of points. If Q contains
|R|/c points, then it is possible for the expansion constant
to be bounded by c, even if R has O(N) points. The cluster
expansion constant is large in this case, so it captures this
possible source of di!culty in computing the MST.

Figure 1(c) shows another case where finding the correct
edges of the MST is di!cult. There are many possible
nearest neighbor pairs, and therefore many possible near-
est neighbor edges, between Q and R. As in Figure 1(b),
the expansion constant may still be small. Since this set
has only two components, the cluster expansion constant is
small as well. Here, the linkage expansion constant is large,
capturing the di!culty of identifying the MST edge.

As we contended above, the EMST depends on distances
between groups of points as well as the pairwise distances.
We also argued that the expansion constant alone is insu!-
cient to quantify the amount of computation needed to iden-

tify edges in the MST, thus motivating the need for further
parameters to understand the behavior of any MST algo-
rithm. We now turn to the definition and adaptive analysis
of our new algorithm, DualTreeBoruvka, and show that
the combination of all three types of expansion constant does
contain enough information about the data to obtain a more
precise analysis of the EMST problem.

4. DUAL-TREE BORUVKA ALGORITHM

The running time of Bor̊uvka’s algorithm depends on an ef-
ficient method to find the nearest neighbor pair of each com-
ponent. Here, we describe a method to compute all nearest
neighbor pairs simultaneously by amortizing some compu-
tations across di"erent points. This allows us to implement
Boruvka’s algorithm more e!ciently than previous methods.

Dual-Tree Algorithms. Dual-tree algorithms are a com-
putational framework that has been applied to many prob-
lems in computational statistics, physics, and machine learn-
ing. These algorithms are the overall fastest known methods
for many problems, including all nearest neighbors [22], ker-
nel density estimation [23], mean shift [47], kernel discrimi-
nant analysis [39], and n-point correlation functions [22, 30].

For concreteness, consider the all nearest neighbors problem:
we are given a query set Q and a reference set R of points in
Euclidean space, each of O(N) size. The goal is to find, for
each point q ! Q, the point r ! R such that d(q, r) is min-
imized. A brute-force solution to this problem consists of
two nested “for” loops which compute all pairwise distances
and requires O(N2) time. We can improve on this algorithm
with a space partitioning tree (e.g. a kd-tree) built on the
set of references. For each query, we descend the tree, ex-
panding reference nodes closer to the query first. We store
the smallest distance d(q, r) found so far at each stage of
the algorithm, which provides an upper bound on the true
nearest neighbor distance. Given this upper bound, we can
prune nodes in the tree that are far enough away to not
contain the true nearest neighbor, thus reducing the total
number of distance computations. This single-tree method,
described in [18], requires roughly O(N log N) time.

A dual-tree method further improves this by constructing
another tree on Q. We consider both a query and reference
node, and expand both. When the upper bounds allow, we
can then prune a distant reference node for an entire node
of queries with a single distance computation. This delivers
tremendous speedups in practice and has been shown to re-
quire O(N) time after tree construction with a cover tree [7].
We extend this idea to e!ciently find the nearest neighbor
pair for each component in a spanning forest.

New Algorithm. Our new algorithm, DualTreeBoru-

vka, uses a dual-tree method to find the nearest neighbor
pair for each component. Algorithm 1 gives the description
of the outer loop. The subroutine UpdateTree handles the
propagation of any bounds up and down the tree and resets
the upper bounds d(Cq) to infinity. We also make use of a
disjoint set data structure [45] to store the connected com-
ponents at each stage of the algorithm. Our algorithm is
independent of the particular space partitioning tree used.
In this paper, we present experimental results on two instan-
tiations of the algorithm. Algorithm 2 uses a kd-tree, and

(a) Large expansion
constant.

(b) Large cluster expansion
constant.

(c) Large linkage expansion
constant.

Figure 1: Cases illustrating expansion constants.

that belong in the MST from those that do not. If the in-
correct edges can be excluded from consideration with few
computations, then it may be possible to compute the MST
e!ciently. On the other hand, if there are very many possi-
ble nearest neighbors of a given component, it may be impos-
sible to avoid computing the distances to all such neighbors
to find the nearest.

One possible case where the correct MST edge may be dif-
ficult to identify is given in Figure 1(a). Since Q is nearly
equidistant from the points in R, there are many edges with
nearly the same length as the edge in the MST. In this case,
the expansion constant must be at least as large as the num-
ber of points in R.

Figure 1(b) shows an analogous possibility. Here, the MST
must have an edge from the component Q to one of the
components in the ring R. As before, the possible edges
have nearly the same length, and it may be di!cult to find
the shortest edge. However, the expansion constant may
still be small relative to the number of points. If Q contains
|R|/c points, then it is possible for the expansion constant
to be bounded by c, even if R has O(N) points. The cluster
expansion constant is large in this case, so it captures this
possible source of di!culty in computing the MST.

Figure 1(c) shows another case where finding the correct
edges of the MST is di!cult. There are many possible
nearest neighbor pairs, and therefore many possible near-
est neighbor edges, between Q and R. As in Figure 1(b),
the expansion constant may still be small. Since this set
has only two components, the cluster expansion constant is
small as well. Here, the linkage expansion constant is large,
capturing the di!culty of identifying the MST edge.

As we contended above, the EMST depends on distances
between groups of points as well as the pairwise distances.
We also argued that the expansion constant alone is insu!-
cient to quantify the amount of computation needed to iden-

tify edges in the MST, thus motivating the need for further
parameters to understand the behavior of any MST algo-
rithm. We now turn to the definition and adaptive analysis
of our new algorithm, DualTreeBoruvka, and show that
the combination of all three types of expansion constant does
contain enough information about the data to obtain a more
precise analysis of the EMST problem.

4. DUAL-TREE BORUVKA ALGORITHM

The running time of Bor̊uvka’s algorithm depends on an ef-
ficient method to find the nearest neighbor pair of each com-
ponent. Here, we describe a method to compute all nearest
neighbor pairs simultaneously by amortizing some compu-
tations across di"erent points. This allows us to implement
Boruvka’s algorithm more e!ciently than previous methods.

Dual-Tree Algorithms. Dual-tree algorithms are a com-
putational framework that has been applied to many prob-
lems in computational statistics, physics, and machine learn-
ing. These algorithms are the overall fastest known methods
for many problems, including all nearest neighbors [22], ker-
nel density estimation [23], mean shift [47], kernel discrimi-
nant analysis [39], and n-point correlation functions [22, 30].

For concreteness, consider the all nearest neighbors problem:
we are given a query set Q and a reference set R of points in
Euclidean space, each of O(N) size. The goal is to find, for
each point q ! Q, the point r ! R such that d(q, r) is min-
imized. A brute-force solution to this problem consists of
two nested “for” loops which compute all pairwise distances
and requires O(N2) time. We can improve on this algorithm
with a space partitioning tree (e.g. a kd-tree) built on the
set of references. For each query, we descend the tree, ex-
panding reference nodes closer to the query first. We store
the smallest distance d(q, r) found so far at each stage of
the algorithm, which provides an upper bound on the true
nearest neighbor distance. Given this upper bound, we can
prune nodes in the tree that are far enough away to not
contain the true nearest neighbor, thus reducing the total
number of distance computations. This single-tree method,
described in [18], requires roughly O(N log N) time.

A dual-tree method further improves this by constructing
another tree on Q. We consider both a query and reference
node, and expand both. When the upper bounds allow, we
can then prune a distant reference node for an entire node
of queries with a single distance computation. This delivers
tremendous speedups in practice and has been shown to re-
quire O(N) time after tree construction with a cover tree [7].
We extend this idea to e!ciently find the nearest neighbor
pair for each component in a spanning forest.

New Algorithm. Our new algorithm, DualTreeBoru-

vka, uses a dual-tree method to find the nearest neighbor
pair for each component. Algorithm 1 gives the description
of the outer loop. The subroutine UpdateTree handles the
propagation of any bounds up and down the tree and resets
the upper bounds d(Cq) to infinity. We also make use of a
disjoint set data structure [45] to store the connected com-
ponents at each stage of the algorithm. Our algorithm is
independent of the particular space partitioning tree used.
In this paper, we present experimental results on two instan-
tiations of the algorithm. Algorithm 2 uses a kd-tree, and
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that belong in the MST from those that do not. If the in-
correct edges can be excluded from consideration with few
computations, then it may be possible to compute the MST
e!ciently. On the other hand, if there are very many possi-
ble nearest neighbors of a given component, it may be impos-
sible to avoid computing the distances to all such neighbors
to find the nearest.

One possible case where the correct MST edge may be dif-
ficult to identify is given in Figure 1(a). Since Q is nearly
equidistant from the points in R, there are many edges with
nearly the same length as the edge in the MST. In this case,
the expansion constant must be at least as large as the num-
ber of points in R.

Figure 1(b) shows an analogous possibility. Here, the MST
must have an edge from the component Q to one of the
components in the ring R. As before, the possible edges
have nearly the same length, and it may be di!cult to find
the shortest edge. However, the expansion constant may
still be small relative to the number of points. If Q contains
|R|/c points, then it is possible for the expansion constant
to be bounded by c, even if R has O(N) points. The cluster
expansion constant is large in this case, so it captures this
possible source of di!culty in computing the MST.

