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strain, leading to the formation of a periodic array of elongated,
almost closed ellipses, as shown in Fig. 2D for 3 ¼ "0.21. Since
the specimens are made of an elastomeric material, the process
is fully reversible and repeatable. Upon release of the applied
vertical displacement, the deformed structures recover their
original congurations.

Interestingly, Figs. 2C–D clearly shows that the porous
structures 3.6.3.6 and 3.4.6.4 buckle into a chiral pattern, while
the initially expanded congurations are non-chiral. Therefore,
in these two systems buckling acts as a reversible chiral
symmetry breaking mechanism. Despite many studies on
pattern formation induced by mechanical instabilities,15

relatively little is known about the use of buckling as a reversible
chiral symmetry breaking mechanism. Although several
processes have been recently reported to form chiral
patterns,19–23 all of these work only at a specic length-scale,
preventing their use for the formation of chiral structures over a
wide range of length scales, as required by applications.
Furthermore, most of these chiral symmetry breaking processes
are irreversible19–21 and only few systems have been demon-
strated to be capable of reversibly switching between non-chiral
and chiral congurations.22,23 Remarkably, since the mecha-
nism discovered here exploits a mechanical instability that is
scale independent, our results raise opportunities for reversible
chiral symmetry breaking over a wide range of length scales.

Both experiments and simulations reported in Fig. 2 clearly
indicate that the onset of instability is strongly affected by the
arrangement of the holes. A more quantitative comparison
between the response of the structures investigated in this
paper can be made by inspecting the evolution of stress during
both experiments and simulations (see Fig. 3). Although all
structures are characterized by roughly the same porosity, the

hole arrangement is found to strongly affect both the effective
modulus Ē (calculated as the initial slope of the stress–strain
curves reported in Fig. 3) and the critical strain 3cr (calculated as
the strain at which the stress–strain curves reported in Fig. 3
plateau), demonstrating that through a careful choice of the

Fig. 2 Numerical (left) and experimental (right) images of all four structures (4.4.4.4, 3.3.3.3.3.3, 3.6.3.6 and 3.4.6.4) at different levels of deformation: (A) 3¼ 0.00, (B)
3 ¼ "0.07, (C) 3 ¼ "0.15 and (D) 3 ¼ "0.21. All configurations are characterized by an initial void-volume-fraction j z 0.5. Scale bars: 20 mm.

Fig. 3 (A) Experimental and numerical stress–strain curves for the four struc-
tures. S denotes the nominal stress (calculated as force divided by the cross-
sectional area in the undeformed configuration). Dashed lines correspond to
experiments and solid lines to simulations. Note that for 3 < "0.20 the porous
structure 4.4.4.4. shows a stiffening behavior due to densification. A similar
response is observed also for the other three structures, but for larger values of
applied strain 3. (B) Table summarizing the mechanical properties of the four
periodic structures measured from experiments and simulations.
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strated to be capable of reversibly switching between non-chiral
and chiral congurations.22,23 Remarkably, since the mecha-
nism discovered here exploits a mechanical instability that is
scale independent, our results raise opportunities for reversible
chiral symmetry breaking over a wide range of length scales.

Both experiments and simulations reported in Fig. 2 clearly
indicate that the onset of instability is strongly affected by the
arrangement of the holes. A more quantitative comparison
between the response of the structures investigated in this
paper can be made by inspecting the evolution of stress during
both experiments and simulations (see Fig. 3). Although all
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modulus Ē (calculated as the initial slope of the stress–strain
curves reported in Fig. 3) and the critical strain 3cr (calculated as
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plateau), demonstrating that through a careful choice of the
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Fig. 3 (A) Experimental and numerical stress–strain curves for the four struc-
tures. S denotes the nominal stress (calculated as force divided by the cross-
sectional area in the undeformed configuration). Dashed lines correspond to
experiments and solid lines to simulations. Note that for 3 < "0.20 the porous
structure 4.4.4.4. shows a stiffening behavior due to densification. A similar
response is observed also for the other three structures, but for larger values of
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periodic structures measured from experiments and simulations.
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Fig. 1: (Color online) Snapshots from Monte Carlo simulations of the solid and liquid modulated phases of two-dimensional
hard-core/soft-shoulder particles with σs/σ= 5; shown are the solid (Ms) and liquid (Ml) micelle phases, solid (Ls) and liquid
(Ll) lamellar phases, and the solid inverse micelle phase (IMs). The blue circles are the hard cores of the particles and the
overlapping diffuse green circles represent their soft shoulders.

model: consider a uniform density of spheres at densities
just large enough so that the soft-shoulders only begin
to touch the hard cores. The energy can be lowered by,
for instance, bringing pairs of spheres together —moving
two spheres closer requires no additional energy, but by
reducing the number of nearest neighbors the overall
energy is reduced. Indeed, the same physics drives the
formation of a multiply-occupied clusters of penetrable
spheres (σ= 0) [15], while the ground state of a generalized
exponential repulsion [16] is a multiply-occupied fcc lattice
with a lattice constant independent of the average density.
To explore the HCSS ensemble we introduce a lattice

model with occupation ni = 0, 1 at each site to enforce
the hard-core repulsion. The remaining soft shoulder is
characterized by an interaction V ijSS and the density is set
through the chemical potential µ in the Hamiltonian:

H[ni] =
1

2

!

ij

niV
ij
SSnj −

!

i

µni . (2)

Note that the sum is not over nearest neighbors but over
all sites —the range of the interaction is encoded in V ijSS.
This model with a square-shouder VSS was used to study
electron liquids in weak magnetic fields [3,4]. There it
was a toy model of the true interactions, while here we
study its consequences for generic VSS. To develop a mean-
field theory, we rewrite the partition function in terms of
a continuous field φ through the Hubbard-Stratonovich
transformation1

Z =
!

nj

"
[dφ] exp

#

− ρ
2
0

2β

"
ddk

(2π)d
φ(k)V −1SS (k)φ(−k)

+
!

j

nj(iφj +βµ)

$

, (3)

where we have used both continuum and discrete variables
to simplify the notation; d is the dimension of space2.

1Because it oscillates in sign, VSS(k) has a zero and is not invert-
ible. We can, however, decompose VSS = V+−V− into nonvanish-
ing potentials and introduce two dummy fields φ± to complete the
Hubbard-Stratonovich transformation. This does not alter the mean-
field equations. See Park Y. and Fisher M. E., Phys. Rev. E, 60
(1999) 6323.
2Our Fourier transform convention has φ(k) with units of volume,

Vtot, and VSS(k) has units V
−1
tot .

Here ρ0 = γdσ−d is the density of the lattice where we
have chosen the lattice constant to equal the hard sphere
diameter σ and γd is a lattice and dimensionally dependent
geometrical factor. Summing over nj = 0, 1 results in the
exact partition function

Z =
"
[dφ] exp

#

− ρ
2
0

2β

"
ddk

(2π)d
φ(k)V −1SS (k)φ(−k)

+
!

j

ln [1+ exp (βµ+ iφj)]

$

. (4)

The average site occupation is ⟨ni⟩= β−1d lnZ/dµ=
λeiφi/(1+λeiφi), where λ= eβµ is the fugacity. This is
related to the number density profile through ρi = ρ0⟨ni⟩.
Note that the presence of the hard cores introduces a new
length scale σ which competes with the overlap of the
shoulders at σs. Equation (4) can be used as the basis
for a systematic expansion about the mean-field solution,
governed by the equations V −1SS (k)φ(k) = iβρ(k)/ρ

2
0.

Nevertheless, we will consider only the mean-field theory
in what follows.
We first consider the stability of fluctuations around a

uniform density, following refs. [14,17,18]. In the mean-
field approximation, we can recast eq. (4) in terms of
the free energy for fixed ρ (not fixed µ), obtained via
the Legendre transform, to recover the standard density
functional form:

βF =
β

2ρ20

"
ddk

(2π)d
ρ(k)VSS(k)ρ(−k)

+

"
ddr
%
ρ ln (ρ/ρ0)+ (ρ0− ρ) ln (1− ρ/ρ0)

&
. (5)

Working to quadratic order in fluctuations about a
constant ρ we find an instability when both V −1SS (k)< 0
and ρ0 ! ρ/ρ0 (1− ρ/ρ0)β|VSS(k)|. This stability criterion
is a generalization of the result in ref. [14] which we
recover at low volume fractions, when ρ/ρ0→ 0 and the
hard cores rarely overlap.
To simplify our analysis of the mean-field lattice model,

we first consider the stripe phase. We need only consider
Fourier modes which belong to the reciprocal lattice of the
periodic structure (including the k= 0 mode). Fixing the
zero mode of the density, we find that the wave vectors
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Fig. 1: (Color online) Snapshots from Monte Carlo simulations of the solid and liquid modulated phases of two-dimensional
hard-core/soft-shoulder particles with σs/σ= 5; shown are the solid (Ms) and liquid (Ml) micelle phases, solid (Ls) and liquid
(Ll) lamellar phases, and the solid inverse micelle phase (IMs). The blue circles are the hard cores of the particles and the
overlapping diffuse green circles represent their soft shoulders.
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related to the number density profile through ρi = ρ0⟨ni⟩.
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Working to quadratic order in fluctuations about a
constant ρ we find an instability when both V −1SS (k)< 0
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Figure 1. (A) Schematic representation of the protein–DNA search problem. The protein (yellow)
must find its target site (red) on a long DNA molecule confined within the cell nucleoid (in bacteria)
or cell nucleus (in eukaryotes). Compare with figure 9(A) which shows confined DNA. (B) The
target site must be recognized with 1 base-pair (0.34 nm) precision, as displacement by 1 bp results
in a different sequence and consequently a different site.
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Figure 2. (A) The mechanism of facilitated diffusion. The search process consists of alternating
rounds of 3D and 1D diffusion, each with average duration τ3D and τ1D, respectively. (B) The
antenna effect [9]. During 1D diffusion (sliding) along DNA, a protein visits on average n̄ sites.
This allows the protein to associate some distance ∼n̄ away from the target site and reach it by
sliding, effectively increasing the reaction cross-section from 1bp to ∼n̄. The antenna effect is
responsible for the speed-up by facilitated diffusion.

