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Science and complexity

I History of science: simplicity, disorganized complexity, and
organized complexity � W. Weaver, 1948

I �Science must, over the next 50 years, learn to deal with these
problems of organized complexity.�

I Network science � part of the progress in understanding
organized complexity

I Biologists like Francois Jacob (1961) and Stuart Kaufmann
(1969) developed the idea of regulatory networks.

I Mathematicians like Paul Erdos and Alfred Renyi, advanced
graph theory (1960).

I Sociologists, like Harrison White (1971) and Mark Granovetter
(1985), explored social networks.

I Psychologists like Stanley Milgram (1969) explored small world
problem.



Network analysis

I Network analysis has emerged as truly multidisciplinary advent
involving mathematics, statistics, social sciences, computer
sciences, and natural sciences.

I These groups of scholars, however, often do not see eye to eye.

I Di�erent communities have di�erent rules for publishing
creating di�culties in understanding each other

I Shocking statements grab headlines

I Nature and Science are, at least in the case of random graphs,
the home of 10 second sound bite science, leading often to
manipulation



Shocking statements grab headlines

I �Internet is robust yet fragile. 95% of the links can be removed
and the graph will stay connected. However, targeted removal
of 2.3% of the hubs would disconnect the Internet.�

I When 95% of links are removed the fraction of nodes in the
giant component is 5.9× 10−8: if all 6 billion people were
connected initially then after the links are removed only 36
people can check their email.

I The targeted removal result depends heavily on the fact that
the degree distribution was assumed to be exactly a power law
for all values of the degree. For the preferential attachment
model, one must remove 33% of the hubs.



Network science

I The mathematical structure underlying any network is a graph
consisting of vertices and (binary) relations between vertices.

I Vertex: The fundamental unit of a network, also called a site
(physics), a node (computer science), or an actor (sociology).

I Edge: relation between two vertices. Also called a bond
(physics), a link (computer science), or a tie (sociology).
Directed edges are also called arcs.

I Network science faces several problems:

I Inferring networks from data (what is a node? what is a link?).
I Characterizing networks, their structures and properties.
I Understanding/designing processes that take place on

networks.
I Network models; methods for �tting models to data.



Network models

Two distinct types of network models are common:

I Individual-level models: In the �rst, the analysis focuses on an
individual level outcome, and the network data are used to
de�ne explanatory variables.

I Relational-level models: the second type of application models
the relationships between individuals in a network, in essence
treating it as a multivariate dependent variable with individual
linkages (or ties) as its elements.

I In both types of models, a major challenge is accounting for a
complex correlation structure among outcomes that arises due
to the network.

I Exponential Random Graph Models (ERGMs)



Network models

M. E. J. Newman, The Structure and Function of Complex

Networks, SIAM review 45 (2), 167-256, 2003 (14402)

I Random Graphs

I Poisson Random Graphs
I Generalized Random Graphs
I Con�guration Model

I Exponential Random Graphs and Markov Graphs

I The Small-World Model

I Models of Network Growth

I Price Model
I Barabasi-Albert Model
I Vertex Copying Models



Network models

A. Goldenberg, A. X. Zheng, S. E. Fienberg and E. M. Airoldi, A Survey of

Statistical Network Models, Foundations and Trends in Machine Learning: Vol.
2: No. 2, pp 129-233, 2010 (383)

I Static Network Models
The Erdos-Renyi-Gilbert Random Graph Model
The Exchangeable Graph Model
The p1 Model for Social Networks
p2 Models for Social Networks and Their Bayesian Relatives
Exponential Random Graph Models
Random Graph Models with Fixed Degree Distribution
Blockmodels, Stochastic Blockmodels and Community Discovery
Latent Space Models

I Dynamic Models for Longitudinal Data

Random Graphs and the Preferential Attachment Model
Small-World Models
Duplication-Attachment Models
Continuous Time Markov Chain Models
Discrete Time Markov Models



Network models

J. Leskovec and R. Sosic, SNAP: A General Purpose Network Analysis and

Graph Mining Library, ACM Transactions on Intelligent Systems and
Technology, Vol. 8(1), Article No. 1, July 2016.