Figure 1(c) shows another case where finding the correct
edges of the MST is di!cult. There are many possible
nearest neighbor pairs, and therefore many possible near-
est neighbor edges, between Q and R. As in Figure 1(b),
the expansion constant may still be small. Since this set
has only two components, the cluster expansion constant is
small as well. Here, the linkage expansion constant is large,
capturing the di!culty of identifying the MST edge.

As we contended above, the EMST depends on distances
between groups of points as well as the pairwise distances.
We also argued that the expansion constant alone is insu!-
cient to quantify the amount of computation needed to iden-

tify edges in the MST, thus motivating the need for further
parameters to understand the behavior of any MST algo-
rithm. We now turn to the definition and adaptive analysis
of our new algorithm, DualTreeBoruvka, and show that
the combination of all three types of expansion constant does
contain enough information about the data to obtain a more
precise analysis of the EMST problem.

4. DUAL-TREE BORUVKA ALGORITHM

The running time of Bor̊uvka’s algorithm depends on an ef-
ficient method to find the nearest neighbor pair of each com-
ponent. Here, we describe a method to compute all nearest
neighbor pairs simultaneously by amortizing some compu-
tations across di"erent points. This allows us to implement
Boruvka’s algorithm more e!ciently than previous methods.

Dual-Tree Algorithms. Dual-tree algorithms are a com-
putational framework that has been applied to many prob-
lems in computational statistics, physics, and machine learn-
ing. These algorithms are the overall fastest known methods
for many problems, including all nearest neighbors [22], ker-
nel density estimation [23], mean shift [47], kernel discrimi-
nant analysis [39], and n-point correlation functions [22, 30].

For concreteness, consider the all nearest neighbors problem:
we are given a query set Q and a reference set R of points in
Euclidean space, each of O(N) size. The goal is to find, for
each point q ! Q, the point r ! R such that d(q, r) is min-
imized. A brute-force solution to this problem consists of
two nested “for” loops which compute all pairwise distances
and requires O(N2) time. We can improve on this algorithm
with a space partitioning tree (e.g. a kd-tree) built on the
set of references. For each query, we descend the tree, ex-
panding reference nodes closer to the query first. We store
the smallest distance d(q, r) found so far at each stage of
the algorithm, which provides an upper bound on the true
nearest neighbor distance. Given this upper bound, we can
prune nodes in the tree that are far enough away to not
contain the true nearest neighbor, thus reducing the total
number of distance computations. This single-tree method,
described in [18], requires roughly O(N log N) time.

A dual-tree method further improves this by constructing
another tree on Q. We consider both a query and reference
node, and expand both. When the upper bounds allow, we
can then prune a distant reference node for an entire node
of queries with a single distance computation. This delivers
tremendous speedups in practice and has been shown to re-
quire O(N) time after tree construction with a cover tree [7].
We extend this idea to e!ciently find the nearest neighbor
pair for each component in a spanning forest.

New Algorithm. Our new algorithm, DualTreeBoru-

vka, uses a dual-tree method to find the nearest neighbor
pair for each component. Algorithm 1 gives the description
of the outer loop. The subroutine UpdateTree handles the
propagation of any bounds up and down the tree and resets
the upper bounds d(Cq) to infinity. We also make use of a
disjoint set data structure [45] to store the connected com-
ponents at each stage of the algorithm. Our algorithm is
independent of the particular space partitioning tree used.
In this paper, we present experimental results on two instan-
tiations of the algorithm. Algorithm 2 uses a kd-tree, and
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that belong in the MST from those that do not. If the in-
correct edges can be excluded from consideration with few
computations, then it may be possible to compute the MST
e!ciently. On the other hand, if there are very many possi-
ble nearest neighbors of a given component, it may be impos-
sible to avoid computing the distances to all such neighbors
to find the nearest.

One possible case where the correct MST edge may be dif-
ficult to identify is given in Figure 1(a). Since Q is nearly
equidistant from the points in R, there are many edges with
nearly the same length as the edge in the MST. In this case,
the expansion constant must be at least as large as the num-
ber of points in R.

Figure 1(b) shows an analogous possibility. Here, the MST
must have an edge from the component Q to one of the
components in the ring R. As before, the possible edges
have nearly the same length, and it may be di!cult to find
the shortest edge. However, the expansion constant may
still be small relative to the number of points. If Q contains
|R|/c points, then it is possible for the expansion constant
to be bounded by c, even if R has O(N) points. The cluster
expansion constant is large in this case, so it captures this
possible source of di!culty in computing the MST.

Figure 1(c) shows another case where finding the correct
edges of the MST is di!cult. There are many possible
nearest neighbor pairs, and therefore many possible near-
est neighbor edges, between Q and R. As in Figure 1(b),
the expansion constant may still be small. Since this set
has only two components, the cluster expansion constant is
small as well. Here, the linkage expansion constant is large,
capturing the di!culty of identifying the MST edge.

As we contended above, the EMST depends on distances
between groups of points as well as the pairwise distances.
We also argued that the expansion constant alone is insu!-
cient to quantify the amount of computation needed to iden-

tify edges in the MST, thus motivating the need for further
parameters to understand the behavior of any MST algo-
rithm. We now turn to the definition and adaptive analysis
of our new algorithm, DualTreeBoruvka, and show that
the combination of all three types of expansion constant does
contain enough information about the data to obtain a more
precise analysis of the EMST problem.

4. DUAL-TREE BORUVKA ALGORITHM

The running time of Bor̊uvka’s algorithm depends on an ef-
ficient method to find the nearest neighbor pair of each com-
ponent. Here, we describe a method to compute all nearest
neighbor pairs simultaneously by amortizing some compu-
tations across di"erent points. This allows us to implement
Boruvka’s algorithm more e!ciently than previous methods.

Dual-Tree Algorithms. Dual-tree algorithms are a com-
putational framework that has been applied to many prob-
lems in computational statistics, physics, and machine learn-
ing. These algorithms are the overall fastest known methods
for many problems, including all nearest neighbors [22], ker-
nel density estimation [23], mean shift [47], kernel discrimi-
nant analysis [39], and n-point correlation functions [22, 30].

For concreteness, consider the all nearest neighbors problem:
we are given a query set Q and a reference set R of points in
Euclidean space, each of O(N) size. The goal is to find, for
each point q ! Q, the point r ! R such that d(q, r) is min-
imized. A brute-force solution to this problem consists of
two nested “for” loops which compute all pairwise distances
and requires O(N2) time. We can improve on this algorithm
with a space partitioning tree (e.g. a kd-tree) built on the
set of references. For each query, we descend the tree, ex-
panding reference nodes closer to the query first. We store
the smallest distance d(q, r) found so far at each stage of
the algorithm, which provides an upper bound on the true
nearest neighbor distance. Given this upper bound, we can
prune nodes in the tree that are far enough away to not
contain the true nearest neighbor, thus reducing the total
number of distance computations. This single-tree method,
described in [18], requires roughly O(N log N) time.

A dual-tree method further improves this by constructing
another tree on Q. We consider both a query and reference
node, and expand both. When the upper bounds allow, we
can then prune a distant reference node for an entire node
of queries with a single distance computation. This delivers
tremendous speedups in practice and has been shown to re-
quire O(N) time after tree construction with a cover tree [7].
We extend this idea to e!ciently find the nearest neighbor
pair for each component in a spanning forest.

New Algorithm. Our new algorithm, DualTreeBoru-

vka, uses a dual-tree method to find the nearest neighbor
pair for each component. Algorithm 1 gives the description
of the outer loop. The subroutine UpdateTree handles the
propagation of any bounds up and down the tree and resets
the upper bounds d(Cq) to infinity. We also make use of a
disjoint set data structure [45] to store the connected com-
ponents at each stage of the algorithm. Our algorithm is
independent of the particular space partitioning tree used.
In this paper, we present experimental results on two instan-
tiations of the algorithm. Algorithm 2 uses a kd-tree, and
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that belong in the MST from those that do not. If the in-
correct edges can be excluded from consideration with few
computations, then it may be possible to compute the MST
e!ciently. On the other hand, if there are very many possi-
ble nearest neighbors of a given component, it may be impos-
sible to avoid computing the distances to all such neighbors
to find the nearest.

One possible case where the correct MST edge may be dif-
ficult to identify is given in Figure 1(a). Since Q is nearly
equidistant from the points in R, there are many edges with
nearly the same length as the edge in the MST. In this case,
the expansion constant must be at least as large as the num-
ber of points in R.

Figure 1(b) shows an analogous possibility. Here, the MST
must have an edge from the component Q to one of the
components in the ring R. As before, the possible edges
have nearly the same length, and it may be di!cult to find
the shortest edge. However, the expansion constant may
still be small relative to the number of points. If Q contains
|R|/c points, then it is possible for the expansion constant
to be bounded by c, even if R has O(N) points. The cluster
expansion constant is large in this case, so it captures this
possible source of di!culty in computing the MST.