1.3. History of the problem: theory

To resolve this discrepancy, one possible mechanism of facilitated diffusion that includes both
3D diffusion and effectively 1D diffusion of protein along DNA (the 1D/3D mechanism) was
suggested. This mechanism was first proposed and dismissed by Riggs et al [1] but was soon
revived and rigorously studied by Richter and Eigen [3], then further expanded and corrected
by Berg and Blomberg [4] and finally developed by Berg et al [5]. The basic idea of the 1D/3D
mechanism is that while searching for its target site, the protein repeatedly binds and unbinds
DNA and, while bound non-specifically, slides along the DNA, undergoing one-dimensional
(1D) Brownian motion or a random walk. Upon dissociation from the DNA, the protein
diffuses three dimensionally in solution and binds to the DNA in a different place for the next
round of one-dimensional searching (figure 2(A)).

During 1D sliding the protein is kept on DNA by the binding energy to non-specific
DNA. This energy has been measured for several DNA-binding proteins and has a range
of 10–15 kBT (at physiological salt concentration), was shown to be driven primarily by
screened electrostatic interactions between charged DNA and protein molecules [6], and

3
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This indicates that the single filament is actually made from
protofilaments (12). The morphologies observed are in line
with previous work (3). Samples obtained at 0.25-0.5 mg/
mL were dominated by the twisted morphology (Figure 3a)
with just a small fraction of straight, linear fibrils. Samples
obtained at 2.5-8 mg/mL were almost exclusively straight
fibrils (Figure 3b), although a small fraction consisted of
twisted fibrils and what appeared to be pairwise bundled,
untwisted fibrils. In the interval from 0.5 to 2.5 mg/mL both
straight and twisted fibril morphologies were found, with

twisted fibrils becoming increasingly rare and straight fibrils
increasingly numerous as the glucagon concentration in-
creased (Figure 3c).
ThT fluorescence curves from fibrillating 0.5, 0.75, and 1

mg/mL glucagon showed a gradual decrease in fluorescence
intensity seen in the late part of the fibrillation curves (Figure
4a). To examine this behavior, low concentration samples
(0.5 mg/mL) were examined immediately after the maximum
intensity was reached and after 64 h where the intensity had
dropped by approximately 30%. At 0.5 mg/mL the maximum
fluorescence intensity is reached after 39 h, and TEM showed
that regularly twisted fibrils are formed (Figure 4b). After
64 h, the intensity had dropped, and an opaque, dense
network of fibrils has formed (Figure 4c). By diluting the
sample 10-fold in the same buffer, the dense network
dissolves and reveals twisted fibrils visually identical to the
fibrils formed after 39 h (Figure 4d). For comparison, a
sample at high concentration (8 mg/mL) was subjected to
the same analysis. Though no decrease in fluorescence
intensity is observed, a similar fibril network was formed.
The dense fibril network could also in this case be dissolved
by diluting the sample in the same buffer, and once again
the straight fibril morphology was shown to be conserved
(data not shown). The decrease in fluorescence intensity after
the maximum has been reached can in principle shift the
lag time compared to the ideal case without decrease. The
smooth line in Figure 4a shows a fit of the fluorescence
intensity data up to 50 h to the function I(t) ) A + [B + R(t
- C)]/[1 + exp(-(t - C)/D)]E, where the sigmoidal form is
modified by the slope R. With this function, we obtain a
29.7 h lag time, still defined by I(t) reaching 5% of the
maximum intensity. The effect of the decrease in fluores-
cence can be probed by setting R ) 0 and keeping the other
parameters fixed. The lag time of the resulting curve is 29.8
h. The time determined from the experiment is 30.2 h. These
differences are well within the experimental variation.
Seeding Experiments. To investigate how well the different

glucagon fibril species act as templates for new fibrils, seeds
were produced from samples containing mature fibrils grown
at 0.25 and 8 mg/mL, respectively. Fractions of these two
seed stocks were added to fresh solutions of 0.25 and 8 mg/
mL glucagon. Fibrillation kinetics of the seeded solutions
was monitored by ThT fluorescence, and the resulting lag
times are plotted in Figure 5. Seeding a fresh 0.25 mg/mL
glucagon solution with seeds from fibrils formed at either
0.25 or 8 mg/mL glucagon solution causes a large reduction
in lag time (Figure 5a). In the absence of seeds, the lag time
is approximately 23 h, but by adding seeds in concentrations
higher than 0.1 µg/mL the lag time is strongly reduced. At
seed concentrations above 2.5 µg/mL the solution starts to
fibrillate immediately. Seeding a fresh 8 mg/mL glucagon
solution with seeds of an 8 mg/mL solution also leads to a
large reduction in lag time (Figure 5b). The lag time is
roughly 13 h without seeds and becomes completely
eliminated at maximum seed concentration. However, when
seeds, which were formed in a 0.25 mg/mL glucagon
solution, were added to a fresh 8 mg/mL glucagon solution,
only a modest effect was observed at the highest concentra-
tion (Figure 5b).
To determine if the seeding morphology propagated during

the seeding experiment, samples seeded with the maximum
fraction of seeds were subjected to analysis by TEM (Figure

FIGURE 3: TEM pictures of glucagon fibrils formed at three
different concentrations reveal a change in morphology. (a) 0.25
mg/mL. At low concentration, the majority of the fibrils consist of
two or more filaments twisted around each other. The width of the
fibrils is approximately 14 nm and the twist repeat approximately
80 nm. (b) 8 mg/mL. At high concentration, the fibrils are primarily
straight, although a very small population of twisted fibrils are
present. The width of the straight fibrils is approximately 6 nm.
(c) 1.5 mg/mL. At an interval between high and low concentration
both straight and twisted morphologies are present. Scale bar
represents 100 nm.

Selection of Glucagon Fibril Morphology Biochemistry, Vol. 46, No. 24, 2007 7317
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Fig. 1. Experiments and observations of long leaf and ribbon morphology.
(A) Shape of a plantain lily Hosta lancifolia leaf showing the saddle-like shape
of the midsurface and the rippled edges. Dissection along the midrib leads to
a relief of the incompatible strain induced by differential longitudinal growth
and causes the midrib to straighten, except near the tip, consistent with the
notion that the shape is a result of elastic interactions of a growing plate.
The dashed red line is the original position of the midrib. (B) A foam ribbon
that is stretched beyond the elastic limit relaxes into a saddle shape when the
edge strain is β ∼ 5%, but relaxes into a rippled shape when the edge strain
is β ∼ 20%. (C) The observed lateral strain ϵ(y) is approximately parabolic for
the saddle-shaped ribbon but is localized more strongly to the edge for the
rippled ribbon.

potatoes; the edges lose water and dry out first, after which their
perimeter remains roughly constant. Additional drying of the inte-
rior causes the disk to shrink radially and thus leads to the potato
chip to form a saddle shape with crinkled edges. In all these varied
phenomena, it is the in-plane differential strain that results in the
observed complex undulatory morphologies.

Theory of a Growing Blade
Generalized Föppl–von Kármán Equations. To understand the obser-
vations and experiments described in the previous section, we
consider a naturally flat, stress-free, thin, isotropic, elastic plate
of thickness H , width 2W , and length 2L (H ≪ W < L) lying in
the xy plane (x along the length and the normal z in the thickness
direction). When such a plate grows inhomogeneously, different
parts of it are strained relative to one another. To quantify this

differential strain, we consider the deformation map that takes
a point on the center–surface of the flat plate with coordinates
(x, y, 0) to its deformed state (x+ux(x, y), y+uy(x, y), ζ(x, y)). Here,
(ux(x, y), uy(x, y)) is the in-plane displacement field and ζ(x, y) is the
out-of-plane displacement. Then any point in the plate (x, y, z) will
then be approximately mapped to (x + ux(x, y) + zζ,x, y + uy(x, y) +
zζ,y, z + ζ(x, y))†. Here and elsewhere A,x = ∂A/∂x. Then the in-
plane strain tensor associated with this deformation field is given
by ϵij = 1

2 (ui,j + uj,i) + 1
2 ζ,iζ,j, where i, j = x, y, and we have kept

only the leading order terms in the gradients of the in-plane and
out-of-plane displacement fields‡. The out-of-plane deformations
are characterized by the curvature tensor, which in its linearized
form, reads as κij = ζ,ij. The scale separation induced by the small
thickness of the plate allows for a linear decomposition of the
strain and curvature tensors to the sum of an elastic and a growth
component. Then ϵij = ϵe

ij + ϵ
g
ij − zκg

ij, where ϵe
ij(x, y) is the elastic

strain tensor and ϵ
g
ij(x, y) is the in-plane growth strain tensor, and

similarly, κij = ζ,ij = ζe
,ij + κ

g
ij with κ

g
ij the growth curvature tensor.