I Basic random graphs
Erdos-Renyi graphs, Bipartite graphs, Graphs with exact degree sequence

I Advanced graph models

Con�guration model [Bollobas 1980],
Ravasz-Barabasi model [Ravasz and Barabasi 2003],
Copying model [Kumar et al. 2000],
Forest Fire model [Leskovec et al. 2005],
Geometric preferential model [Flaxman et al. 2006],
Barabasi-Albert model [Barabasi and Albert 1999],
Rewiring model [Milo et al. 2003],
R-MAT [Chakrabarti et al. 2004],
Graphs with power-law degree distribution,
Watts-Strogatz model [Watts and Strogatz 1998],
Kronecker graphs [Leskovec et al. 2010],
Multiplicative Attribute Graphs [Kim and Leskovec 2012].



Exponential family of distributions

I The concept of exponential families is credited to E. J. G.
Pitman, G. Darmois, and B. O. Koopman (1935-36).

I The exponential families include many of the most common
distributions, including normal, exponential, gamma, beta,
Dirichlet, Bernoulli, Poisson, and many others.

I Examples of common distributions that are not exponential
families are Student's t, most mixture distributions, and even
the family of uniform distributions with unknown bounds.

I Exponential-family distributions provides a general framework
for selecting a possible alternative parameterisation of the
distribution, in terms of natural parameters, and for de�ning
useful sample statistics, called the su�cient statistics of the
family.



Exponential family of distributions
I A family of distributions is said to belong to exponential family

if the probability density function (or probability mass function,
for discrete distributions) can be written as

p(x) = h(x) exp

(
s∑

i=1

ηi (θ)Ti (x)− A(θ)

)

p(x) = h(x)g(θ) exp

(
s∑

i=1

ηi (θ)Ti (x)

)
I x = (x1, x2, · · · , xk)
I θ = (θ1, θ2, · · · , θd)T ; η(θ) = (η1(θ), η2(θ), . . . , ηs(θ))

T .
I The exponential family is said to be curved if d < s
I The exponential family is said to be in canonical form if d = s

and ηi = θi
I T (x) is a su�cient statistic of the distribution.
I A(θ) is called the log-partition function because it is the

logarithm of a normalization factor.



Normal distribution: unknown mean and unknown variance

Consider the case of a normal distribution with unknown mean and
unknown variance. The probability density function is then

p(x ;µ, σ) =
1√
2πσ2

e−
(x−µ)2

2σ2 .

This is an exponential family which can be written in canonical
form by de�ning

η =

(
µ

σ2
,− 1

2σ2

)
T

h(x) =
1√
2π

T (x) =
(
x , x2

)T
A(η) =

µ2

2σ2
+ ln |σ| = − η21

4η2
+

1

2
ln

∣∣∣∣ 1

2η2

∣∣∣∣



Binomial distribution

Consider the binomial distribution with known number of trials n.
The probability mass function for this distribution is

p(x) =

(
n

x

)
px(1− p)n−x , x ∈ {0, 1, 2, . . . , n}.

This can equivalently be written as

p(x) =

(
n

x

)
exp

(
x log

(
p

1− p

)
+ n log(1− p)

)
,

which shows that the binomial distribution is an exponential family,
whose parameter is

η = log
p

1− p
.



Graphs

I In theoretical computer science, a graph G is often de�ed in
terms of nodes and edges, G ≡ G (N , E), where N is a set of
nodes and E a set of edges, and N = |N |, E = |E|.

I In the statistical literature, G is often de�ned in terms of the
nodes and the corresponding measurements on pairs of nodes,
G ≡ G (N ,X ). X is usually represented as a square matrix of
size N × N.

I For instance, X may be represented as an adjacency matrix X
with binary elements in a setting where we are only concerned
with encoding presence or absence of edges between pairs of
nodes.