Figure 1(c) shows another case where finding the correct
edges of the MST is di!cult. There are many possible
nearest neighbor pairs, and therefore many possible near-
est neighbor edges, between Q and R. As in Figure 1(b),
the expansion constant may still be small. Since this set
has only two components, the cluster expansion constant is
small as well. Here, the linkage expansion constant is large,
capturing the di!culty of identifying the MST edge.

As we contended above, the EMST depends on distances
between groups of points as well as the pairwise distances.
We also argued that the expansion constant alone is insu!-
cient to quantify the amount of computation needed to iden-

tify edges in the MST, thus motivating the need for further
parameters to understand the behavior of any MST algo-
rithm. We now turn to the definition and adaptive analysis
of our new algorithm, DualTreeBoruvka, and show that
the combination of all three types of expansion constant does
contain enough information about the data to obtain a more
precise analysis of the EMST problem.

4. DUAL-TREE BORUVKA ALGORITHM

The running time of Bor̊uvka’s algorithm depends on an ef-
ficient method to find the nearest neighbor pair of each com-
ponent. Here, we describe a method to compute all nearest
neighbor pairs simultaneously by amortizing some compu-
tations across di"erent points. This allows us to implement
Boruvka’s algorithm more e!ciently than previous methods.

Dual-Tree Algorithms. Dual-tree algorithms are a com-
putational framework that has been applied to many prob-
lems in computational statistics, physics, and machine learn-
ing. These algorithms are the overall fastest known methods
for many problems, including all nearest neighbors [22], ker-
nel density estimation [23], mean shift [47], kernel discrimi-
nant analysis [39], and n-point correlation functions [22, 30].

For concreteness, consider the all nearest neighbors problem:
we are given a query set Q and a reference set R of points in
Euclidean space, each of O(N) size. The goal is to find, for
each point q ! Q, the point r ! R such that d(q, r) is min-
imized. A brute-force solution to this problem consists of
two nested “for” loops which compute all pairwise distances
and requires O(N2) time. We can improve on this algorithm
with a space partitioning tree (e.g. a kd-tree) built on the
set of references. For each query, we descend the tree, ex-
panding reference nodes closer to the query first. We store
the smallest distance d(q, r) found so far at each stage of
the algorithm, which provides an upper bound on the true
nearest neighbor distance. Given this upper bound, we can
prune nodes in the tree that are far enough away to not
contain the true nearest neighbor, thus reducing the total
number of distance computations. This single-tree method,
described in [18], requires roughly O(N log N) time.

A dual-tree method further improves this by constructing
another tree on Q. We consider both a query and reference
node, and expand both. When the upper bounds allow, we
can then prune a distant reference node for an entire node
of queries with a single distance computation. This delivers
tremendous speedups in practice and has been shown to re-
quire O(N) time after tree construction with a cover tree [7].
We extend this idea to e!ciently find the nearest neighbor
pair for each component in a spanning forest.

New Algorithm. Our new algorithm, DualTreeBoru-

vka, uses a dual-tree method to find the nearest neighbor
pair for each component. Algorithm 1 gives the description
of the outer loop. The subroutine UpdateTree handles the
propagation of any bounds up and down the tree and resets
the upper bounds d(Cq) to infinity. We also make use of a
disjoint set data structure [45] to store the connected com-
ponents at each stage of the algorithm. Our algorithm is
independent of the particular space partitioning tree used.
In this paper, we present experimental results on two instan-
tiations of the algorithm. Algorithm 2 uses a kd-tree, and
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that belong in the MST from those that do not. If the in-
correct edges can be excluded from consideration with few
computations, then it may be possible to compute the MST
e!ciently. On the other hand, if there are very many possi-
ble nearest neighbors of a given component, it may be impos-
sible to avoid computing the distances to all such neighbors
to find the nearest.

One possible case where the correct MST edge may be dif-
ficult to identify is given in Figure 1(a). Since Q is nearly
equidistant from the points in R, there are many edges with
nearly the same length as the edge in the MST. In this case,
the expansion constant must be at least as large as the num-
ber of points in R.

Figure 1(b) shows an analogous possibility. Here, the MST
must have an edge from the component Q to one of the
components in the ring R. As before, the possible edges
have nearly the same length, and it may be di!cult to find
the shortest edge. However, the expansion constant may
still be small relative to the number of points. If Q contains
|R|/c points, then it is possible for the expansion constant
to be bounded by c, even if R has O(N) points. The cluster
expansion constant is large in this case, so it captures this
possible source of di!culty in computing the MST.

Figure 1(c) shows another case where finding the correct
edges of the MST is di!cult. There are many possible
nearest neighbor pairs, and therefore many possible near-
est neighbor edges, between Q and R. As in Figure 1(b),
the expansion constant may still be small. Since this set
has only two components, the cluster expansion constant is
small as well. Here, the linkage expansion constant is large,
capturing the di!culty of identifying the MST edge.

As we contended above, the EMST depends on distances
between groups of points as well as the pairwise distances.
We also argued that the expansion constant alone is insu!-
cient to quantify the amount of computation needed to iden-

tify edges in the MST, thus motivating the need for further
parameters to understand the behavior of any MST algo-
rithm. We now turn to the definition and adaptive analysis
of our new algorithm, DualTreeBoruvka, and show that
the combination of all three types of expansion constant does
contain enough information about the data to obtain a more
precise analysis of the EMST problem.

4. DUAL-TREE BORUVKA ALGORITHM

The running time of Bor̊uvka’s algorithm depends on an ef-
ficient method to find the nearest neighbor pair of each com-
ponent. Here, we describe a method to compute all nearest
neighbor pairs simultaneously by amortizing some compu-
tations across di"erent points. This allows us to implement
Boruvka’s algorithm more e!ciently than previous methods.

Dual-Tree Algorithms. Dual-tree algorithms are a com-
putational framework that has been applied to many prob-
lems in computational statistics, physics, and machine learn-
ing. These algorithms are the overall fastest known methods
for many problems, including all nearest neighbors [22], ker-
nel density estimation [23], mean shift [47], kernel discrimi-
nant analysis [39], and n-point correlation functions [22, 30].

For concreteness, consider the all nearest neighbors problem:
we are given a query set Q and a reference set R of points in
Euclidean space, each of O(N) size. The goal is to find, for
each point q ! Q, the point r ! R such that d(q, r) is min-
imized. A brute-force solution to this problem consists of
two nested “for” loops which compute all pairwise distances
and requires O(N2) time. We can improve on this algorithm
with a space partitioning tree (e.g. a kd-tree) built on the
set of references. For each query, we descend the tree, ex-
panding reference nodes closer to the query first. We store
the smallest distance d(q, r) found so far at each stage of
the algorithm, which provides an upper bound on the true
nearest neighbor distance. Given this upper bound, we can
prune nodes in the tree that are far enough away to not
contain the true nearest neighbor, thus reducing the total
number of distance computations. This single-tree method,
described in [18], requires roughly O(N log N) time.

A dual-tree method further improves this by constructing
another tree on Q. We consider both a query and reference
node, and expand both. When the upper bounds allow, we
can then prune a distant reference node for an entire node
of queries with a single distance computation. This delivers
tremendous speedups in practice and has been shown to re-
quire O(N) time after tree construction with a cover tree [7].
We extend this idea to e!ciently find the nearest neighbor
pair for each component in a spanning forest.

New Algorithm. Our new algorithm, DualTreeBoru-

vka, uses a dual-tree method to find the nearest neighbor
pair for each component. Algorithm 1 gives the description
of the outer loop. The subroutine UpdateTree handles the
propagation of any bounds up and down the tree and resets
the upper bounds d(Cq) to infinity. We also make use of a
disjoint set data structure [45] to store the connected com-
ponents at each stage of the algorithm. Our algorithm is
independent of the particular space partitioning tree used.
In this paper, we present experimental results on two instan-
tiations of the algorithm. Algorithm 2 uses a kd-tree, and

(a) Large expansion
constant.

(b) Large cluster expansion
constant.

(c) Large linkage expansion
constant.

Figure 1: Cases illustrating expansion constants.

that belong in the MST from those that do not. If the in-
correct edges can be excluded from consideration with few
computations, then it may be possible to compute the MST
e!ciently. On the other hand, if there are very many possi-
ble nearest neighbors of a given component, it may be impos-
sible to avoid computing the distances to all such neighbors
to find the nearest.

One possible case where the correct MST edge may be dif-
ficult to identify is given in Figure 1(a). Since Q is nearly
equidistant from the points in R, there are many edges with
nearly the same length as the edge in the MST. In this case,
the expansion constant must be at least as large as the num-
ber of points in R.

Figure 1(b) shows an analogous possibility. Here, the MST
must have an edge from the component Q to one of the
components in the ring R. As before, the possible edges
have nearly the same length, and it may be di!cult to find
the shortest edge. However, the expansion constant may
still be small relative to the number of points. If Q contains
|R|/c points, then it is possible for the expansion constant
to be bounded by c, even if R has O(N) points. The cluster
expansion constant is large in this case, so it captures this
possible source of di!culty in computing the MST.

Figure 1(c) shows another case where finding the correct
edges of the MST is di!cult. There are many possible
nearest neighbor pairs, and therefore many possible near-
est neighbor edges, between Q and R. As in Figure 1(b),
the expansion constant may still be small. Since this set
has only two components, the cluster expansion constant is
small as well. Here, the linkage expansion constant is large,
capturing the di!culty of identifying the MST edge.