Assuming that the thin plate may be described as a linearly
elastic material with Young’s modulus E, Poisson’s ratio ν, it
has a 2D Young’s modulus S = EH and bending stiffness B =
EH3/12(1 − ν2). Then the balance of forces in the plane and out
of the plane for the thin plate lead to a generalized form of the
Föppl–von Kármán plate theory (9) given by

∇4Φ = −S(κG + λg) [1]

B∇4ζ =
!
ζ, Φ

"
− BΩg , [2]

where the operators ∇4A = A,xxxx + A,yyyy + 2A,xxyy and [A, B] =
A,xxB,yy + A,yyB,xx − 2A,xyB,xy. Φ is the Airy function that defines
the in-plane force per length according to Nx = Φ,yy, Ny = Φ,xx
and Nxy = −Φ,xy. Here Eq. 1 is the strain (in)compatibility
relation, whose right side that has two components: (i) metric
incompatibility due to the growth induced by Gaussian curvature
κG = 1

2 [ζ, ζ] = ζ,xxζ,yy − ζ2
,xy, and (ii) metric incompatibility due to

in-plane growth

λg = ϵg
xx,yy + ϵg

yy,xx − 2ϵg
xy,xy. [3]

Eq. 2 describes the balance of forces perpendicular to the sheet.
The left side is the pressure induced by plate bending, whereas
the first term on the right [ζ, Φ] = Nxκxx + Nyκyy + 2Nxyκxy is just
a generalized Laplace law due to the in-plane forces and the cur-
vature, and the second term on the right is the pressure induced
by variations in the growth curvature tensor,

Ωg =
#
κg

xx + νκg
yy
$

,xx +
#
κg

yy + νκg
xx
$

,yy + 2
#
1 − ν

$
κg

xy,xy. [4]

In general, the resulting strains (and stresses) feed back on the
growth processes eventually shutting them down, although we do
not consider this process here.

To complete the formulation of the problem, we need to specify
the form of the growth strain tensor ϵ

g
ij and the growth curvature

tensor κ
g
ij and some boundary conditions. Although a variety of

forms of the growth tensors may be biologically plausible, here
we restrict ourselves to a consideration of a single nonzero com-
ponent of the growth tensor so that ϵ

g
xx = ϵg(y), consistent with

our own observations and experiments as well as earlier exper-
iments (1, 3) on long, leafy blades with W < L. This leads to
excess longitudinal growth along the ribbon that varies in magni-
tude transversely. We choose the power law form ϵg(y) = β( y

W )n

† This is the leading order contribution from differential growth across the thickness of
the plate consistent with thin plate theory.

‡ This corresponds to the classical theory of weakly nonlinear deformations used in the
Föppl-von Kármán theory and is valid when ζx , ζy ≪ 1.
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growth

H. Liang and L. Mahadevan, 
PNAS 106, 22049 (2009)

due to 
temperature, 

voltage

differential 
expansion

differential 
swelling

of Ω(r) at each lattice point according to Eqs. 3
and 4, determining the corresponding value of
flow from the fit of Eq. 2 to the data in Fig. 1H,
and finally setting the size of the dot at that
lattice point according to Eq. 1. Because the
power-law metrics in Eq. 3 diverge or vanish at
the origin, it is necessary to cut out a small re-
gion around the center of each of the two cones.

The shapes adopted by the corresponding gel
sheets (Fig. 2, A to D) are measured by laser scan-
ning confocal fluorescence microscopy (LSCM)
and analyzed as described in the SOM. Each of
the four surfaces shows only small deviations
about an average Gaussian curvature, with the
exception of the regions near the free edges,
where our analysis yields artifactual curvatures
(due to the finite thickness of the gel sheets, the
surface meshing procedure used yields addition-
al points on the edges that do not accurately
reflect the 2D geometries of the sheets). After
excluding regions of the surface within 2h of the
edges to avoid these artifacts, we find the aver-
age Gaussian curvatures of the spherical cap and
saddle to be 6.2 mm−2 and –20.6 mm−2, respec-
tively, with nearly axisymmetric distributions
of curvature (fig. S2A). Both values are in rea-
sonable agreement with the target values, al-
though the tendency of disks with uniform dot
sizes to show slight curvatures (with radii of 2
mm) suggests the presence of slight through-
thickness variations in swelling (see SOM for
details) that may contribute to the observed de-
viations from the programmed curvature. Inter-
estingly, we do not observe a boundary layer
with negative Gaussian curvature around the
edge of the spherical cap as has been reported

for truly smooth metrics (17, 18), possibly re-
flecting the influence of the through-thickness
variations in swelling. For both cones, the av-
erage Gaussian curvatures, excluding regions at
the free edges, are close to zero. Further, Fig. 2E
shows a plot of the deficit angle d measured for
five different cone metrics with power law ex-
ponents −1 ≤ b < 0, which agrees closely with
the programmed value d = −pb.

We next consider metrics of the form

WðrÞ ¼ c½1þ ðr=RÞ2ðn−1Þ&2 ð5Þ

corresponding to Enneper ’s minimal surfaces
with n nodes. These surfaces all have zero mean
curvature and so are expected to minimize the
elastic energy for these metrics at vanishing
thickness (18). Although Eq. 5 is axisymmetric,
Enneper's surfaces spontaneously break axial
symmetry by forming n wrinkles. In Fig. 2, G
to J, we demonstrate patterned surfaces with n =
3 to 6, each of which reproduces the targeted
number of wrinkles. As shown in the maps of
curvature in Fig. 2 (and azimuthally averaged
plots in fig. S2B), each surface has small mean
curvature and negative Gaussian curvature that
matches closely with the target profile. For a
given film thickness, increasing n eventually
leads to a saturation in the number of wrinkles,
because the bending energy arising from Gaussian
curvature increases with n (for the films with
h ≈ 7 mm in Fig. 4, a metric with n = 8 yielded
only six wrinkles). However, given the subtle
differences between the metrics plotted in Fig.
2F, the ability to accurately reproduce the pro-
grammed number of wrinkles for n = 3 to 6 is a

strong testament to the fidelity of the metrics
patterned by this technique.

The true power of our approach lies in the
fabrication of nonaxisymmetric swelling pat-
terns. As a simple demonstration, we first con-
sider the problem of how to form a sphere
through growth. For the axisymmetric metric
described in Eq. 4, the maximum value of r/R
to which this metric can be experimentally pat-
terned is restricted by the accessible range of
swelling. In our case, this range is Ωhigh/Ωlow ≈
3.7, limiting the maximum portion of a sphere
that can be obtained to slightly less than half.
Although further improvements in the material
system are likely to increase the available range,
the axisymmetric metric is inherently an ineffi-
cient way to form a sphere, because as one seeks
to go beyond a hemisphere and toward a closed
shape, the required swelling contrast diverges
rapidly. Given access to 2D metrics, however, a
number of well-established conformal mappings
of the sphere onto flat surfaces are known from
the field of map projections. For example, the
Peirce quincuncial projection (27) maps a sphere
of radius R onto a square using the metric

Wðx; yÞ ¼ 2
jdn xþiy

R j 1ffiffi
2

p
" #

sn xþiy
R j 1ffiffi

2
p

" #
j2

1þ jcn xþiy
R j 1ffiffi

2
p

" #
j2

h i2 ð6Þ

where sn, cn, and dn are Jacobi elliptic func-
tions, and x and y are the components of r. This
metric still has four cusp-like singularities where
Ω(r) = 0; however, one of its useful properties
as a map projection is that only a small portion

Fig. 2. Halftoned disks
with axisymmetric met-
rics. Patterned sheets pro-
grammed to generate (A)
a piece of saddle surface
(Sa), (B) a cone with an
excess angle (Ce), (C) a
spherical cap (Sp), and
(D) a cone with a deficit
angle (Cd). (Top) 3D re-
constructed images of
swollen hydrogel sheets
and (bottom) top-view
surface plots of Gaussian
curvature. Initial thick-
nesses and disk diame-
ters are 9 and 390 mm,
respectively, although
the apparent thickness
of sheets is enlarged due
to the resolution of the
LSCM. (E) Measured val-
ues of deficit angle d
for cones with five dif-
ferent exponents b (see Eq. 3) (black solid circles) and the programmed
values (blue dashed line). (F) Swelling factors for the target metrics as a
function of normalized radial position on the unswelled disks r/R, with points
plotted at values corresponding to lattice points to indicate the resolu-
tion with which Ω is patterned. (G to J) Patterned sheets programmed to

generate Enneper’s minimal surfaces with n = (G) 3, (H) 4, (I) 5, and (J) 6
wrinkles upon swelling as dictated by Eq. 5. 3D reconstructed images (top)
and top-view surface plots of squared mean curvature H2 and Gaussian
curvature K (bottom). Initial thicknesses and disk diameters are 7 and 390 mm,
respectively.

www.sciencemag.org SCIENCE VOL 335 9 MARCH 2012 1203

REPORTS

 o
n

 S
e

p
te

m
b

e
r 

6
, 

2
0

1
2

w
w

w
.s

c
ie

n
c
e

m
a

g
.o

rg
D

o
w

n
lo

a
d

e
d

 f
ro

m
 

J. Kim et al., Science 
335, 1201 (2012)

due to 
liquid



Challenges 6

How to design 
structures to 
buckle in a 

desired way?

What is the 
effect of 

imperfections/
disorder? Statistical mechanics 

can help!
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BUCKLING 
DOWN

Katia Bertoldi is talking fast. She has only 
12 minutes to present her work in the 
burgeoning field of ‘extreme mechan-

ics’. But first, the Harvard University engineer smiles at the physicists 
gathered in Boston at the March 2012 meeting of the American Physical 
Society. She has to show them what she found in a toy shop.