Exponential random graph models

I Under a homogeneity assumption whereby parameters are
equated for all structurally identical subgraphs, an ERGM is a
probability distribution with the general form

P(G ) ≡ P(X = x) =
1

Z
exp

(∑
A

θAψA(x)

)

I X = [Xij ] is a 0− 1 matrix of random tie variables,

I x is a realization of X ,

I A is a con�guration, a (small) set of nodes and a subset of ties
between them,

I ψA(x) is the network statistic for con�guration A,

I θA is a model parameter corresponding to con�guration A, and

I Z is a normalizing constant to ensure a proper distribution.



Statistical physics of networks

I The exponential random graph is an ensemble model.

I Example: the ensemble consists of the set of all simple
undirected graphs with no self-edges and speci�es a probability
P(G ) for each graph G in this ensemble.

I Let us de�ne the graph Hamiltonian, also referred to by
statisticians as a log odds ratio, to be H(G ) = F − lnP(G ).
Here F (usually called the free energy) is any convenient origin
for the measurement of the Hamiltonian.

I

P(G ) =
e−H(G)

Z
=

1

Z
exp

(∑
A

θAψA(x)

)
Z = e−F =

∑
G

e−H(G).



Exponential random graph models: examples

I Undirected graph: number of edges

H(G ) = θ
∑
i<j

xij

I Undirected graph: number of edges, number of 2-stars:

H(G ) = θ1
∑
i<j

xij + θ2
∑
i

(∑
j xij
2

)
,

I Undirected graph: number of edges, number of triangles

H(G ) = θ1
∑
i<j

xij + θ2
∑

i<j<k

xijxjkxki ,



Exponential random graph models: examples

I Directed graph: number of edges, number of mutual edges,
out-degree of node i , in-degree of node j

H(G ) = θ
∑
ij

xij + ρ
∑
ij

xijxji +
∑
i

αi

∑
j

xij +
∑
j

βj
∑
i

xij

I Undirected graph: number of edges, number of k−stars
(k ≥ 2), number of triangles

H(G ) = θ1
∑
i<j

xij + θk
∑
i

(∑
j xij
k

)
+ τ

∑
i<j<h

xijxihxjh

I For both directed and undirected graphs: arbitrary statistics



Erdos-Renyi random graph

I In the simplest case, where all tie variables are assumed to be
independent, the ERGM reduces to a Bernoulli random graph
distribution, otherwise known as a simple random graph or
Erdos-Renyi random graph.

I In such a model only one con�guration is used, an edge
between two nodes, with the network statistic � the number of
edges in the network � and a corresponding single parameter.



Erdos-Renyi random graph model

I G (N, p): N nodes, the probability of an edge between each
pair of nodes equal to p

I G (N,E ) describes an undirected graph involving N nodes and
a �xed number of edges, E , chosen randomly from the

(N
2

)
I The G (N, p) model has a binomial likelihood where the

probability of E edges is

L(G (N, p) has E edges |p) = pE (1− p)(
N
2
)−E ,

or, in terms of the N × N binary adjacency matrix X

L(X |p) =
∏
i 6=j

pXij (1− p)1−Xij .



Erdos-Renyi random graph model

I Erdos and Renyi went on to describe in detail the behavior of
G (N,E ) as p = E/

(N
2

)
increases from 0 to 1. In the binomial

version the key to asymptotic behavior is the value of λ = pN.

I P1. If λ < 1, then a graph in G (N, p) will have no connected
components of size larger than O(logN), a.s. as N →∞.

I P2. If λ = 1, then a graph in G (N, p) will have a largest
component whose size is of O(N2/3), a.s. as N →∞.

I P3. If λ tends to a constant c > 1, then a graph in G (N, p)
will have a unique �giant� component containing a positive
fraction of the nodes, a.s. as N →∞. No other component
will contain more than O(logN) nodes, a.s. as N →∞.