As we contended above, the EMST depends on distances
between groups of points as well as the pairwise distances.
We also argued that the expansion constant alone is insu!-
cient to quantify the amount of computation needed to iden-

tify edges in the MST, thus motivating the need for further
parameters to understand the behavior of any MST algo-
rithm. We now turn to the definition and adaptive analysis
of our new algorithm, DualTreeBoruvka, and show that
the combination of all three types of expansion constant does
contain enough information about the data to obtain a more
precise analysis of the EMST problem.

4. DUAL-TREE BORUVKA ALGORITHM

The running time of Bor̊uvka’s algorithm depends on an ef-
ficient method to find the nearest neighbor pair of each com-
ponent. Here, we describe a method to compute all nearest
neighbor pairs simultaneously by amortizing some compu-
tations across di"erent points. This allows us to implement
Boruvka’s algorithm more e!ciently than previous methods.

Dual-Tree Algorithms. Dual-tree algorithms are a com-
putational framework that has been applied to many prob-
lems in computational statistics, physics, and machine learn-
ing. These algorithms are the overall fastest known methods
for many problems, including all nearest neighbors [22], ker-
nel density estimation [23], mean shift [47], kernel discrimi-
nant analysis [39], and n-point correlation functions [22, 30].

For concreteness, consider the all nearest neighbors problem:
we are given a query set Q and a reference set R of points in
Euclidean space, each of O(N) size. The goal is to find, for
each point q ! Q, the point r ! R such that d(q, r) is min-
imized. A brute-force solution to this problem consists of
two nested “for” loops which compute all pairwise distances
and requires O(N2) time. We can improve on this algorithm
with a space partitioning tree (e.g. a kd-tree) built on the
set of references. For each query, we descend the tree, ex-
panding reference nodes closer to the query first. We store
the smallest distance d(q, r) found so far at each stage of
the algorithm, which provides an upper bound on the true
nearest neighbor distance. Given this upper bound, we can
prune nodes in the tree that are far enough away to not
contain the true nearest neighbor, thus reducing the total
number of distance computations. This single-tree method,
described in [18], requires roughly O(N log N) time.

A dual-tree method further improves this by constructing
another tree on Q. We consider both a query and reference
node, and expand both. When the upper bounds allow, we
can then prune a distant reference node for an entire node
of queries with a single distance computation. This delivers
tremendous speedups in practice and has been shown to re-
quire O(N) time after tree construction with a cover tree [7].
We extend this idea to e!ciently find the nearest neighbor
pair for each component in a spanning forest.

New Algorithm. Our new algorithm, DualTreeBoru-

vka, uses a dual-tree method to find the nearest neighbor
pair for each component. Algorithm 1 gives the description
of the outer loop. The subroutine UpdateTree handles the
propagation of any bounds up and down the tree and resets
the upper bounds d(Cq) to infinity. We also make use of a
disjoint set data structure [45] to store the connected com-
ponents at each stage of the algorithm. Our algorithm is
independent of the particular space partitioning tree used.
In this paper, we present experimental results on two instan-
tiations of the algorithm. Algorithm 2 uses a kd-tree, and
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that belong in the MST from those that do not. If the in-
correct edges can be excluded from consideration with few
computations, then it may be possible to compute the MST
e!ciently. On the other hand, if there are very many possi-
ble nearest neighbors of a given component, it may be impos-
sible to avoid computing the distances to all such neighbors
to find the nearest.

One possible case where the correct MST edge may be dif-
ficult to identify is given in Figure 1(a). Since Q is nearly
equidistant from the points in R, there are many edges with
nearly the same length as the edge in the MST. In this case,
the expansion constant must be at least as large as the num-
ber of points in R.

Figure 1(b) shows an analogous possibility. Here, the MST
must have an edge from the component Q to one of the
components in the ring R. As before, the possible edges
have nearly the same length, and it may be di!cult to find
the shortest edge. However, the expansion constant may
still be small relative to the number of points. If Q contains
|R|/c points, then it is possible for the expansion constant
to be bounded by c, even if R has O(N) points. The cluster
expansion constant is large in this case, so it captures this
possible source of di!culty in computing the MST.

Figure 1(c) shows another case where finding the correct
edges of the MST is di!cult. There are many possible
nearest neighbor pairs, and therefore many possible near-
est neighbor edges, between Q and R. As in Figure 1(b),
the expansion constant may still be small. Since this set
has only two components, the cluster expansion constant is
small as well. Here, the linkage expansion constant is large,
capturing the di!culty of identifying the MST edge.

As we contended above, the EMST depends on distances
between groups of points as well as the pairwise distances.
We also argued that the expansion constant alone is insu!-
cient to quantify the amount of computation needed to iden-

tify edges in the MST, thus motivating the need for further
parameters to understand the behavior of any MST algo-
rithm. We now turn to the definition and adaptive analysis
of our new algorithm, DualTreeBoruvka, and show that
the combination of all three types of expansion constant does
contain enough information about the data to obtain a more
precise analysis of the EMST problem.

4. DUAL-TREE BORUVKA ALGORITHM

The running time of Bor̊uvka’s algorithm depends on an ef-
ficient method to find the nearest neighbor pair of each com-
ponent. Here, we describe a method to compute all nearest
neighbor pairs simultaneously by amortizing some compu-
tations across di"erent points. This allows us to implement
Boruvka’s algorithm more e!ciently than previous methods.

Dual-Tree Algorithms. Dual-tree algorithms are a com-
putational framework that has been applied to many prob-
lems in computational statistics, physics, and machine learn-
ing. These algorithms are the overall fastest known methods
for many problems, including all nearest neighbors [22], ker-
nel density estimation [23], mean shift [47], kernel discrimi-
nant analysis [39], and n-point correlation functions [22, 30].

For concreteness, consider the all nearest neighbors problem:
we are given a query set Q and a reference set R of points in
Euclidean space, each of O(N) size. The goal is to find, for
each point q ! Q, the point r ! R such that d(q, r) is min-
imized. A brute-force solution to this problem consists of
two nested “for” loops which compute all pairwise distances
and requires O(N2) time. We can improve on this algorithm
with a space partitioning tree (e.g. a kd-tree) built on the
set of references. For each query, we descend the tree, ex-
panding reference nodes closer to the query first. We store
the smallest distance d(q, r) found so far at each stage of
the algorithm, which provides an upper bound on the true
nearest neighbor distance. Given this upper bound, we can
prune nodes in the tree that are far enough away to not
contain the true nearest neighbor, thus reducing the total
number of distance computations. This single-tree method,
described in [18], requires roughly O(N log N) time.

A dual-tree method further improves this by constructing
another tree on Q. We consider both a query and reference
node, and expand both. When the upper bounds allow, we
can then prune a distant reference node for an entire node
of queries with a single distance computation. This delivers
tremendous speedups in practice and has been shown to re-
quire O(N) time after tree construction with a cover tree [7].
We extend this idea to e!ciently find the nearest neighbor
pair for each component in a spanning forest.

New Algorithm. Our new algorithm, DualTreeBoru-

vka, uses a dual-tree method to find the nearest neighbor
pair for each component. Algorithm 1 gives the description
of the outer loop. The subroutine UpdateTree handles the
propagation of any bounds up and down the tree and resets
the upper bounds d(Cq) to infinity. We also make use of a
disjoint set data structure [45] to store the connected com-
ponents at each stage of the algorithm. Our algorithm is
independent of the particular space partitioning tree used.
In this paper, we present experimental results on two instan-
tiations of the algorithm. Algorithm 2 uses a kd-tree, and
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that belong in the MST from those that do not. If the in-
correct edges can be excluded from consideration with few
computations, then it may be possible to compute the MST
e!ciently. On the other hand, if there are very many possi-
ble nearest neighbors of a given component, it may be impos-
sible to avoid computing the distances to all such neighbors
to find the nearest.

One possible case where the correct MST edge may be dif-
ficult to identify is given in Figure 1(a). Since Q is nearly
equidistant from the points in R, there are many edges with
nearly the same length as the edge in the MST. In this case,
the expansion constant must be at least as large as the num-
ber of points in R.

Figure 1(b) shows an analogous possibility. Here, the MST
must have an edge from the component Q to one of the
components in the ring R. As before, the possible edges
have nearly the same length, and it may be di!cult to find
the shortest edge. However, the expansion constant may
still be small relative to the number of points. If Q contains
|R|/c points, then it is possible for the expansion constant
to be bounded by c, even if R has O(N) points. The cluster
expansion constant is large in this case, so it captures this
possible source of di!culty in computing the MST.

Figure 1(c) shows another case where finding the correct
edges of the MST is di!cult. There are many possible
nearest neighbor pairs, and therefore many possible near-
est neighbor edges, between Q and R. As in Figure 1(b),
the expansion constant may still be small. Since this set
has only two components, the cluster expansion constant is
small as well. Here, the linkage expansion constant is large,
capturing the di!culty of identifying the MST edge.