Projected onto the screen, the Hoberman Twist-O looks like a hollow 
football made of garishly coloured plastic links. Twist it just so, however, 
and hinges between the links allow it to collapse into a ball a fraction of 
its original size. Twist it the other way, and it springs back open. Bertoldi 
explains that the Twist-O inspired her group to create a spherical device 
that collapses and re-expands, not with hinges but through mechanical 
instabilities: carefully designed weak spots that behave in a predictable 
way. Applications might include lightweight, self-assembling portable 
shelters or nanometre-scale drug-delivery capsules that would expand 
and release their cargo only after they had passed through the blood-
stream and reached their target. 

The challenge, Bertoldi says, is to figure out the exact instabilities a 

structure needs to achieve its desired behaviour. 
She quickly describes the necessary geometry 
and runs down a list of constraints. There are 

just 25 shapes that satisfy all the requirements, she explains, glossing 
over the months of computation it took to solve the problem. Then she 
starts a video to show the assembled throng the design that her team has 
come up with.

An image of a rubbery chartreuse ball with 24 carefully spaced round 
dimples (pictured) materializes on the screen. The test begins and the 
ball slowly collapses, each dimple squeezing shut as the structure twists 
into a smaller version of itself. There is a moment of silence, then eve-
ryone in the room begins to clap. 

Student engineers have always been taught that mechanical insta-
bilities are a problem to avoid. Such instabilities can quickly lead to 
structural failures — the collapse of a weight-bearing pillar, the crum-
pling of a flat steel plate or the buckling of a metal shell. From failures 
come disasters, such as the Second World War Liberty Ships that broke 
up while at sea. And the devilishly complex mathematical analysis of 

Mechanical instability is usually a problem that engineers 
try to avoid. But now some are using it to fold, stretch and 

crumple materials in remarkable ways.

B Y  K I M  K R I E G E R
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How to design 
structures to 

prevent 
buckling?

J. Shim et al., 
PNAS 109, 5978 (2012)

Hard to get 
any intuition

These are 
nonlinear effects

Numerical simulations 
and experiments are slow

How structure shape deforms due to stress?

(wrinkled aluminum foil)



Outline

Spelling must be British English (Oxford English Dictionary)

In addition, a cover letter needs to be written with the following:

10

How mechanical stress 
modifies shape of  

periodic structures?

How random shape 
fluctuations and thermal 

excitations affect 
mechanical properties 

of shells?

7

(wrinkled aluminum foil)



Mechanics of crumpled paper 8

Picture from Melina Blees, U. Chicago

harder to bend
easier to stretch/shear



harder to bend 
across the wave

Intuitive description of mechanical properties

+ + · · ·=

easier to stretch and 
shear along the wave

=�=�

=�

=�

9



Warped shells
nearly flat shells, stress free, 

isotropic material, uniform thickness

midplane height profile h(x, y)

h(q) random Gaussian variables

⇥|h(q)|2⇤ � q�2 ⇥|h(q)|2⇤ � q�4⇥|h(q)|2⇤ � 1

⇥|h(q)|2⇤ � q�dh

10

�h(q)⇥ = 0

h|h(q)|2i ⇠ q�3.4



Shallow shell equations 11

stress tensor

+ match forces and torques at boundaries

force

torquem

F

Neglect nonlinear 
terms for the linear 
response regime0 = �2� + Y

�
{f, h} +

1
2
{f, f}

⇥

�xx = ⇤y⇤y⇥ �yy = ⇤x⇤x⇥ �xy = �⇤x⇤y⇥

{A, B} = (⇥x⇥xA)(⇥y⇥yB) + (⇥y⇥yA)(⇥x⇥xB)� 2(⇥x⇥yA)(⇥x⇥yB)Airy bracket

f

�

h initial height profile
out-of-plane deformation

� Airy stress function
bending rigidity
Young’s modulusY

0 = ��2f � {⇥, h}�{ ⇥, f}

Not possible to solve shell equations analytically! 
Perturbation expansion diverges!



12

force

torquem

F

= +

= + + · · ·

⟨ ⟩ = + +

+ · · ·+

a)

b)

c)

Linear response to external forces and torques 
averaged over many realizations of warped shells 
can be estimated with diagrammatic techniques

A. Košmrlj and D. Nelson, PRE 88, 012136 (2013)

��e�⇥, �Ye�⇥, �µe�⇥

Mechanical properties of warped shells



13Mechanical properties of warped shells

⇥�e�⇤/� � he�/t

⇥Ye�⇤/Y, ⇥µe�⇤/µ � t/he�

h2
e� =

1
A

�
dA �h2⇥ h|h(q)|2i ⇠ q�4

h|h(q)|2i ⇠ q�2

h|h(q)|2i ⇠ 1

h2
e↵ ⇠ L2

h2
e↵ ⇠ lnL

h2
e↵ ⇠ 1

A. Košmrlj and D. Nelson, PRE 88, 012136 (2013)

he↵i/ ⇡ 1

hYe↵i/Y, hµe↵i/µ ⇡ 1

Height fluctuations much 
larger than thickness

Height fluctuations much 
smaller than thickness

he↵ ⌧ t he↵ � t

Predicted scaling agrees very well with numerical simulations 
and is currently being tested with 3D-printed warped shells.



Thermal fluctuations of microscopic shells 14

https://www.youtube.com/watch?v=VwhNLaRCD-4

Flickering of
red blood cells

Numerical simulations 
(Rastko Sknepnek, U. Dundee)

⇡ 10µm

How thermal fluctuations affect mechanical properties? 

https://www.youtube.com/watch?v=VwhNLaRCD-4


Thermal fluctuations of microscopic sheets
T = 0 T > 0

renormalized elastic constants 
scale with the system size L

elastic constants

�

D. Nelson and L. Peliti, J. de Physique 48, 1085 (1987)

15

amplitude of 
fluctuations

membrane 
thickness�thermal 

length

bending rigidity
Young’s modulus Y

shear modulus µ

J. A. Aronovitz and T. C. Lubensky, PRL 60, 2634 (1988)
E. Guitter, F. David, S. Leibler and L. Peliti, J. de Physique 50, 1787 (1989)

`th ⇠ p
kBTY

⇠

s
Et5

kBT

L

⌘ ⇡ 0.82
⌘u = 2� 2⌘ ⇡ 0.36

R ⇠ (L/`th)
⌘

YR, µR ⇠ Y (L/`th)
�⌘u



16Thermalized sheets under uniform tension
�

�

tension suppresses height fluctuations

tension dominates on scales larger than

`� ⇠
✓



�`⌘th

◆1/(2�⌘)

⇠ `th

✓
kBTY

�

◆1/(2�⌘)

For large tension,                      ,      
thermal fluctuations become irrelevant!

� & kBTY/

h|h(q)|2i = kBT

R(q)q4 + �q2

`th ⇠ p
kBTY

⌘ ⇡ 0.82
`� . `th



σκ/(kBTY )
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17Area extension under uniform tension
�

� E. Guitter et al., J. de Physique 50, 1787 (1989)

`th ⇠ p
kBTY

non-linear response 
like in critical 
phenomena

⌧
�A

A

�

0

⇡ �kBT
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1

⌘
+ ln

✓
`th
a0

◆�

⌘u ⇡ 0.36

⌘ ⇡ 0.82

classical 
mechanics

A. Košmrlj and D. Nelson, PRB 93, 125431 (2016)

shrinking due
to fluctuations
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✓
L

`th

◆⌘u

⇠ �

YR(L)



Thermal length scale for various shells 18

sheet of paper red blood cell 
membrane

bacterial 
cell wall

internal pressure 
suppresses 

thermal  
fluctuations

`th ⇠ 50km ⇠ 30miles `th ⇠ 10µm `th ⇠ 50nm

Graphene is one atom thick 
2D crystalline membrane

Extremely flexible

Very stiff in-plane

At room temperature thermal 
fluctuations are important at 

all length scales!

Y ⇡ 340N/m

 ⇡ 1.1eV ⇡ 2⇥ 10�19J

`th ⇠ /
p
kBTY ⇠ 2nm



We move the graphene along the surface or peel it up entirely by
pushing a sharp probe tip into the gold pads or against the graphene
itself (Fig. 1b–d and Supplementary Video 1). The graphene’s elastic
behaviour is reminiscent of that of thin paper: it folds and crumples out
of plane, but does not notably stretch in plane (Fig. 1b). The process is
almost entirely reversible in the presence of surfactants, even after
considerable crumpling of the graphene.
Themechanical properties relevant for kirigami are captured by the

Föppl–von Kármán number7,8 for a square sheet of side length L and
thickness t: c5Y2DL