2-star model

Juyong Park and M. E. J. Newman, Solution of the two-star model of a

network, Phys. Rev. E 70, 066146 � Published 29 December 2004

I 2- star model: H(G ) = θ1m(G ) + θ2s(G ), where θ1 and θ2 are
independent parameters, m(G ) is the number of edges in the
graph and s(G ) is the number of �2-stars�:

m(G ) =
1

2

∑
i

ki s(G ) =
1

2

∑
i

ki (ki − 1)

ki is the degree of vertex i

I Non-perturbative analytic solution of the 2-star model

I The solution shows the degenerate behavior of the model in
certain parameter regimes to be the result of a symmetry
breaking between high- and low-density phases, which are
separated from the �normal� region of the model by a
continuous phase transition



Strauss's model

I

H(G ) = θ1
∑
i<j

xij + θ2
∑

i<j<k

xijxjkxki ,

I When θ2 < 0, this Hamiltonian encourages the formation of
triangles in the network by assigning lower �energy� to graphs
with many triangles.

I Strauss found via numerical simulations that the model
sometimes behaved strangely, developing in certain parameter
regimes a �degenerate state,� a condensed phase in which
many triangles form but tend to stick together in local regions
of the graph, rather than spreading uniformly over it.



Strauss's model

Juyong Park and M. E. J. Newman, Solution for the properties of a clustered

network, Phys. Rev. E 72, 026136 � Published 29 August 2005

I A mean-�eld solution of Strauss's model

I The solution seems to be exact in the limit of large system size

I Monte Carlo simulations con�rm the solution to high accuracy

I The solution indicates that the model has no regime in which

it displays moderate levels of clustering similar to those seen in
real-world networks; presumably it will be necessary to
introduce further terms into the Hamiltonian to avoid this
pathology.



p1 model
P. W. Holland and S. Leinhardt. An exponential family of probability

distributions for directed graphs. Journal of the American Statistical

Association, 76(373):33�65, 1981.

I

H(G ) = θ
∑
ij

xij + ρ
∑
ij

xijxji +
∑
i

αi

∑
j

xij +
∑
j

βj
∑
i

xij

I A digraph is frequently summarized by a N ×N sociomatrix X .
I A matrix x can be thought of as the realization of a matrix of

random variables, X , where we assume that the
(N
2

)
pairs or

dyads, Dij = (Xij ,Xji ), i < j , are independent bivariate random
variables, with 22 = 4 possible realizations when we study
dyads rather than individual actors:

Dij = (1, 1) mutual

= (1, 0) or (0, 1) asymmetric

= (0, 0) null



p1 model

I Consider a network of N nodes and represent the sociomatrix
X as a four-dimensional N × N × 2× 2 cross-classi�cation
Y = (Yijlh), where the subscripts i and j refer to the two
actors in a dyad, and k and h refer to the dyad state:

Yijkh = 1 if Dij = (Xij ,Xji ) = (k, h)

= 0 otherwise

I For example, Yij11 = 1 if Dij is a mutual dyad.

I We denote a realization of Y by y = (yijkh) and let πijkh be
the probability of the observation (k, h) for the dyad (i , j),
where

∑
k,h πijkh = 1 and we de�ne µijkh = log πijkh



p1 model

I The Holland-Leinhardt p1 class of models is as follows:

I µij00 = log πij00 = λij
I µij10 = log πij10 = λij + αi + βj + θ
I µij01 = log πij10 = λij + αj + βi + θ
I µij11 = λij + αi + βj + αj + βi + ρij + 2θ

I It contains the following parameters:
I θ a base rate for edge propagation,
I αi (expansiveness): the e�ect of an outgoing edge from i ,
I βj (popularity): the e�ect of an incoming edge into j ,
I ρij (reciprocation/mutuality): the added e�ect of reciprocated

edges.