As we contended above, the EMST depends on distances
between groups of points as well as the pairwise distances.
We also argued that the expansion constant alone is insu!-
cient to quantify the amount of computation needed to iden-

tify edges in the MST, thus motivating the need for further
parameters to understand the behavior of any MST algo-
rithm. We now turn to the definition and adaptive analysis
of our new algorithm, DualTreeBoruvka, and show that
the combination of all three types of expansion constant does
contain enough information about the data to obtain a more
precise analysis of the EMST problem.

4. DUAL-TREE BORUVKA ALGORITHM

The running time of Bor̊uvka’s algorithm depends on an ef-
ficient method to find the nearest neighbor pair of each com-
ponent. Here, we describe a method to compute all nearest
neighbor pairs simultaneously by amortizing some compu-
tations across di"erent points. This allows us to implement
Boruvka’s algorithm more e!ciently than previous methods.

Dual-Tree Algorithms. Dual-tree algorithms are a com-
putational framework that has been applied to many prob-
lems in computational statistics, physics, and machine learn-
ing. These algorithms are the overall fastest known methods
for many problems, including all nearest neighbors [22], ker-
nel density estimation [23], mean shift [47], kernel discrimi-
nant analysis [39], and n-point correlation functions [22, 30].

For concreteness, consider the all nearest neighbors problem:
we are given a query set Q and a reference set R of points in
Euclidean space, each of O(N) size. The goal is to find, for
each point q ! Q, the point r ! R such that d(q, r) is min-
imized. A brute-force solution to this problem consists of
two nested “for” loops which compute all pairwise distances
and requires O(N2) time. We can improve on this algorithm
with a space partitioning tree (e.g. a kd-tree) built on the
set of references. For each query, we descend the tree, ex-
panding reference nodes closer to the query first. We store
the smallest distance d(q, r) found so far at each stage of
the algorithm, which provides an upper bound on the true
nearest neighbor distance. Given this upper bound, we can
prune nodes in the tree that are far enough away to not
contain the true nearest neighbor, thus reducing the total
number of distance computations. This single-tree method,
described in [18], requires roughly O(N log N) time.

A dual-tree method further improves this by constructing
another tree on Q. We consider both a query and reference
node, and expand both. When the upper bounds allow, we
can then prune a distant reference node for an entire node
of queries with a single distance computation. This delivers
tremendous speedups in practice and has been shown to re-
quire O(N) time after tree construction with a cover tree [7].
We extend this idea to e!ciently find the nearest neighbor
pair for each component in a spanning forest.

New Algorithm. Our new algorithm, DualTreeBoru-

vka, uses a dual-tree method to find the nearest neighbor
pair for each component. Algorithm 1 gives the description
of the outer loop. The subroutine UpdateTree handles the
propagation of any bounds up and down the tree and resets
the upper bounds d(Cq) to infinity. We also make use of a
disjoint set data structure [45] to store the connected com-
ponents at each stage of the algorithm. Our algorithm is
independent of the particular space partitioning tree used.
In this paper, we present experimental results on two instan-
tiations of the algorithm. Algorithm 2 uses a kd-tree, and
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that belong in the MST from those that do not. If the in-
correct edges can be excluded from consideration with few
computations, then it may be possible to compute the MST
e!ciently. On the other hand, if there are very many possi-
ble nearest neighbors of a given component, it may be impos-
sible to avoid computing the distances to all such neighbors
to find the nearest.

One possible case where the correct MST edge may be dif-
ficult to identify is given in Figure 1(a). Since Q is nearly
equidistant from the points in R, there are many edges with
nearly the same length as the edge in the MST. In this case,
the expansion constant must be at least as large as the num-
ber of points in R.

Figure 1(b) shows an analogous possibility. Here, the MST
must have an edge from the component Q to one of the
components in the ring R. As before, the possible edges
have nearly the same length, and it may be di!cult to find
the shortest edge. However, the expansion constant may
still be small relative to the number of points. If Q contains
|R|/c points, then it is possible for the expansion constant
to be bounded by c, even if R has O(N) points. The cluster
expansion constant is large in this case, so it captures this
possible source of di!culty in computing the MST.

Figure 1(c) shows another case where finding the correct
edges of the MST is di!cult. There are many possible
nearest neighbor pairs, and therefore many possible near-
est neighbor edges, between Q and R. As in Figure 1(b),
the expansion constant may still be small. Since this set
has only two components, the cluster expansion constant is
small as well. Here, the linkage expansion constant is large,
capturing the di!culty of identifying the MST edge.

As we contended above, the EMST depends on distances
between groups of points as well as the pairwise distances.
We also argued that the expansion constant alone is insu!-
cient to quantify the amount of computation needed to iden-

tify edges in the MST, thus motivating the need for further
parameters to understand the behavior of any MST algo-
rithm. We now turn to the definition and adaptive analysis
of our new algorithm, DualTreeBoruvka, and show that
the combination of all three types of expansion constant does
contain enough information about the data to obtain a more
precise analysis of the EMST problem.

4. DUAL-TREE BORUVKA ALGORITHM

The running time of Bor̊uvka’s algorithm depends on an ef-
ficient method to find the nearest neighbor pair of each com-
ponent. Here, we describe a method to compute all nearest
neighbor pairs simultaneously by amortizing some compu-
tations across di"erent points. This allows us to implement
Boruvka’s algorithm more e!ciently than previous methods.

Dual-Tree Algorithms. Dual-tree algorithms are a com-
putational framework that has been applied to many prob-
lems in computational statistics, physics, and machine learn-
ing. These algorithms are the overall fastest known methods
for many problems, including all nearest neighbors [22], ker-
nel density estimation [23], mean shift [47], kernel discrimi-
nant analysis [39], and n-point correlation functions [22, 30].

For concreteness, consider the all nearest neighbors problem:
we are given a query set Q and a reference set R of points in
Euclidean space, each of O(N) size. The goal is to find, for
each point q ! Q, the point r ! R such that d(q, r) is min-
imized. A brute-force solution to this problem consists of
two nested “for” loops which compute all pairwise distances
and requires O(N2) time. We can improve on this algorithm
with a space partitioning tree (e.g. a kd-tree) built on the
set of references. For each query, we descend the tree, ex-
panding reference nodes closer to the query first. We store
the smallest distance d(q, r) found so far at each stage of
the algorithm, which provides an upper bound on the true
nearest neighbor distance. Given this upper bound, we can
prune nodes in the tree that are far enough away to not
contain the true nearest neighbor, thus reducing the total
number of distance computations. This single-tree method,
described in [18], requires roughly O(N log N) time.

A dual-tree method further improves this by constructing
another tree on Q. We consider both a query and reference
node, and expand both. When the upper bounds allow, we
can then prune a distant reference node for an entire node
of queries with a single distance computation. This delivers
tremendous speedups in practice and has been shown to re-
quire O(N) time after tree construction with a cover tree [7].
We extend this idea to e!ciently find the nearest neighbor
pair for each component in a spanning forest.

New Algorithm. Our new algorithm, DualTreeBoru-

vka, uses a dual-tree method to find the nearest neighbor
pair for each component. Algorithm 1 gives the description
of the outer loop. The subroutine UpdateTree handles the
propagation of any bounds up and down the tree and resets
the upper bounds d(Cq) to infinity. We also make use of a
disjoint set data structure [45] to store the connected com-
ponents at each stage of the algorithm. Our algorithm is
independent of the particular space partitioning tree used.
In this paper, we present experimental results on two instan-
tiations of the algorithm. Algorithm 2 uses a kd-tree, and
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that belong in the MST from those that do not. If the in-
correct edges can be excluded from consideration with few
computations, then it may be possible to compute the MST
e!ciently. On the other hand, if there are very many possi-
ble nearest neighbors of a given component, it may be impos-
sible to avoid computing the distances to all such neighbors
to find the nearest.

One possible case where the correct MST edge may be dif-
ficult to identify is given in Figure 1(a). Since Q is nearly
equidistant from the points in R, there are many edges with
nearly the same length as the edge in the MST. In this case,
the expansion constant must be at least as large as the num-
ber of points in R.

Figure 1(b) shows an analogous possibility. Here, the MST
must have an edge from the component Q to one of the
components in the ring R. As before, the possible edges
have nearly the same length, and it may be di!cult to find
the shortest edge. However, the expansion constant may
still be small relative to the number of points. If Q contains
|R|/c points, then it is possible for the expansion constant
to be bounded by c, even if R has O(N) points. The cluster
expansion constant is large in this case, so it captures this
possible source of di!culty in computing the MST.

Figure 1(c) shows another case where finding the correct
edges of the MST is di!cult. There are many possible
nearest neighbor pairs, and therefore many possible near-
est neighbor edges, between Q and R. As in Figure 1(b),
the expansion constant may still be small. Since this set
has only two components, the cluster expansion constant is
small as well. Here, the linkage expansion constant is large,
capturing the di!culty of identifying the MST edge.

As we contended above, the EMST depends on distances
between groups of points as well as the pairwise distances.
We also argued that the expansion constant alone is insu!-
cient to quantify the amount of computation needed to iden-

tify edges in the MST, thus motivating the need for further
parameters to understand the behavior of any MST algo-
rithm. We now turn to the definition and adaptive analysis
of our new algorithm, DualTreeBoruvka, and show that
the combination of all three types of expansion constant does
contain enough information about the data to obtain a more
precise analysis of the EMST problem.