2/k< (L/t)2, that is, the ratio between the two-
dimensional Young’s modulus Y2D and the out-of-plane bending stiff-
ness k, multiplied by the length squared. To determine c, we measure
k by using the photon pressure from an infrared laser to apply a known
force to a pad attached to a graphene cantilever and measuring the
resulting displacement (Fig. 2a).We alsomeasure thermal fluctuations
of cantilevers to determine their spring constants (Fig. 2b and
Extended Data Fig. 4), which, according to the equipartition theorem,
are k~kBT=hx2thi, where T is temperature, kB is Boltzmann’s constant,
and hx2thi is the time-averaged square of the cantilever thermal fluc-
tuation amplitude. Although the presence of water (the aqueous solu-
tion in which the device is immersed) slows down the fluctuations, it
does not change the spring constant15,16. Cantilevers with lengths of
8–80 mm and widths of 2–15mm have spring constants of 1025–
1028 Nm21. These are astonishingly soft springs, as many as eight
orders of magnitude softer than a typical atomic force microscope
cantilever. The bending stiffness k is inferred from the measured
spring constant using k5 3kW/L3, where W and L are the width

and length of the cantilevers, respectively. The values obtained from
these thermalmeasurements and the lasermeasurements are shown in
Fig. 2c, and are seen to be orders ofmagnitude higher thank05 1.2 eV,
which is the value that is predicted from the microscopic bending
stiffness of graphene (known from simulations17 and measurements
of the phonon modes in graphite18).
Both thermal fluctuations and static ripples are predicted to notably

stiffen ultrathin crystalline membranes9–13,19,20 by effectively thick-
ening themembrane, similar to how a crumpled sheet of paper ismore
rigid than a flat one. For static ripples, the effective bending stiffness is
predicted to be9 kef f=k0<

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Y2Dhz2ef f i=k0

p
, where hz2ef f i is the space-

averaged square of the effective amplitude of the static ripples and
Y2D5 340Nm21 is the two-dimensional Young’s modulus3. For an
initially flat membrane with thermal fluctuations, the stiffness is pre-
dicted to be keff <k0(W/lc)

g , where lc~
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
32p3k20= 3Y2DkBTð Þ

p
is the

Ginzburg length19, and g is a scaling exponent.
We look for static ripples in graphene cantilevers using interference

microscopy21 (inset of Fig. 2c). The black bands in such images are
regions of constant elevation, with the spacing between black and
white bands corresponding to changes in z of l/4< 100 nm (where
l is the wavelength, corrected for the refractive index of water).With a
typical hz2eff i value from these measurements of about (100nm)2, we
obtain an effective bending stiffness of keff=k0 < 4; 000.
Static ripples are present only after releasing graphene from the

surface (Extended Data Fig. 2), and likely to be sample specific and
influenced by growth, fabrication details, and so on. Developing
growth and fabrication protocols that can change the amplitude of
the static ripples or eliminate them altogether is of great interest.
Other groups have observed ripples in suspended (strained) graphene
membranes5,22, although they occur at a much smaller scale and their
origin remains a subject of debate. Moreover, the thermal theory
outlined above predicts a bending stiffness at room temperature due
to thermal fluctuations of keff=k0 < 1; 000 for an initially flat mem-
brane. These contradictory findings call for future experiments to
firmly establish the relative contribution to bending stiffness of
thermal fluctuations and static ripples23. But irrespective of cause,
the high bending stiffness notably changes the effective c value,
ceff5YeffL

2/keff. With the predicted renormalization9,11 of Yeff, we
find that ceff is of the order of 105–107 for a sheet of graphene
10 mm3 10mm in size, close to that of a standard sheet of paper.
The mechanical similarity between graphene and paper makes it

easy to translate ideas and intuition directly from paper models to
graphene devices. For example, the highly stretchable graphene tran-
sistors in Fig. 3b, c and Supplementary Video 2 are based on a simple
kirigami pattern of alternating, offset cuts and are created using photo-
lithography.Here, the elasticity of the kirigami spring is determined by
the pattern of cuts and the bending stiffness (rather than the Young’s
modulus) of the graphene. As the reconstruction of the three-dimen-
sional shape of a stretched and lifted device in Fig. 3e shows, the
graphene strips pop up and bend out of plane as the spring is stretched.
We measure the electrical response of these stretchable transistors

by gating them with an approximately 10mM KCl solution24

(see Methods for details). Figure 3d plots the liquid-gate dependence
of the conductance at a source–drain bias of 100mV for a device in its
initial unstretched state (blue) and when stretched by 240% (orange).
The normalized change in conductancewith gate voltage per graphene
square is 0.7mSV21 and the resistance per graphene square at the
Dirac point is 12 kV, comparable to what has been reported for elec-
trolyte-gated graphene transistors24. Because the graphene lattice itself
is not much strained when the kirigami spring is extended, we do not
expect or observe a notable change in the conductance curves between
the unstretched and stretched states, which is highly desirable for
stretchable electronics25. Furthermore, stretching and unstretching a
similar device more than 1,000 times did not substantially change its
electrical properties.

b Thermal methoda Laser pressure method
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Figure 2 | Measuring the bending stiffness of monolayer graphene.
a, Applying controlled forces to a gold pad using an infrared laser. The grey
triangle represents the probe tip that holds the device up off the surface; the red
triangle represents the focused laser beam. The cantilever displacement gives
the spring constant. b, Tracking the motion of a rotated device under thermal
fluctuations provides an independent measurement of the spring constant
(Extended Data Fig. 3). c, Stacked histogram of bending stiffness, and
interference micrographs of devices whose aluminium release layer has been
etched away, showing the structure of static ripples (inset). The spring constant
relates to the bending stiffness as k5 3kW/L3. The red arrow points to the
microscopic bending stiffness, k05 1.2 eV. Scale bars are 10mm. Interference
images were averaged over 180 frames at 90 frames per second.
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Bending by 
laser pressure

We move the graphene along the surface or peel it up entirely by
pushing a sharp probe tip into the gold pads or against the graphene
itself (Fig. 1b–d and Supplementary Video 1). The graphene’s elastic
behaviour is reminiscent of that of thin paper: it folds and crumples out
of plane, but does not notably stretch in plane (Fig. 1b). The process is
almost entirely reversible in the presence of surfactants, even after
considerable crumpling of the graphene.
Themechanical properties relevant for kirigami are captured by the

Föppl–von Kármán number7,8 for a square sheet of side length L and
thickness t: c5Y2DL

2/k< (L/t)2, that is, the ratio between the two-
dimensional Young’s modulus Y2D and the out-of-plane bending stiff-
ness k, multiplied by the length squared. To determine c, we measure
k by using the photon pressure from an infrared laser to apply a known
force to a pad attached to a graphene cantilever and measuring the
resulting displacement (Fig. 2a).We alsomeasure thermal fluctuations
of cantilevers to determine their spring constants (Fig. 2b and
Extended Data Fig. 4), which, according to the equipartition theorem,
are k~kBT=hx2thi, where T is temperature, kB is Boltzmann’s constant,
and hx2thi is the time-averaged square of the cantilever thermal fluc-
tuation amplitude. Although the presence of water (the aqueous solu-
tion in which the device is immersed) slows down the fluctuations, it
does not change the spring constant15,16. Cantilevers with lengths of
8–80 mm and widths of 2–15mm have spring constants of 1025–
1028 Nm21. These are astonishingly soft springs, as many as eight
orders of magnitude softer than a typical atomic force microscope
cantilever. The bending stiffness k is inferred from the measured
spring constant using k5 3kW/L3, where W and L are the width

and length of the cantilevers, respectively. The values obtained from
these thermalmeasurements and the lasermeasurements are shown in
Fig. 2c, and are seen to be orders ofmagnitude higher thank05 1.2 eV,
which is the value that is predicted from the microscopic bending
stiffness of graphene (known from simulations17 and measurements
of the phonon modes in graphite18).
Both thermal fluctuations and static ripples are predicted to notably

stiffen ultrathin crystalline membranes9–13,19,20 by effectively thick-
ening themembrane, similar to how a crumpled sheet of paper ismore
rigid than a flat one. For static ripples, the effective bending stiffness is
predicted to be9 kef f=k0<

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Y2Dhz2ef f i=k0

p
, where hz2ef f i is the space-

averaged square of the effective amplitude of the static ripples and
Y2D5 340Nm21 is the two-dimensional Young’s modulus3. For an
initially flat membrane with thermal fluctuations, the stiffness is pre-
dicted to be keff <k0(W/lc)

g , where lc~
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
32p3k20= 3Y2DkBTð Þ

p
is the

Ginzburg length19, and g is a scaling exponent.
We look for static ripples in graphene cantilevers using interference

microscopy21 (inset of Fig. 2c). The black bands in such images are
regions of constant elevation, with the spacing between black and
white bands corresponding to changes in z of l/4< 100 nm (where
l is the wavelength, corrected for the refractive index of water).With a
typical hz2eff i value from these measurements of about (100nm)2, we
obtain an effective bending stiffness of keff=k0 < 4; 000.
Static ripples are present only after releasing graphene from the

surface (Extended Data Fig. 2), and likely to be sample specific and
influenced by growth, fabrication details, and so on. Developing
growth and fabrication protocols that can change the amplitude of
the static ripples or eliminate them altogether is of great interest.
Other groups have observed ripples in suspended (strained) graphene
membranes5,22, although they occur at a much smaller scale and their
origin remains a subject of debate. Moreover, the thermal theory
outlined above predicts a bending stiffness at room temperature due
to thermal fluctuations of keff=k0 < 1; 000 for an initially flat mem-
brane. These contradictory findings call for future experiments to
firmly establish the relative contribution to bending stiffness of
thermal fluctuations and static ripples23. But irrespective of cause,
the high bending stiffness notably changes the effective c value,
ceff5YeffL