I λij is a normalizing constant to ensure that the probabilities
for each dyad (i , j) add to 1.



p1 model

I The minimal su�cient statistics for the parameters of p1 are
easily expressed as margins of y :

y++11 =
∑
ij

xijxji ,

yi+1+ = xi+, out-degree of node i

y+j1+ = x+j , in-degree of node j

�+" denotes summing over the corresponding subscript

I Through the use of the full y array and its redundancies, one
can show that �tting p1 to the x array is equivalent to �tting
the �no three- or four-factor� interaction loglinear model to y .



p1 model

I For the constant reciprocation version, we have

H(G ) = x++θ +
∑
i

xi+αi +
∑
j

x+jβj +
∑
ij

xijxjiρ

I From exponential family theory we know that the likelihood
equations are found by setting the MSSs equal to their
expectations.

I Holland and Leinhardt gave an explicit iterative algorithm for
solving these equations with the added constraints that the
probabilities for each dyad add to 1.



Exercises

I When p1 model reduces to ER model for directed graphs?

I Develop directed exponential random graph models using the
in-degrees and out-degrees as su�cient statistics.

I Hint: Ting Yan, Chenlei Leng, Ji Zhu, Asymptotics in directed
exponential random graph models with an increasing bi-degree sequence,
The Annals of Statistics, 2016, Vol. 44, No. 1, 31�57

I Let di =
∑

j 6=i xij be the out-degree of vertex i and

d = (d1, . . . , dn)
T be the out-degree sequence of the graph G .

Similarly, de�ne bj =
∑

i 6=j xi,j as the in-degree of vertex j and

b = (b1, . . . , bn)
T as the in-degree sequence.

I The probability mass function on G parameterized by
exponential family distributions with respect to some measure
ν is

p(G ) = exp(αTd + βTb − Z (α, β)),

where Z (α, β) is the log-partition function, α = (α1, . . . , αn)
T

and β = (β1, . . . , βn)
T are parameters.



Markov graphs

O. Frank and D. Strauss. Markov graphs. Journal of the American Statistical

Association, 81(395):832�842, 1986.

I The Markov dependence assumption, that two tie variables are
conditionally independent unless they have a node in common,
leads to the class of Markov random graphs.

I In such models, the subgraph con�gurations include stars (in
which a node has ties to two or more other nodes) and
triangles (three mutually connected nodes).

I Stars can be further categorized as 2-stars, a subset of three
nodes in which one node is connected to each of the other two,
3-stars, a subset of four nodes in which one node is connected
to each of the other three, and so on, in general giving k-stars.



Markov graphs

I Under the assumption that two possible edges are dependent
only if they share a common node and using Hammersley -
Cli�ord theorem, Frank and Strauss proved the following
characterization for the probability distribution of undirected
Markov graphs:

P(X = x) = exp

(
N−1∑
k=1

θkSk(x) + τT (x) + Z (θ, τ)

)

θ := {θk} and τ are parameters
Z (θ, τ) is the normalizing constant
number of edges: S1(x) =

∑
i<j xij

number of k−stars (k ≥ 2): Sk(x) =
∑

i

(xi+
k

)
number of triangles: T (x) =

∑
i<j<h xijxihxjh



Markov graphs

I The adjacency matrix of G is a symmetric matrix X = [Xij ] of
binary random variables

I The dependence graph D of G is a graph that speci�es the
dependence structure between the random variables Xij .

I We will say that a graph G is a Markov graph, or has Markov
dependence, if D contains no edge between disjoint sets {s, t}
and {u, v}. This means that non-incident edges in G are
conditionally independent. (Two edges are called incident, if
they share a vertex.)

I For general Markov graphs the cliques of D correspond to sets
of edges such that any pair of edges within the set must be
incident.

I Such sets are just the triangles and stars.



Exponential random graph models � p∗ models

S. S. Wasserman and P. E. Pattison. Logit models and logistic regression for

social networks: I. An introduction to Markov graphs and p∗. Psychometrika,

61(3):401�425, 1996.