4. DUAL-TREE BORUVKA ALGORITHM

The running time of Bor̊uvka’s algorithm depends on an ef-
ficient method to find the nearest neighbor pair of each com-
ponent. Here, we describe a method to compute all nearest
neighbor pairs simultaneously by amortizing some compu-
tations across di"erent points. This allows us to implement
Boruvka’s algorithm more e!ciently than previous methods.

Dual-Tree Algorithms. Dual-tree algorithms are a com-
putational framework that has been applied to many prob-
lems in computational statistics, physics, and machine learn-
ing. These algorithms are the overall fastest known methods
for many problems, including all nearest neighbors [22], ker-
nel density estimation [23], mean shift [47], kernel discrimi-
nant analysis [39], and n-point correlation functions [22, 30].

For concreteness, consider the all nearest neighbors problem:
we are given a query set Q and a reference set R of points in
Euclidean space, each of O(N) size. The goal is to find, for
each point q ! Q, the point r ! R such that d(q, r) is min-
imized. A brute-force solution to this problem consists of
two nested “for” loops which compute all pairwise distances
and requires O(N2) time. We can improve on this algorithm
with a space partitioning tree (e.g. a kd-tree) built on the
set of references. For each query, we descend the tree, ex-
panding reference nodes closer to the query first. We store
the smallest distance d(q, r) found so far at each stage of
the algorithm, which provides an upper bound on the true
nearest neighbor distance. Given this upper bound, we can
prune nodes in the tree that are far enough away to not
contain the true nearest neighbor, thus reducing the total
number of distance computations. This single-tree method,
described in [18], requires roughly O(N log N) time.

A dual-tree method further improves this by constructing
another tree on Q. We consider both a query and reference
node, and expand both. When the upper bounds allow, we
can then prune a distant reference node for an entire node
of queries with a single distance computation. This delivers
tremendous speedups in practice and has been shown to re-
quire O(N) time after tree construction with a cover tree [7].
We extend this idea to e!ciently find the nearest neighbor
pair for each component in a spanning forest.

New Algorithm. Our new algorithm, DualTreeBoru-

vka, uses a dual-tree method to find the nearest neighbor
pair for each component. Algorithm 1 gives the description
of the outer loop. The subroutine UpdateTree handles the
propagation of any bounds up and down the tree and resets
the upper bounds d(Cq) to infinity. We also make use of a
disjoint set data structure [45] to store the connected com-
ponents at each stage of the algorithm. Our algorithm is
independent of the particular space partitioning tree used.
In this paper, we present experimental results on two instan-
tiations of the algorithm. Algorithm 2 uses a kd-tree, and
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that belong in the MST from those that do not. If the in-
correct edges can be excluded from consideration with few
computations, then it may be possible to compute the MST
e!ciently. On the other hand, if there are very many possi-
ble nearest neighbors of a given component, it may be impos-
sible to avoid computing the distances to all such neighbors
to find the nearest.

One possible case where the correct MST edge may be dif-
ficult to identify is given in Figure 1(a). Since Q is nearly
equidistant from the points in R, there are many edges with
nearly the same length as the edge in the MST. In this case,
the expansion constant must be at least as large as the num-
ber of points in R.

Figure 1(b) shows an analogous possibility. Here, the MST
must have an edge from the component Q to one of the
components in the ring R. As before, the possible edges
have nearly the same length, and it may be di!cult to find
the shortest edge. However, the expansion constant may
still be small relative to the number of points. If Q contains
|R|/c points, then it is possible for the expansion constant
to be bounded by c, even if R has O(N) points. The cluster
expansion constant is large in this case, so it captures this
possible source of di!culty in computing the MST.

Figure 1(c) shows another case where finding the correct
edges of the MST is di!cult. There are many possible
nearest neighbor pairs, and therefore many possible near-
est neighbor edges, between Q and R. As in Figure 1(b),
the expansion constant may still be small. Since this set
has only two components, the cluster expansion constant is
small as well. Here, the linkage expansion constant is large,
capturing the di!culty of identifying the MST edge.

As we contended above, the EMST depends on distances
between groups of points as well as the pairwise distances.
We also argued that the expansion constant alone is insu!-
cient to quantify the amount of computation needed to iden-

tify edges in the MST, thus motivating the need for further
parameters to understand the behavior of any MST algo-
rithm. We now turn to the definition and adaptive analysis
of our new algorithm, DualTreeBoruvka, and show that
the combination of all three types of expansion constant does
contain enough information about the data to obtain a more
precise analysis of the EMST problem.

4. DUAL-TREE BORUVKA ALGORITHM

The running time of Bor̊uvka’s algorithm depends on an ef-
ficient method to find the nearest neighbor pair of each com-
ponent. Here, we describe a method to compute all nearest
neighbor pairs simultaneously by amortizing some compu-
tations across di"erent points. This allows us to implement
Boruvka’s algorithm more e!ciently than previous methods.

Dual-Tree Algorithms. Dual-tree algorithms are a com-
putational framework that has been applied to many prob-
lems in computational statistics, physics, and machine learn-
ing. These algorithms are the overall fastest known methods
for many problems, including all nearest neighbors [22], ker-
nel density estimation [23], mean shift [47], kernel discrimi-
nant analysis [39], and n-point correlation functions [22, 30].

For concreteness, consider the all nearest neighbors problem:
we are given a query set Q and a reference set R of points in
Euclidean space, each of O(N) size. The goal is to find, for
each point q ! Q, the point r ! R such that d(q, r) is min-
imized. A brute-force solution to this problem consists of
two nested “for” loops which compute all pairwise distances
and requires O(N2) time. We can improve on this algorithm
with a space partitioning tree (e.g. a kd-tree) built on the
set of references. For each query, we descend the tree, ex-
panding reference nodes closer to the query first. We store
the smallest distance d(q, r) found so far at each stage of
the algorithm, which provides an upper bound on the true
nearest neighbor distance. Given this upper bound, we can
prune nodes in the tree that are far enough away to not
contain the true nearest neighbor, thus reducing the total
number of distance computations. This single-tree method,
described in [18], requires roughly O(N log N) time.

A dual-tree method further improves this by constructing
another tree on Q. We consider both a query and reference
node, and expand both. When the upper bounds allow, we
can then prune a distant reference node for an entire node
of queries with a single distance computation. This delivers
tremendous speedups in practice and has been shown to re-
quire O(N) time after tree construction with a cover tree [7].
We extend this idea to e!ciently find the nearest neighbor
pair for each component in a spanning forest.

New Algorithm. Our new algorithm, DualTreeBoru-

vka, uses a dual-tree method to find the nearest neighbor
pair for each component. Algorithm 1 gives the description
of the outer loop. The subroutine UpdateTree handles the
propagation of any bounds up and down the tree and resets
the upper bounds d(Cq) to infinity. We also make use of a
disjoint set data structure [45] to store the connected com-
ponents at each stage of the algorithm. Our algorithm is
independent of the particular space partitioning tree used.
In this paper, we present experimental results on two instan-
tiations of the algorithm. Algorithm 2 uses a kd-tree, and
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that belong in the MST from those that do not. If the in-
correct edges can be excluded from consideration with few
computations, then it may be possible to compute the MST
e!ciently. On the other hand, if there are very many possi-
ble nearest neighbors of a given component, it may be impos-
sible to avoid computing the distances to all such neighbors
to find the nearest.

One possible case where the correct MST edge may be dif-
ficult to identify is given in Figure 1(a). Since Q is nearly
equidistant from the points in R, there are many edges with
nearly the same length as the edge in the MST. In this case,
the expansion constant must be at least as large as the num-
ber of points in R.

Figure 1(b) shows an analogous possibility. Here, the MST
must have an edge from the component Q to one of the
components in the ring R. As before, the possible edges
have nearly the same length, and it may be di!cult to find
the shortest edge. However, the expansion constant may
still be small relative to the number of points. If Q contains
|R|/c points, then it is possible for the expansion constant
to be bounded by c, even if R has O(N) points. The cluster
expansion constant is large in this case, so it captures this
possible source of di!culty in computing the MST.

Figure 1(c) shows another case where finding the correct
edges of the MST is di!cult. There are many possible
nearest neighbor pairs, and therefore many possible near-
est neighbor edges, between Q and R. As in Figure 1(b),
the expansion constant may still be small. Since this set
has only two components, the cluster expansion constant is
small as well. Here, the linkage expansion constant is large,
capturing the di!culty of identifying the MST edge.

As we contended above, the EMST depends on distances
between groups of points as well as the pairwise distances.
We also argued that the expansion constant alone is insu!-
cient to quantify the amount of computation needed to iden-

tify edges in the MST, thus motivating the need for further
parameters to understand the behavior of any MST algo-
rithm. We now turn to the definition and adaptive analysis
of our new algorithm, DualTreeBoruvka, and show that
the combination of all three types of expansion constant does
contain enough information about the data to obtain a more
precise analysis of the EMST problem.

4. DUAL-TREE BORUVKA ALGORITHM

The running time of Bor̊uvka’s algorithm depends on an ef-
ficient method to find the nearest neighbor pair of each com-
ponent. Here, we describe a method to compute all nearest
neighbor pairs simultaneously by amortizing some compu-
tations across di"erent points. This allows us to implement
Boruvka’s algorithm more e!ciently than previous methods.