2/keff. With the predicted renormalization9,11 of Yeff, we
find that ceff is of the order of 105–107 for a sheet of graphene
10 mm3 10mm in size, close to that of a standard sheet of paper.
The mechanical similarity between graphene and paper makes it

easy to translate ideas and intuition directly from paper models to
graphene devices. For example, the highly stretchable graphene tran-
sistors in Fig. 3b, c and Supplementary Video 2 are based on a simple
kirigami pattern of alternating, offset cuts and are created using photo-
lithography.Here, the elasticity of the kirigami spring is determined by
the pattern of cuts and the bending stiffness (rather than the Young’s
modulus) of the graphene. As the reconstruction of the three-dimen-
sional shape of a stretched and lifted device in Fig. 3e shows, the
graphene strips pop up and bend out of plane as the spring is stretched.
We measure the electrical response of these stretchable transistors

by gating them with an approximately 10mM KCl solution24

(see Methods for details). Figure 3d plots the liquid-gate dependence
of the conductance at a source–drain bias of 100mV for a device in its
initial unstretched state (blue) and when stretched by 240% (orange).
The normalized change in conductancewith gate voltage per graphene
square is 0.7mSV21 and the resistance per graphene square at the
Dirac point is 12 kV, comparable to what has been reported for elec-
trolyte-gated graphene transistors24. Because the graphene lattice itself
is not much strained when the kirigami spring is extended, we do not
expect or observe a notable change in the conductance curves between
the unstretched and stretched states, which is highly desirable for
stretchable electronics25. Furthermore, stretching and unstretching a
similar device more than 1,000 times did not substantially change its
electrical properties.
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Figure 2 | Measuring the bending stiffness of monolayer graphene.
a, Applying controlled forces to a gold pad using an infrared laser. The grey
triangle represents the probe tip that holds the device up off the surface; the red
triangle represents the focused laser beam. The cantilever displacement gives
the spring constant. b, Tracking the motion of a rotated device under thermal
fluctuations provides an independent measurement of the spring constant
(Extended Data Fig. 3). c, Stacked histogram of bending stiffness, and
interference micrographs of devices whose aluminium release layer has been
etched away, showing the structure of static ripples (inset). The spring constant
relates to the bending stiffness as k5 3kW/L3. The red arrow points to the
microscopic bending stiffness, k05 1.2 eV. Scale bars are 10mm. Interference
images were averaged over 180 frames at 90 frames per second.
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We move the graphene along the surface or peel it up entirely by
pushing a sharp probe tip into the gold pads or against the graphene
itself (Fig. 1b–d and Supplementary Video 1). The graphene’s elastic
behaviour is reminiscent of that of thin paper: it folds and crumples out
of plane, but does not notably stretch in plane (Fig. 1b). The process is
almost entirely reversible in the presence of surfactants, even after
considerable crumpling of the graphene.
Themechanical properties relevant for kirigami are captured by the

Föppl–von Kármán number7,8 for a square sheet of side length L and
thickness t: c5Y2DL

2/k< (L/t)2, that is, the ratio between the two-
dimensional Young’s modulus Y2D and the out-of-plane bending stiff-
ness k, multiplied by the length squared. To determine c, we measure
k by using the photon pressure from an infrared laser to apply a known
force to a pad attached to a graphene cantilever and measuring the
resulting displacement (Fig. 2a).We alsomeasure thermal fluctuations
of cantilevers to determine their spring constants (Fig. 2b and
Extended Data Fig. 4), which, according to the equipartition theorem,
are k~kBT=hx2thi, where T is temperature, kB is Boltzmann’s constant,
and hx2thi is the time-averaged square of the cantilever thermal fluc-
tuation amplitude. Although the presence of water (the aqueous solu-
tion in which the device is immersed) slows down the fluctuations, it
does not change the spring constant15,16. Cantilevers with lengths of
8–80 mm and widths of 2–15mm have spring constants of 1025–
1028 Nm21. These are astonishingly soft springs, as many as eight
orders of magnitude softer than a typical atomic force microscope
cantilever. The bending stiffness k is inferred from the measured
spring constant using k5 3kW/L3, where W and L are the width

and length of the cantilevers, respectively. The values obtained from
these thermalmeasurements and the lasermeasurements are shown in
Fig. 2c, and are seen to be orders ofmagnitude higher thank05 1.2 eV,
which is the value that is predicted from the microscopic bending
stiffness of graphene (known from simulations17 and measurements
of the phonon modes in graphite18).
Both thermal fluctuations and static ripples are predicted to notably

stiffen ultrathin crystalline membranes9–13,19,20 by effectively thick-
ening themembrane, similar to how a crumpled sheet of paper ismore
rigid than a flat one. For static ripples, the effective bending stiffness is
predicted to be9 kef f=k0<

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Y2Dhz2ef f i=k0

p
, where hz2ef f i is the space-

averaged square of the effective amplitude of the static ripples and
Y2D5 340Nm21 is the two-dimensional Young’s modulus3. For an
initially flat membrane with thermal fluctuations, the stiffness is pre-
dicted to be keff <k0(W/lc)

g , where lc~
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
32p3k20= 3Y2DkBTð Þ

p
is the

Ginzburg length19, and g is a scaling exponent.
We look for static ripples in graphene cantilevers using interference

microscopy21 (inset of Fig. 2c). The black bands in such images are
regions of constant elevation, with the spacing between black and
white bands corresponding to changes in z of l/4< 100 nm (where
l is the wavelength, corrected for the refractive index of water).With a
typical hz2eff i value from these measurements of about (100nm)2, we
obtain an effective bending stiffness of keff=k0 < 4; 000.
Static ripples are present only after releasing graphene from the

surface (Extended Data Fig. 2), and likely to be sample specific and
influenced by growth, fabrication details, and so on. Developing
growth and fabrication protocols that can change the amplitude of
the static ripples or eliminate them altogether is of great interest.
Other groups have observed ripples in suspended (strained) graphene
membranes5,22, although they occur at a much smaller scale and their
origin remains a subject of debate. Moreover, the thermal theory
outlined above predicts a bending stiffness at room temperature due
to thermal fluctuations of keff=k0 < 1; 000 for an initially flat mem-
brane. These contradictory findings call for future experiments to
firmly establish the relative contribution to bending stiffness of
thermal fluctuations and static ripples23. But irrespective of cause,
the high bending stiffness notably changes the effective c value,
ceff5YeffL

2/keff. With the predicted renormalization9,11 of Yeff, we
find that ceff is of the order of 105–107 for a sheet of graphene
10 mm3 10mm in size, close to that of a standard sheet of paper.
The mechanical similarity between graphene and paper makes it

easy to translate ideas and intuition directly from paper models to
graphene devices. For example, the highly stretchable graphene tran-
sistors in Fig. 3b, c and Supplementary Video 2 are based on a simple
kirigami pattern of alternating, offset cuts and are created using photo-
lithography.Here, the elasticity of the kirigami spring is determined by
the pattern of cuts and the bending stiffness (rather than the Young’s
modulus) of the graphene. As the reconstruction of the three-dimen-
sional shape of a stretched and lifted device in Fig. 3e shows, the
graphene strips pop up and bend out of plane as the spring is stretched.
We measure the electrical response of these stretchable transistors

by gating them with an approximately 10mM KCl solution24

(see Methods for details). Figure 3d plots the liquid-gate dependence
of the conductance at a source–drain bias of 100mV for a device in its
initial unstretched state (blue) and when stretched by 240% (orange).
The normalized change in conductancewith gate voltage per graphene
square is 0.7mSV21 and the resistance per graphene square at the
Dirac point is 12 kV, comparable to what has been reported for elec-
trolyte-gated graphene transistors24. Because the graphene lattice itself
is not much strained when the kirigami spring is extended, we do not
expect or observe a notable change in the conductance curves between
the unstretched and stretched states, which is highly desirable for
stretchable electronics25. Furthermore, stretching and unstretching a
similar device more than 1,000 times did not substantially change its
electrical properties.
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Figure 2 | Measuring the bending stiffness of monolayer graphene.
a, Applying controlled forces to a gold pad using an infrared laser. The grey
triangle represents the probe tip that holds the device up off the surface; the red
triangle represents the focused laser beam. The cantilever displacement gives
the spring constant. b, Tracking the motion of a rotated device under thermal
fluctuations provides an independent measurement of the spring constant
(Extended Data Fig. 3). c, Stacked histogram of bending stiffness, and
interference micrographs of devices whose aluminium release layer has been
etched away, showing the structure of static ripples (inset). The spring constant
relates to the bending stiffness as k5 3kW/L3. The red arrow points to the
microscopic bending stiffness, k05 1.2 eV. Scale bars are 10mm. Interference
images were averaged over 180 frames at 90 frames per second.
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We move the graphene along the surface or peel it up entirely by
pushing a sharp probe tip into the gold pads or against the graphene
itself (Fig. 1b–d and Supplementary Video 1). The graphene’s elastic
behaviour is reminiscent of that of thin paper: it folds and crumples out
of plane, but does not notably stretch in plane (Fig. 1b). The process is
almost entirely reversible in the presence of surfactants, even after
considerable crumpling of the graphene.
Themechanical properties relevant for kirigami are captured by the

Föppl–von Kármán number7,8 for a square sheet of side length L and
thickness t: c5Y2DL