I Wasserman and Pattison proposed the current formulation of
these Exponential Random Graph Models (ERGM), also
referred to as p∗ models, as a generalization of the Markov
graphs of Frank and Strauss.

I For both directed and undirected graphs, they maintain a
similar characterization of the probabilities where the statistics
Sk and T are replaced by arbitrary statistics U.

I This leads to likelihood functions of the form

P(X = x) = exp
(
θTu(x)− ψ(θ)

)
The statistics u(x) are counts of graph structures.



Graphical models

I The current formulation of exponential random graphs can be
expressed using the formalism of undirected graphical models
and the Hammersley-Cli�ord theorem.

I We can write the likelihood of an arbitrary undirected graph as

P(y |θ) =
∏

c∈C ψ(yc |θc)
Z

where yc denotes the nodes in clique c , θc denotes the
corresponding set of parameters, ψ are non-normalized
potentials over the cliques, and Z =

∑∏
ψ(yc |θc) is the

normalization constant.



Graphical models

I If the likelihood is in the exponential family, then the log
potentials are linear in θc and �features� u(yc):

P(y |θ) = exp

{∑
c∈C

logψ(yc |θc)− logZ

}

= exp

{∑
c∈C

θTc u(yc)− logZ

}
= exp

{
θTu(y)− logZ

}
I For an in-depth discussion on exact and approximation

methods see:
M. J. Wainwright and M. I. Jordan. Graphical models, exponential

families, and variational inference. Foundations and Trends in Machine

Learning, 1(1-2):1�305, 2008.



Exponential random graph models

I Models based on social circuit dependence (Snijders et al.,
2006; Robins et al., 2007) are often parameterized with higher
order parameters such as the alternating k-triangle and
alternating k-two-path (or alternating two-path) statistics.

I One can also include other types of variables to a model: node
variates or node attributes (Robins et al., 2001). Social
selection models: the probability that two nodes are connected
depends upon the attribute of the node.

I Robins, G., Snijders, T., Wang, P., Handcock, M., Pattison, P., 2007.
Recent developments in exponential random graph (p∗) models for social
networks. Social Networks 29, 192-215.

I Snijders, T.A.B., Pattison, P.E., Robins, G.L., Handcock, M.S., 2006.
New speci�cations for exponential random graph models. Sociological
Methodology 36, 99-153.

I Robins G., Pattison P., Elliott P., 2001. Network models for social

in�uence processes. Psychometrika. 66(2) 161-189.



Exponential random graph models

I Addressing (solving) degeneracy: Curved ERGMs.
ERGM models are prone to degeneracy issues. When
estimating the model the change statistics can behave in such
a way that the large majority of the probability distribution is
placed on either an empty or a full graph.

I M. Schweinberger, Instability, Sensitivity, and Degeneracy of
Discrete Exponential Families, J Am Stat Assoc. 2011,
106(496): 1361�1370.

I There are several packages for analyzing network data using
ERGMs:
http://csde.washington.edu/statnet/
http://stat.gamma.rug.nl/snijders/siena.html



Phases and phase transitions in large graphs

I Several papers have recently been published addressing large
graphs

I S. Chatterjee and P. Diaconis, Estimating and understanding
exponential random graph models, The Annals of Statistics,
2013, Vol. 41, No. 5, 2428�2461

I S. Chatterjee, An introduction to large deviations for random
graphs, 27 Apr 2016,
https://arxiv.org/abs/1604.06828

I C. Radin, Phases in Large Combinatorial Systems, 27 Feb 2016
http://arxiv.org/abs/1601.04787

I L. Lovasz, Large Networks and Graph Limits, American
Mathematical Society, Providence, 2012.



Graphons

I The mathematics of asymptotically large graphs uses graphons.

I Let GN denote the set of graphs, on N nodes labelled
{1, . . . ,N} (Graphs are assumed simple, i.e. undirected and
without multiple edges or loops).