Dual-Tree Algorithms. Dual-tree algorithms are a com-
putational framework that has been applied to many prob-
lems in computational statistics, physics, and machine learn-
ing. These algorithms are the overall fastest known methods
for many problems, including all nearest neighbors [22], ker-
nel density estimation [23], mean shift [47], kernel discrimi-
nant analysis [39], and n-point correlation functions [22, 30].

For concreteness, consider the all nearest neighbors problem:
we are given a query set Q and a reference set R of points in
Euclidean space, each of O(N) size. The goal is to find, for
each point q ! Q, the point r ! R such that d(q, r) is min-
imized. A brute-force solution to this problem consists of
two nested “for” loops which compute all pairwise distances
and requires O(N2) time. We can improve on this algorithm
with a space partitioning tree (e.g. a kd-tree) built on the
set of references. For each query, we descend the tree, ex-
panding reference nodes closer to the query first. We store
the smallest distance d(q, r) found so far at each stage of
the algorithm, which provides an upper bound on the true
nearest neighbor distance. Given this upper bound, we can
prune nodes in the tree that are far enough away to not
contain the true nearest neighbor, thus reducing the total
number of distance computations. This single-tree method,
described in [18], requires roughly O(N log N) time.

A dual-tree method further improves this by constructing
another tree on Q. We consider both a query and reference
node, and expand both. When the upper bounds allow, we
can then prune a distant reference node for an entire node
of queries with a single distance computation. This delivers
tremendous speedups in practice and has been shown to re-
quire O(N) time after tree construction with a cover tree [7].
We extend this idea to e!ciently find the nearest neighbor
pair for each component in a spanning forest.

New Algorithm. Our new algorithm, DualTreeBoru-

vka, uses a dual-tree method to find the nearest neighbor
pair for each component. Algorithm 1 gives the description
of the outer loop. The subroutine UpdateTree handles the
propagation of any bounds up and down the tree and resets
the upper bounds d(Cq) to infinity. We also make use of a
disjoint set data structure [45] to store the connected com-
ponents at each stage of the algorithm. Our algorithm is
independent of the particular space partitioning tree used.
In this paper, we present experimental results on two instan-
tiations of the algorithm. Algorithm 2 uses a kd-tree, and
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that belong in the MST from those that do not. If the in-
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computations, then it may be possible to compute the MST
e!ciently. On the other hand, if there are very many possi-
ble nearest neighbors of a given component, it may be impos-
sible to avoid computing the distances to all such neighbors
to find the nearest.

One possible case where the correct MST edge may be dif-
ficult to identify is given in Figure 1(a). Since Q is nearly
equidistant from the points in R, there are many edges with
nearly the same length as the edge in the MST. In this case,
the expansion constant must be at least as large as the num-
ber of points in R.

Figure 1(b) shows an analogous possibility. Here, the MST
must have an edge from the component Q to one of the
components in the ring R. As before, the possible edges
have nearly the same length, and it may be di!cult to find
the shortest edge. However, the expansion constant may
still be small relative to the number of points. If Q contains
|R|/c points, then it is possible for the expansion constant
to be bounded by c, even if R has O(N) points. The cluster
expansion constant is large in this case, so it captures this
possible source of di!culty in computing the MST.

Figure 1(c) shows another case where finding the correct
edges of the MST is di!cult. There are many possible
nearest neighbor pairs, and therefore many possible near-
est neighbor edges, between Q and R. As in Figure 1(b),
the expansion constant may still be small. Since this set
has only two components, the cluster expansion constant is
small as well. Here, the linkage expansion constant is large,
capturing the di!culty of identifying the MST edge.

As we contended above, the EMST depends on distances
between groups of points as well as the pairwise distances.
We also argued that the expansion constant alone is insu!-
cient to quantify the amount of computation needed to iden-

tify edges in the MST, thus motivating the need for further
parameters to understand the behavior of any MST algo-
rithm. We now turn to the definition and adaptive analysis
of our new algorithm, DualTreeBoruvka, and show that
the combination of all three types of expansion constant does
contain enough information about the data to obtain a more
precise analysis of the EMST problem.

4. DUAL-TREE BORUVKA ALGORITHM

The running time of Bor̊uvka’s algorithm depends on an ef-
ficient method to find the nearest neighbor pair of each com-
ponent. Here, we describe a method to compute all nearest
neighbor pairs simultaneously by amortizing some compu-
tations across di"erent points. This allows us to implement
Boruvka’s algorithm more e!ciently than previous methods.

Dual-Tree Algorithms. Dual-tree algorithms are a com-
putational framework that has been applied to many prob-
lems in computational statistics, physics, and machine learn-
ing. These algorithms are the overall fastest known methods
for many problems, including all nearest neighbors [22], ker-
nel density estimation [23], mean shift [47], kernel discrimi-
nant analysis [39], and n-point correlation functions [22, 30].

For concreteness, consider the all nearest neighbors problem:
we are given a query set Q and a reference set R of points in
Euclidean space, each of O(N) size. The goal is to find, for
each point q ! Q, the point r ! R such that d(q, r) is min-
imized. A brute-force solution to this problem consists of
two nested “for” loops which compute all pairwise distances
and requires O(N2) time. We can improve on this algorithm
with a space partitioning tree (e.g. a kd-tree) built on the
set of references. For each query, we descend the tree, ex-
panding reference nodes closer to the query first. We store
the smallest distance d(q, r) found so far at each stage of
the algorithm, which provides an upper bound on the true
nearest neighbor distance. Given this upper bound, we can
prune nodes in the tree that are far enough away to not
contain the true nearest neighbor, thus reducing the total
number of distance computations. This single-tree method,
described in [18], requires roughly O(N log N) time.

A dual-tree method further improves this by constructing
another tree on Q. We consider both a query and reference
node, and expand both. When the upper bounds allow, we
can then prune a distant reference node for an entire node
of queries with a single distance computation. This delivers
tremendous speedups in practice and has been shown to re-
quire O(N) time after tree construction with a cover tree [7].
We extend this idea to e!ciently find the nearest neighbor
pair for each component in a spanning forest.

New Algorithm. Our new algorithm, DualTreeBoru-

vka, uses a dual-tree method to find the nearest neighbor
pair for each component. Algorithm 1 gives the description
of the outer loop. The subroutine UpdateTree handles the
propagation of any bounds up and down the tree and resets
the upper bounds d(Cq) to infinity. We also make use of a
disjoint set data structure [45] to store the connected com-
ponents at each stage of the algorithm. Our algorithm is
independent of the particular space partitioning tree used.
In this paper, we present experimental results on two instan-
tiations of the algorithm. Algorithm 2 uses a kd-tree, and
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that belong in the MST from those that do not. If the in-
correct edges can be excluded from consideration with few
computations, then it may be possible to compute the MST
e!ciently. On the other hand, if there are very many possi-
ble nearest neighbors of a given component, it may be impos-
sible to avoid computing the distances to all such neighbors
to find the nearest.

One possible case where the correct MST edge may be dif-
ficult to identify is given in Figure 1(a). Since Q is nearly
equidistant from the points in R, there are many edges with
nearly the same length as the edge in the MST. In this case,
the expansion constant must be at least as large as the num-
ber of points in R.

Figure 1(b) shows an analogous possibility. Here, the MST
must have an edge from the component Q to one of the
components in the ring R. As before, the possible edges
have nearly the same length, and it may be di!cult to find
the shortest edge. However, the expansion constant may
still be small relative to the number of points. If Q contains
|R|/c points, then it is possible for the expansion constant
to be bounded by c, even if R has O(N) points. The cluster
expansion constant is large in this case, so it captures this
possible source of di!culty in computing the MST.

Figure 1(c) shows another case where finding the correct
edges of the MST is di!cult. There are many possible
nearest neighbor pairs, and therefore many possible near-
est neighbor edges, between Q and R. As in Figure 1(b),
the expansion constant may still be small. Since this set
has only two components, the cluster expansion constant is
small as well. Here, the linkage expansion constant is large,
capturing the di!culty of identifying the MST edge.

As we contended above, the EMST depends on distances
between groups of points as well as the pairwise distances.
We also argued that the expansion constant alone is insu!-
cient to quantify the amount of computation needed to iden-

tify edges in the MST, thus motivating the need for further
parameters to understand the behavior of any MST algo-
rithm. We now turn to the definition and adaptive analysis
of our new algorithm, DualTreeBoruvka, and show that
the combination of all three types of expansion constant does
contain enough information about the data to obtain a more
precise analysis of the EMST problem.

4. DUAL-TREE BORUVKA ALGORITHM

The running time of Bor̊uvka’s algorithm depends on an ef-
ficient method to find the nearest neighbor pair of each com-
ponent. Here, we describe a method to compute all nearest
neighbor pairs simultaneously by amortizing some compu-
tations across di"erent points. This allows us to implement
Boruvka’s algorithm more e!ciently than previous methods.