2/k< (L/t)2, that is, the ratio between the two-
dimensional Young’s modulus Y2D and the out-of-plane bending stiff-
ness k, multiplied by the length squared. To determine c, we measure
k by using the photon pressure from an infrared laser to apply a known
force to a pad attached to a graphene cantilever and measuring the
resulting displacement (Fig. 2a).We alsomeasure thermal fluctuations
of cantilevers to determine their spring constants (Fig. 2b and
Extended Data Fig. 4), which, according to the equipartition theorem,
are k~kBT=hx2thi, where T is temperature, kB is Boltzmann’s constant,
and hx2thi is the time-averaged square of the cantilever thermal fluc-
tuation amplitude. Although the presence of water (the aqueous solu-
tion in which the device is immersed) slows down the fluctuations, it
does not change the spring constant15,16. Cantilevers with lengths of
8–80 mm and widths of 2–15mm have spring constants of 1025–
1028 Nm21. These are astonishingly soft springs, as many as eight
orders of magnitude softer than a typical atomic force microscope
cantilever. The bending stiffness k is inferred from the measured
spring constant using k5 3kW/L3, where W and L are the width

and length of the cantilevers, respectively. The values obtained from
these thermalmeasurements and the lasermeasurements are shown in
Fig. 2c, and are seen to be orders ofmagnitude higher thank05 1.2 eV,
which is the value that is predicted from the microscopic bending
stiffness of graphene (known from simulations17 and measurements
of the phonon modes in graphite18).
Both thermal fluctuations and static ripples are predicted to notably

stiffen ultrathin crystalline membranes9–13,19,20 by effectively thick-
ening themembrane, similar to how a crumpled sheet of paper ismore
rigid than a flat one. For static ripples, the effective bending stiffness is
predicted to be9 kef f=k0<

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Y2Dhz2ef f i=k0

p
, where hz2ef f i is the space-

averaged square of the effective amplitude of the static ripples and
Y2D5 340Nm21 is the two-dimensional Young’s modulus3. For an
initially flat membrane with thermal fluctuations, the stiffness is pre-
dicted to be keff <k0(W/lc)

g , where lc~
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
32p3k20= 3Y2DkBTð Þ

p
is the

Ginzburg length19, and g is a scaling exponent.
We look for static ripples in graphene cantilevers using interference

microscopy21 (inset of Fig. 2c). The black bands in such images are
regions of constant elevation, with the spacing between black and
white bands corresponding to changes in z of l/4< 100 nm (where
l is the wavelength, corrected for the refractive index of water).With a
typical hz2eff i value from these measurements of about (100nm)2, we
obtain an effective bending stiffness of keff=k0 < 4; 000.
Static ripples are present only after releasing graphene from the

surface (Extended Data Fig. 2), and likely to be sample specific and
influenced by growth, fabrication details, and so on. Developing
growth and fabrication protocols that can change the amplitude of
the static ripples or eliminate them altogether is of great interest.
Other groups have observed ripples in suspended (strained) graphene
membranes5,22, although they occur at a much smaller scale and their
origin remains a subject of debate. Moreover, the thermal theory
outlined above predicts a bending stiffness at room temperature due
to thermal fluctuations of keff=k0 < 1; 000 for an initially flat mem-
brane. These contradictory findings call for future experiments to
firmly establish the relative contribution to bending stiffness of
thermal fluctuations and static ripples23. But irrespective of cause,
the high bending stiffness notably changes the effective c value,
ceff5YeffL

2/keff. With the predicted renormalization9,11 of Yeff, we
find that ceff is of the order of 105–107 for a sheet of graphene
10 mm3 10mm in size, close to that of a standard sheet of paper.
The mechanical similarity between graphene and paper makes it

easy to translate ideas and intuition directly from paper models to
graphene devices. For example, the highly stretchable graphene tran-
sistors in Fig. 3b, c and Supplementary Video 2 are based on a simple
kirigami pattern of alternating, offset cuts and are created using photo-
lithography.Here, the elasticity of the kirigami spring is determined by
the pattern of cuts and the bending stiffness (rather than the Young’s
modulus) of the graphene. As the reconstruction of the three-dimen-
sional shape of a stretched and lifted device in Fig. 3e shows, the
graphene strips pop up and bend out of plane as the spring is stretched.
We measure the electrical response of these stretchable transistors

by gating them with an approximately 10mM KCl solution24

(see Methods for details). Figure 3d plots the liquid-gate dependence
of the conductance at a source–drain bias of 100mV for a device in its
initial unstretched state (blue) and when stretched by 240% (orange).
The normalized change in conductancewith gate voltage per graphene
square is 0.7mSV21 and the resistance per graphene square at the
Dirac point is 12 kV, comparable to what has been reported for elec-
trolyte-gated graphene transistors24. Because the graphene lattice itself
is not much strained when the kirigami spring is extended, we do not
expect or observe a notable change in the conductance curves between
the unstretched and stretched states, which is highly desirable for
stretchable electronics25. Furthermore, stretching and unstretching a
similar device more than 1,000 times did not substantially change its
electrical properties.

b Thermal methoda Laser pressure method
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Figure 2 | Measuring the bending stiffness of monolayer graphene.
a, Applying controlled forces to a gold pad using an infrared laser. The grey
triangle represents the probe tip that holds the device up off the surface; the red
triangle represents the focused laser beam. The cantilever displacement gives
the spring constant. b, Tracking the motion of a rotated device under thermal
fluctuations provides an independent measurement of the spring constant
(Extended Data Fig. 3). c, Stacked histogram of bending stiffness, and
interference micrographs of devices whose aluminium release layer has been
etched away, showing the structure of static ripples (inset). The spring constant
relates to the bending stiffness as k5 3kW/L3. The red arrow points to the
microscopic bending stiffness, k05 1.2 eV. Scale bars are 10mm. Interference
images were averaged over 180 frames at 90 frames per second.
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We move the graphene along the surface or peel it up entirely by
pushing a sharp probe tip into the gold pads or against the graphene
itself (Fig. 1b–d and Supplementary Video 1). The graphene’s elastic
behaviour is reminiscent of that of thin paper: it folds and crumples out
of plane, but does not notably stretch in plane (Fig. 1b). The process is
almost entirely reversible in the presence of surfactants, even after
considerable crumpling of the graphene.
Themechanical properties relevant for kirigami are captured by the

Föppl–von Kármán number7,8 for a square sheet of side length L and
thickness t: c5Y2DL

2/k< (L/t)2, that is, the ratio between the two-
dimensional Young’s modulus Y2D and the out-of-plane bending stiff-
ness k, multiplied by the length squared. To determine c, we measure
k by using the photon pressure from an infrared laser to apply a known
force to a pad attached to a graphene cantilever and measuring the
resulting displacement (Fig. 2a).We alsomeasure thermal fluctuations
of cantilevers to determine their spring constants (Fig. 2b and
Extended Data Fig. 4), which, according to the equipartition theorem,
are k~kBT=hx2thi, where T is temperature, kB is Boltzmann’s constant,
and hx2thi is the time-averaged square of the cantilever thermal fluc-
tuation amplitude. Although the presence of water (the aqueous solu-
tion in which the device is immersed) slows down the fluctuations, it
does not change the spring constant15,16. Cantilevers with lengths of
8–80 mm and widths of 2–15mm have spring constants of 1025–
1028 Nm21. These are astonishingly soft springs, as many as eight
orders of magnitude softer than a typical atomic force microscope
cantilever. The bending stiffness k is inferred from the measured
spring constant using k5 3kW/L3, where W and L are the width

and length of the cantilevers, respectively. The values obtained from
these thermalmeasurements and the lasermeasurements are shown in
Fig. 2c, and are seen to be orders ofmagnitude higher thank05 1.2 eV,
which is the value that is predicted from the microscopic bending
stiffness of graphene (known from simulations17 and measurements
of the phonon modes in graphite18).
Both thermal fluctuations and static ripples are predicted to notably

stiffen ultrathin crystalline membranes9–13,19,20 by effectively thick-
ening themembrane, similar to how a crumpled sheet of paper ismore
rigid than a flat one. For static ripples, the effective bending stiffness is
predicted to be9 kef f=k0<

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Y2Dhz2ef f i=k0

p
, where hz2ef f i is the space-

averaged square of the effective amplitude of the static ripples and
Y2D5 340Nm21 is the two-dimensional Young’s modulus3. For an
initially flat membrane with thermal fluctuations, the stiffness is pre-
dicted to be keff <k0(W/lc)

g , where lc~
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
32p3k20= 3Y2DkBTð Þ

p
is the

Ginzburg length19, and g is a scaling exponent.
We look for static ripples in graphene cantilevers using interference

microscopy21 (inset of Fig. 2c). The black bands in such images are
regions of constant elevation, with the spacing between black and
white bands corresponding to changes in z of l/4< 100 nm (where
l is the wavelength, corrected for the refractive index of water).With a
typical hz2eff i value from these measurements of about (100nm)2, we
obtain an effective bending stiffness of keff=k0 < 4; 000.
Static ripples are present only after releasing graphene from the

surface (Extended Data Fig. 2), and likely to be sample specific and
influenced by growth, fabrication details, and so on. Developing
growth and fabrication protocols that can change the amplitude of
the static ripples or eliminate them altogether is of great interest.
Other groups have observed ripples in suspended (strained) graphene
membranes5,22, although they occur at a much smaller scale and their
origin remains a subject of debate. Moreover, the thermal theory
outlined above predicts a bending stiffness at room temperature due
to thermal fluctuations of keff=k0 < 1; 000 for an initially flat mem-
brane. These contradictory findings call for future experiments to
firmly establish the relative contribution to bending stiffness of
thermal fluctuations and static ripples23. But irrespective of cause,
the high bending stiffness notably changes the effective c value,
ceff5YeffL