I Given G in GN we use its adjacency matrix to represent G by
the function qG on the unit square [0, 1]2 with constant value
0 or 1 in each of the subsquares of area 1/N2 centered at the
points ([j − 1/2]/N, [k − 1/2]/N).

I A graphon q is an arbitrary symmetric measurable function
[0, 1]2 with values in [0, 1].



Multivariate relations

P. E. Pattison and S. S. Wasserman. Logit models and logistic regressions for

social networks: II. Multivariate relations. British Journal of Mathematical and

Statistical Psychology, Vol. 52, 169�193, 1999.

I A social network is de�ned as a set of N social actors and a
collection of r social relations that specify how these actors are
related to one another.

I We let N denote the set of actors and let Xm denote a social
relation of type m; Xm is a set of ordered pairs recording the
presence or absence of relational ties of type m between pairs
of actors. We let R = {1, 2, . . . , r} denote the set of relation
types or labels.

I Any social relation Xm can be represented by a N × N matrix,
often referred to as a sociomatrix, Xm, where (Xm)ij = 1, if
(i , j) ∈ Xm, otherwise 0.



Multilevel networks

I Multilevel networks are conceptualized as distinct types of
nodes de�ned at di�erent multiple levels (e.g., individuals and
groups) with ties possible between all nodes, both within and

across levels (e.g. distinct types of dyadic ties at the
individual- and the group-level, as well as individual-group
a�liations).

I A network is multilevel not only if it contains di�erent kinds of
relations, but also if the node set contains entities de�ned at
di�erent levels: for example, actors and movies, scientists and
research laboratories, organizational members and
organizational units or project teams, business �rms and
industries, organizations and societal sectors, or nations and
inter-national treaties.



ERGMs for two-level networks

P. Wang, G. Robins, P. Pattison, E. Lazega. Exponential random graph models

for multilevel networks. Social Networks, vol. 35, 96�115, 2013

I For a two-level network, we label the macro-level network as
network A, the micro-level network as network B , and the
meso-level bipartite network as network X .

P(A = a,X = x ,B = b) =
1

z(θ)
exp(A+X +B+AX +BX +AXB)

I A = θQzQ(a), B = θQzQ(b)

I X = θQzQ(x)

I AX = θQzQ(a, x), BX = θQzQ(b, x)

I AXB = θQzQ(a, x , b)



ERGMs for two-level networks

I zQ(a) and zQ(b) are network statistics for the corresponding
within level network con�gurations.

I zQ(x) are the network statistics for structural e�ects within
the bipartite a�liation network.

I zQ(a, x) and zQ(b, x) are network statistics for con�gurations
involving ties from one of the unipartite network (A or B) and
the bipartite network (X), representing the interactions
between the two networks.
zQ(a, x) =

∑
a,x

∏
Aij∈Q,Xkl∈Q aijxkl

I zQ(a, x , b) are statistics for con�gurations involving ties from
all three networks, and express tendencies for structural e�ects
to be associated across both levels simultaneously.
zQ(a, x , b) =

∑
a,x ,b

∏
Aij∈Q,Xkl∈Q,Buv∈Q aijxklbuv



Multilevel/multilayer/multiplex/deep networks

I Multilevel/multilayer/multiplex/deep networks (just to
mention a few notions) have recently emerged as popular
research topics

I Scholars still do not see eye to eye

I Special Section on Multilevel Social Networks; Guest Edited by
Mark Tranmer , Garry Robins & Alessandro Lomi; Social
Networks, Volume 44, Pages 269�374, January 2016

I Focus Issue: Complex Dynamics in Networks, Multilayered
Structures and Systems, Editors: S. Boccaletti, R. Criado, M.
Romance and J. J. Torres; Chaos 26, 065101, June 2016



Open problems

I Understanding exponential random graph models

I Addressing multilevel/multilayers networks

I Structured prediction models: probabilistic graphical models
(random �elds and conditional random �elds), but also other
algorithms and models for structured prediction (inductive
logic programming, case-based reasoning, structured SVMs,
and Markov logic networks).