Dual-Tree Algorithms. Dual-tree algorithms are a com-
putational framework that has been applied to many prob-
lems in computational statistics, physics, and machine learn-
ing. These algorithms are the overall fastest known methods
for many problems, including all nearest neighbors [22], ker-
nel density estimation [23], mean shift [47], kernel discrimi-
nant analysis [39], and n-point correlation functions [22, 30].

For concreteness, consider the all nearest neighbors problem:
we are given a query set Q and a reference set R of points in
Euclidean space, each of O(N) size. The goal is to find, for
each point q ! Q, the point r ! R such that d(q, r) is min-
imized. A brute-force solution to this problem consists of
two nested “for” loops which compute all pairwise distances
and requires O(N2) time. We can improve on this algorithm
with a space partitioning tree (e.g. a kd-tree) built on the
set of references. For each query, we descend the tree, ex-
panding reference nodes closer to the query first. We store
the smallest distance d(q, r) found so far at each stage of
the algorithm, which provides an upper bound on the true
nearest neighbor distance. Given this upper bound, we can
prune nodes in the tree that are far enough away to not
contain the true nearest neighbor, thus reducing the total
number of distance computations. This single-tree method,
described in [18], requires roughly O(N log N) time.

A dual-tree method further improves this by constructing
another tree on Q. We consider both a query and reference
node, and expand both. When the upper bounds allow, we
can then prune a distant reference node for an entire node
of queries with a single distance computation. This delivers
tremendous speedups in practice and has been shown to re-
quire O(N) time after tree construction with a cover tree [7].
We extend this idea to e!ciently find the nearest neighbor
pair for each component in a spanning forest.

New Algorithm. Our new algorithm, DualTreeBoru-

vka, uses a dual-tree method to find the nearest neighbor
pair for each component. Algorithm 1 gives the description
of the outer loop. The subroutine UpdateTree handles the
propagation of any bounds up and down the tree and resets
the upper bounds d(Cq) to infinity. We also make use of a
disjoint set data structure [45] to store the connected com-
ponents at each stage of the algorithm. Our algorithm is
independent of the particular space partitioning tree used.
In this paper, we present experimental results on two instan-
tiations of the algorithm. Algorithm 2 uses a kd-tree, and
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that belong in the MST from those that do not. If the in-
correct edges can be excluded from consideration with few
computations, then it may be possible to compute the MST
e!ciently. On the other hand, if there are very many possi-
ble nearest neighbors of a given component, it may be impos-
sible to avoid computing the distances to all such neighbors
to find the nearest.

One possible case where the correct MST edge may be dif-
ficult to identify is given in Figure 1(a). Since Q is nearly
equidistant from the points in R, there are many edges with
nearly the same length as the edge in the MST. In this case,
the expansion constant must be at least as large as the num-
ber of points in R.

Figure 1(b) shows an analogous possibility. Here, the MST
must have an edge from the component Q to one of the
components in the ring R. As before, the possible edges
have nearly the same length, and it may be di!cult to find
the shortest edge. However, the expansion constant may
still be small relative to the number of points. If Q contains
|R|/c points, then it is possible for the expansion constant
to be bounded by c, even if R has O(N) points. The cluster
expansion constant is large in this case, so it captures this
possible source of di!culty in computing the MST.

Figure 1(c) shows another case where finding the correct
edges of the MST is di!cult. There are many possible
nearest neighbor pairs, and therefore many possible near-
est neighbor edges, between Q and R. As in Figure 1(b),
the expansion constant may still be small. Since this set
has only two components, the cluster expansion constant is
small as well. Here, the linkage expansion constant is large,
capturing the di!culty of identifying the MST edge.

As we contended above, the EMST depends on distances
between groups of points as well as the pairwise distances.
We also argued that the expansion constant alone is insu!-
cient to quantify the amount of computation needed to iden-

tify edges in the MST, thus motivating the need for further
parameters to understand the behavior of any MST algo-
rithm. We now turn to the definition and adaptive analysis
of our new algorithm, DualTreeBoruvka, and show that
the combination of all three types of expansion constant does
contain enough information about the data to obtain a more
precise analysis of the EMST problem.

4. DUAL-TREE BORUVKA ALGORITHM

The running time of Bor̊uvka’s algorithm depends on an ef-
ficient method to find the nearest neighbor pair of each com-
ponent. Here, we describe a method to compute all nearest
neighbor pairs simultaneously by amortizing some compu-
tations across di"erent points. This allows us to implement
Boruvka’s algorithm more e!ciently than previous methods.

Dual-Tree Algorithms. Dual-tree algorithms are a com-
putational framework that has been applied to many prob-
lems in computational statistics, physics, and machine learn-
ing. These algorithms are the overall fastest known methods
for many problems, including all nearest neighbors [22], ker-
nel density estimation [23], mean shift [47], kernel discrimi-
nant analysis [39], and n-point correlation functions [22, 30].

For concreteness, consider the all nearest neighbors problem:
we are given a query set Q and a reference set R of points in
Euclidean space, each of O(N) size. The goal is to find, for
each point q ! Q, the point r ! R such that d(q, r) is min-
imized. A brute-force solution to this problem consists of
two nested “for” loops which compute all pairwise distances
and requires O(N2) time. We can improve on this algorithm
with a space partitioning tree (e.g. a kd-tree) built on the
set of references. For each query, we descend the tree, ex-
panding reference nodes closer to the query first. We store
the smallest distance d(q, r) found so far at each stage of
the algorithm, which provides an upper bound on the true
nearest neighbor distance. Given this upper bound, we can
prune nodes in the tree that are far enough away to not
contain the true nearest neighbor, thus reducing the total
number of distance computations. This single-tree method,
described in [18], requires roughly O(N log N) time.

A dual-tree method further improves this by constructing
another tree on Q. We consider both a query and reference
node, and expand both. When the upper bounds allow, we
can then prune a distant reference node for an entire node
of queries with a single distance computation. This delivers
tremendous speedups in practice and has been shown to re-
quire O(N) time after tree construction with a cover tree [7].
We extend this idea to e!ciently find the nearest neighbor
pair for each component in a spanning forest.

New Algorithm. Our new algorithm, DualTreeBoru-

vka, uses a dual-tree method to find the nearest neighbor
pair for each component. Algorithm 1 gives the description
of the outer loop. The subroutine UpdateTree handles the
propagation of any bounds up and down the tree and resets
the upper bounds d(Cq) to infinity. We also make use of a
disjoint set data structure [45] to store the connected com-
ponents at each stage of the algorithm. Our algorithm is
independent of the particular space partitioning tree used.
In this paper, we present experimental results on two instan-
tiations of the algorithm. Algorithm 2 uses a kd-tree, and
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Outline
• The first application of adaptive algorithm 

analysis to the EMST problem

• The tightest runtime bound on the EMST 
problem: achieves lower bound O(N log N) to 
within nearly a constant factor

• The fastest experimental results, as 
compared to the current best algorithms

• Code available in next release of MLPACK 
(http://fast-lab.org/stuff.html)

http://fast-lab.org/stuff.html
http://fast-lab.org/stuff.html


Experiments
• Implementations: 

• DualTreeBoruvka on kd- and cover trees

• Bentley & Friedman’s [1978] single tree 
version of Prim’s algorithm

• GeoMST2 [2000]: WSPD-based 
implementation of Kruskal’s algorithm

• Naive Boruvka: Boruvka’s algorithm with 
neighbors found by brute force



Results

Mixture of 10 Gaussians in 3 dimensions 
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Results

Subsets of Sloan Digital Sky Survey, 4 dimensional spectra
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Results

Top: High-dimensional SDSS spectra
Bottom: (x,y,z) coordinates from 

 galaxy formation simulation

Brief Article

Bill March

N dim BF78 DTB kd DTB cover
40,000 3840 45780.43 45825.18 15791.37

1,000,000 3 42.54 17.39 333.45

Algorithm 1 Dual-Tree Bor̊uvka (Tree root q)

E = !
while |E| < N " 1 do

3: FindComponentNeighbors(q, q, e)
E # E $ e
UpdateTree(q)

6: end while

Algorithm 2 FindComponentNeighbors(Cover tree
node qj , Reference Set Ri, Edge set e)

if i = "% then
// base case

3: for all q that are descendants of qj and r & Ri with
r '( q do

if d(q, r) < d(Cq) then
d(Cq) = d(q, r), e(Cq) = (q, r)

6: end if
end for

else if j < i then
9: // reference descend

R = {r & Children(r!) : r! & Ri and r '!" qj}

d = min

8

>

<

>

:

d(Cq), min
r"R
r#qj

{d(qj , r) + 2i}, min
r"R

r $#qj

{d(qj , r)}

9

>

=

>

;

12: Ri%1 = {r & R : d(qj , r) ) d + 2i + 2j+2}
d(Cq) = d
FindComponentNeighbors(qj , Ri%1, e)

15: else
// query descend
for all pj%1 & Children(qj) do

18: FindComponentNeighbors(pj%1, Ri, e)
end for

end if



Conclusion
• New algorithm: DualTreeBoruvka

• The first application of adaptive 
algorithm analysis to the EMST problem

• The tightest runtime bound on the 
EMST problem: achieves lower bound 
O(N log N) to within nearly a constant factor

• The fastest experimental results, as 
compared to the current best algorithms


