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A SIMPLE STORY (1)      The fate of Saddam and network science



Thex

A SIMPLE STORY (2): August 15, 2003 blackout.

August	14,	2003:	9:29pm	EDT
20	hours	before

August	15,	2003:	9:14pm	EDT
7	hours	after



If you connect those that 
have a romantic and 
sexual relationship, you 
will be exploring the 
sexual networks.

CHOOSING A PROPER REPRESENTATION



Connections

Network Science: Introduction



Predicting the H1N1 pandemic

Network Science: Introduction



NETWORKS	AT	THE	HEART	OF	
COMPLEX	SYSTEMS	



[adj., v. kuh m-pleks, kom-pleks; n. kom-pleks] 
–adjective 
1. 
composed of many interconnected parts; 
compound; composite: a complex highway 
system. 
2. 
characterized by a very complicated or 
involved arrangement of parts, units, etc.: 
complex machinery. 
3. 
so complicated or intricate as to be hard to 
understand or deal with: a complex problem. 

Source: Dictionary.com

COMPLEX SYSTEMS

Complexity, a scientific theory which 
asserts that some systems display 
behavioral phenomena that are completely 
inexplicable by any conventional analysis 
of the systems’ constituent parts. These 
phenomena, commonly referred to as 
emergent behaviour, seem to occur in 
many complex systems involving living 
organisms, such as a stock market or the 
human brain.

Source: John L. Casti, Encyclopædia Britannica



THE ROLE OF NETWORKS

Behind each complex 
system there is a network, 
that defines the interactions 
between the component. 



COMPONENTS OF A COMPLEX SYSTEM

§ components: nodes, vertices N

§ interactions:  links, edges L

§ system:  network, graph (N,L)



Degree, Average Degree and Degree 
Distribution



Node degree: the number of links connected to the node.

NODE DEGREES
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In directed networks we can define an in-degree and out-degree. 

The (total) degree is the sum of in- and out-degree.

Source: a node with kin= 0; Sink: a node with kout= 0.
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N – the number of nodes in the graph

AVERAGE DEGREE
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Degree distribution
P(k): probability that a
randomly chosen node 

has degree k

DEGREE DISTRIBUTION
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DEGREE DISTRIBUTION

The degree distribution has taken a central role in net-
work theory following the discovery of scale-free networks 
(Barabási & Albert, 1999). Another reason for its impor-
tance is that the calculation of most network properties re-
quires us to know pk. For example, the average degree of a 
network can be written as

      

We will see in the coming chapters that the precise func-
tional form of pk determines many network phenomena, 
from network robustness to the spread of viruses.
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Image 2.4a
Degree distribution.

The degree distribution is defined as the pk = Nk /N ratio, where Nk denotes 
the number of k-degree nodes in a network. For the network in (a) we 
have N = 4 and p1 = 1/4 (one of the four nodes has degree k1 = 1), p2 = 
1/2 (two nodes have k3 = k4 = 2), and p3 = 1/4 (as k2 = 3). As we lack nodes 
with degree k > 3, pk = 0 for any k > 3. Panel (b) shows the degree distri-
bution of a one dimensional lattice. As each node has the same degree k = 
2, the degree distribution is a Kronecker’s delta function pk = H(k - 2).

Image 2.4b
  

In many real networks, the node degree can vary considerably. For exam-
ple, as the degree distribution (a) indicates, the degrees of the proteins in 
the protein interaction network shown in (b) vary between k=0 (isolated 
nodes) and k=92, which is the degree of the largest node, called a hub. 
There are also wide differences in the number of nodes with different 
degrees: as (a) shows, almost half of the nodes have degree one (i.e. 
p1=0.48), while there is only one copy of the biggest node, hence p92 = 1/
N=0.0005.  (c) The degree distribution is often shown on a so-called log-
log plot, in which we either plot log pk in function of log k, or, as we did in 
(c), we use logarithmic axes. 
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Average Path Length 
and Diameter



The distance (shortest path, geodesic path) between two 
nodes is defined as the number of edges along the shortest
path connecting them.

*If the two nodes are disconnected, the distance is infinity.

In directed graphs each path needs to follow the direction of 
the arrows.
Thus in a digraph the distance from node A to B (on an AB 
path) is generally different from the distance from node B to A 
(on a BCA path).

Network Science: Graph Theory 
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Diameter: dmax the	maximum	distance	between	any	pair	of	nodes	 in	the	graph.

