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Causal modelling combining 
instantaneous and lagged effects: 

an identifiable model 
based on non-Gaussianity



Overview

•Causal modelling and statistics

•Linear Bayesian networks

- Estimation using non-Gaussianity 

•Autoregressive models

•Combining linear Bayesian networks and 
autoregressive models

- An estimation method

- Simulations & experiments



The “causal discovery” 
problem

•Example: is smoking 
cause of lung cancer?

•Distinguish between 

- X causes Y

- Y causes X

- X and Y are both 
caused by Z

- Discovery: 
Find interesting 
connections between 
many variables
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Model-based causal discovery 
(when you cannot do randomized experiments)

•Make a model with assumptions on the 
process which generated the data

•Deduce what different causal 
connections and directions would imply 
for the data

•We can choose which alternative fits 
best the data 

•Thus, we can find the true causal 
connections (if the assumptions hold!)

(see, e.g. Spirtes et al, 1993; Pearl, 2000)



Linear Bayesian networks or 
structural equation models

•Each variable is linear function of the others

• Important assumption of acyclicity:

- Equivalent to existence of an ordering of 
the variables so that there are only effects 
“forward”, and matrix B lower triangular

•Estimation difficult: not simple regression

•May not even be well-defined:
If data is Gaussian, many different models 
indistinguishable!

x i=∑ j≠i
bij x jei



Examples of acyclic graphs



Linear Non-Gaussian 
Acyclic Model (LiNGAM)

•Non-Gaussianity allows estimation of the 
model

•Cf. independent component analysis 
(ICA) vs. classical factor analysis

•Assume disturbances e
i
 are 

- independent

- non-Gaussian

(Shimizu, Hoyer, Hyvärinen & Kerminen, 
Journal of Machine Learning Research, 2006)



Estimation of LiNGAM

•Transform model to ICA:

•Estimate ICA: you get                up to a 
permutation and normalization.

•Acyclicity allows determination of right 
permutation (which disturbance 
corresponds to which variable).

•Optionally, set almost half the 
parameters to zero based on acyclicity.

x=B xe⇔ I−B x=e⇔ x= I−B−1 s

 I−B −1

(Shimizu, Hoyer, Hyvärinen & Kerminen, 
Journal of Machine Learning Research, 2006)



Alternative approach: 
Autoregressive models
• If we have time series, another possible 

approach

•Present data is “caused” by the past 

•Needs good time resolution in measurements 
(measurements faster than effects)

•Estimation “easy”: simple linear regression

• (In practice, many parameters to estimate 
and summarize)

x it =∑k≥1∑ j
bij k x j t−k e it 



Combination of autoregressive 
and structural equation models
•Easy to combine both in same equation:

Note that k starts from 0

•Must assume acyclicity for k=0

•Known as “structural vector autoregression” 
(SVAR) in econometrics

•No statistically consistent (convergent) 
estimation method known in general

•Lagged b
ij
 change when k=0 included

x it =∑k≥0∑ j
b ij k x j t−k eit 



Estimating combined model (1)

1. Estimate autoregressive model (k≥1) using 
classic least-squares (LS)

and compute residuals (prediction errors)

2. Fit LiNGAM model on residuals n(t)

3. Modify original autoregressive coefficients

x it =∑k≥0∑ j
b ij k x j t−k eit 

x it =∑k≥1∑ j
mij k  x jt−k ei t 

n it =∑ j≠i
b ij 0n j t e it 

B k = I−B 0M k  , for k0

Model:



Estimating combined model (2)

•Our method is consistent (convergent) 
because the two parts consistent:

- Least-squares estimation of AR model 
is consistent even with correlated 
residuals

- LiNGAM is consistent

•Decouples estimation into two existing 
algorithms

•Basically an analysis of AR residuals

- cf. factor models of residuals



Simulations

(These results confirm theoretical consistency proof)



Financial data application

x
1
: weekly price of Toyota stock in 2007

x
2
: Japanese Yen to U.S. Dollar exchange rate

  

Cf. Autoregressive coefficient x2 -> x1: -4.22



Generalization of 
Granger causality

•Granger causality: x
i
 causes x

j
 if in 

prediction, adding x
i
 to the predicting 

variables, error in reduced

- Typically applied in autoregressive 
models

•We can now generalize the definition by 

- including instantaneous effects in 
prediction

- using the autoregressive coefficients 
corrected for instantaneous effects



Summary

• In linear Bayesian networks, 
non-Gaussianity is needed for estimation

- Our LiNGAM method

- Estimation methods related to ICA

•Here, we combine the instantaneous 
model with an autoregressive model

•We show that estimation is possible by 
combining least-squares and LiNGAM

•Modelling instantaneous effect changes 
lagged effects

•Generalization of Granger causality