Average	path	length/distance,	<d>,		for	a	directed	connected	graph:

where	dij is	the	distance	from	node	 i to	node	 j

In	an	undirected	graph dij =dji ,	sowe	only	need	to	count	them	once:

Network Science: Graph Theory 

NETWORK DIAMETER AND AVERAGE DISTANCE
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Network Science: Graph Theory 

PATHOLOGY: summary
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Average	Path	Length

(l1!2 + l1!3 + l1!4+

+ l1!5 + l2!3 + l2!4+

+ l2!5 + l3!4 + l3!5+

+ l4!5) /10 = 1.6

The	longest	 shortest	path	in	
a	graph

The	average	of	the	shortest	paths	for	
all	pairs	of	nodes.



Clustering coefficient



Clustering coefficient:
what fraction of your neighbors are connected?

Node i with degree ki

Ci in [0,1]

Network Science: Graph Theory 

CLUSTERING COEFFICIENT

Watts	&	Strogatz,	Nature	1998.



Clustering coefficient:
what fraction of your neighbors are connected?

Node i with degree ki

Ci in [0,1]

Network Science: Graph Theory 

CLUSTERING COEFFICIENT

Watts	&	Strogatz,	Nature	1998.

SECTION 10

CLUSTERING COEFFICIENT

The local clustering coefficient captures the degree to 
which the neighbors of a given node link to each other.  For 
a node i with degree ki the local clustering coefficient is de-
fined as [5].
        
      (19)

where Li represents the number of links between the ki 
neighbors of node i. Note that Ci is between 0 and 1:

Ci = 0 if none of the neighbors of node i link to each 
other; 

Ci = 1 if the neighbors of node i form a complete 
graph, i.e. they all link to each other (Image 2.7). 

In general Ci is the probability that two neighbors of a 
node link to each other: C = 0.5 implies that there is a 
50% chance that two neighbors of a node are linked. 

In summary Ci measures the network’s local density: 
the more densely interconnected the neighborhood 
of node i, the higher is Ci.

The degree of clustering of a whole network is captured by 
the average clustering coefficient, <C>, representing the av-
erage of Ci over all nodes i = 1, ..., N [5],
        
                .  (20)

In line with the probabilistic interpretation <C> is the 
probability that two neighbors of a randomly selected node 
link to each other. 

While Eq. (19) is defined for undirected networks, the 
clustering coefficient can be generalized to directed and 
weighted [6,7,8,9]) networks as well. Note that in the net-
work literature one also often encounters the global clus-
tering coefficient, defined in Appendix A.
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Image 2.15
Clustering Coefficient.

The local clustering coefficient, Ci , of the central node with degree ki=4 
for three different configurations of its neighborhood. The clustering 
coefficient measures the local density of links in a node’s vicinity. The 
bottom figure shows a small network, with the local clustering coefficient 
of a node shown next to each node. Next to the figure we also list the 
network’s average clustering coefficient <C>, according to Eq. (20), and 
its global clustering coefficient C, declined in Appendix A, Eq. (21). Note 
that for nodes with degrees ki=0,1, the clustering coefficient is taken to be 
zero. 
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Centrality Measures



Centrality Measures
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Degree Centrality
Intuition:	How	many	friends	do	you	have,	how	many	contacts	do	you	make?
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Betweenness Centrality
Intuition:	How	many	pairs	of	your	friends	would	have	to	communicate	through	you?

Calculate	shortest	path	between	all	pairs	of	nodes…	
What	fraction	of	those	paths	does	i lie	on	(not	as	end	or	start	point)

A B C D E

𝐶& 𝑖 = 2
𝜎H=(𝑖)
𝜎H=H?)?=

𝜎H=(𝑖)
𝜎H=

=	number	of	 shortest	paths	i lies	on	between	h and	j

=	total	number	of	 shortest	paths	between	h and	j



Betweenness Centrality

A B C D E

All	shortest	paths?
Undirected	network	so	shortest	path	AàE	=	EàA
AàB	[A,B],	AàC	[A,B,C],	AàD	[A,B,C,D],	AàE	[A,B,C,D,E]
BàC	[B,C],	BàD	[B,C,D],	BàE	[B,C,D,E]
CàD	[C,D],	CàE	[C,D,E],
DàE	[D,E]
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Closeness Centrality
Intuition:	How	far	am	I	away	from	the	rest	of	the	network
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