2/keff. With the predicted renormalization9,11 of Yeff, we
find that ceff is of the order of 105–107 for a sheet of graphene
10 mm3 10mm in size, close to that of a standard sheet of paper.
The mechanical similarity between graphene and paper makes it

easy to translate ideas and intuition directly from paper models to
graphene devices. For example, the highly stretchable graphene tran-
sistors in Fig. 3b, c and Supplementary Video 2 are based on a simple
kirigami pattern of alternating, offset cuts and are created using photo-
lithography.Here, the elasticity of the kirigami spring is determined by
the pattern of cuts and the bending stiffness (rather than the Young’s
modulus) of the graphene. As the reconstruction of the three-dimen-
sional shape of a stretched and lifted device in Fig. 3e shows, the
graphene strips pop up and bend out of plane as the spring is stretched.
We measure the electrical response of these stretchable transistors

by gating them with an approximately 10mM KCl solution24

(see Methods for details). Figure 3d plots the liquid-gate dependence
of the conductance at a source–drain bias of 100mV for a device in its
initial unstretched state (blue) and when stretched by 240% (orange).
The normalized change in conductancewith gate voltage per graphene
square is 0.7mSV21 and the resistance per graphene square at the
Dirac point is 12 kV, comparable to what has been reported for elec-
trolyte-gated graphene transistors24. Because the graphene lattice itself
is not much strained when the kirigami spring is extended, we do not
expect or observe a notable change in the conductance curves between
the unstretched and stretched states, which is highly desirable for
stretchable electronics25. Furthermore, stretching and unstretching a
similar device more than 1,000 times did not substantially change its
electrical properties.
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Figure 2 | Measuring the bending stiffness of monolayer graphene.
a, Applying controlled forces to a gold pad using an infrared laser. The grey
triangle represents the probe tip that holds the device up off the surface; the red
triangle represents the focused laser beam. The cantilever displacement gives
the spring constant. b, Tracking the motion of a rotated device under thermal
fluctuations provides an independent measurement of the spring constant
(Extended Data Fig. 3). c, Stacked histogram of bending stiffness, and
interference micrographs of devices whose aluminium release layer has been
etched away, showing the structure of static ripples (inset). The spring constant
relates to the bending stiffness as k5 3kW/L3. The red arrow points to the
microscopic bending stiffness, k05 1.2 eV. Scale bars are 10mm. Interference
images were averaged over 180 frames at 90 frames per second.
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10µm

paper model of soft spring

graphene model of soft spring
APPLICATIONS:  

sensitive force sensors (10-15 N) 
microscale flexible electronics 

stretching of soft springs 
comes from bending of 

graphene and does not affect 
the electronic properties

M. K. Blees et al., Nature 524, 204 (2015)

GOAL: Study how thermal 
fluctuations and disorder 
affect the mechanics of 

such structures

A. Košmrlj and D. Nelson, 
PRB 93, 125431 (2016)

For study of thermalized 
ribbons see:



22How thermal fluctuations affect
the mechanics of spherical shells?

J. Paulose et al., PNAS 109, 19551 (2012)
A. Košmrlj and D.R. Nelson, PRX (2017) in press



23Elastic length scale
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stretching energy dominates for 

In spherical shells even very small 
indentations involve stretching:
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24Mechanics of thermalized spherical shells
Thermal fluctuations become important when thermal 

length scale becomes smaller than elastic length scale:

`th . `el =)
kBT



r
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& 1

increase renormalized bending rigidity

reduce renormalized Young’s modulus

Thermal fluctuations:

generate effective negative surface tension 
(equivalent to effective external pressure)

R > 

YR < Y

pR > p

p < pc p > pc

Thermal fluctuations 
effectively reduce the 

critical buckling pressure!
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In the presence of thermal fluctuations 
large shells become unstable even 
when pressure difference is zero! 

A. Košmrlj and D.R. Nelson, PRX (2017) in press

Rc ⇡ 160


kBT

r


Y
⇠ Et4

kBT

J. Paulose et al., PNAS 109, 19551 (2012)

Thermal fluctuations reduce
critical buckling pressure
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26Potential experimental test with polymersomes

Shum et al., JACS 130, 9543 (2008)

Shum et al., JACS 2008, 130, 9543

Microfluidic 
fabrication of 
polymersomes

Polymersome Radius, R = 30 µm 
Thickness, h = 10 nm

2 8

Foppl-von Karman number 

( / ) 10   R h
γ =

≈ =

!Start with “double emulsion” of 
ampiphillic diblock copolymers 
(PEG-b-PLA).
!Tune wetting properties to eject 
thin *crystalline* bilayer shells.
!Result is a delivery vehicle for 
dugs, flavors, colorings and 
fragrances that can be crushed by  
osmotic pressure

Thermal fluctuations again matter…

“double emulsion” 
of ampiphillic 

diblock copolymers 
(PEG-b-PLA)

tune wetting 
properties to eject 

thin crystalline 
bilayer shells

Shum et al., JACS 2008, 130, 9543

Microfluidic 
fabrication of 
polymersomes

Polymersome Radius, R = 30 µm 
Thickness, h = 10 nm

2 8

Foppl-von Karman number 

( / ) 10   R h
γ =

≈ =

!Start with “double emulsion” of 
ampiphillic diblock copolymers 
(PEG-b-PLA).
!Tune wetting properties to eject 
thin *crystalline* bilayer shells.
!Result is a delivery vehicle for 
dugs, flavors, colorings and 
fragrances that can be crushed by  
osmotic pressure

Thermal fluctuations again matter…

crush 
polymersomes 
with osmotic 

shock

Can make 
polymersomes of 

size                  , 
but they may be 
under osmotic 

pressure!

R ⇠ 100µm

If osmotic 
pressure can be 
matched, then
Rc ⇠ 100µm

thickness
t ⇡ 10nm
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mechanical properties 

of membranes?



Periodic elastic structures

strain, leading to the formation of a periodic array of elongated,
almost closed ellipses, as shown in Fig. 2D for 3 ¼ "0.21. Since
the specimens are made of an elastomeric material, the process
is fully reversible and repeatable. Upon release of the applied
vertical displacement, the deformed structures recover their
original congurations.

Interestingly, Figs. 2C–D clearly shows that the porous
structures 3.6.3.6 and 3.4.6.4 buckle into a chiral pattern, while
the initially expanded congurations are non-chiral. Therefore,
in these two systems buckling acts as a reversible chiral
symmetry breaking mechanism. Despite many studies on
pattern formation induced by mechanical instabilities,15

relatively little is known about the use of buckling as a reversible
chiral symmetry breaking mechanism. Although several
processes have been recently reported to form chiral
patterns,19–23 all of these work only at a specic length-scale,
preventing their use for the formation of chiral structures over a
wide range of length scales, as required by applications.
Furthermore, most of these chiral symmetry breaking processes
are irreversible19–21 and only few systems have been demon-
strated to be capable of reversibly switching between non-chiral
and chiral congurations.22,23 Remarkably, since the mecha-
nism discovered here exploits a mechanical instability that is
scale independent, our results raise opportunities for reversible
chiral symmetry breaking over a wide range of length scales.

Both experiments and simulations reported in Fig. 2 clearly
indicate that the onset of instability is strongly affected by the
arrangement of the holes. A more quantitative comparison
between the response of the structures investigated in this
paper can be made by inspecting the evolution of stress during
both experiments and simulations (see Fig. 3). Although all
structures are characterized by roughly the same porosity, the

hole arrangement is found to strongly affect both the effective
modulus Ē (calculated as the initial slope of the stress–strain
curves reported in Fig. 3) and the critical strain 3cr (calculated as
the strain at which the stress–strain curves reported in Fig. 3
plateau), demonstrating that through a careful choice of the

Fig. 2 Numerical (left) and experimental (right) images of all four structures (4.4.4.4, 3.3.3.3.3.3, 3.6.3.6 and 3.4.6.4) at different levels of deformation: (A) 3¼ 0.00, (B)
3 ¼ "0.07, (C) 3 ¼ "0.15 and (D) 3 ¼ "0.21. All configurations are characterized by an initial void-volume-fraction j z 0.5. Scale bars: 20 mm.

Fig. 3 (A) Experimental and numerical stress–strain curves for the four struc-
tures. S denotes the nominal stress (calculated as force divided by the cross-
sectional area in the undeformed configuration). Dashed lines correspond to
experiments and solid lines to simulations. Note that for 3 < "0.20 the porous
structure 4.4.4.4. shows a stiffening behavior due to densification. A similar
response is observed also for the other three structures, but for larger values of
applied strain 3. (B) Table summarizing the mechanical properties of the four
periodic structures measured from experiments and simulations.
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strain, leading to the formation of a periodic array of elongated,
almost closed ellipses, as shown in Fig. 2D for 3 ¼ "0.21. Since
the specimens are made of an elastomeric material, the process
is fully reversible and repeatable. Upon release of the applied
vertical displacement, the deformed structures recover their
original congurations.

Interestingly, Figs. 2C–D clearly shows that the porous
structures 3.6.3.6 and 3.4.6.4 buckle into a chiral pattern, while
the initially expanded congurations are non-chiral. Therefore,
in these two systems buckling acts as a reversible chiral
symmetry breaking mechanism. Despite many studies on
pattern formation induced by mechanical instabilities,15

relatively little is known about the use of buckling as a reversible
chiral symmetry breaking mechanism. Although several
processes have been recently reported to form chiral
patterns,19–23 all of these work only at a specic length-scale,
preventing their use for the formation of chiral structures over a
wide range of length scales, as required by applications.
Furthermore, most of these chiral symmetry breaking processes
are irreversible19–21 and only few systems have been demon-
strated to be capable of reversibly switching between non-chiral
and chiral congurations.22,23 Remarkably, since the mecha-
nism discovered here exploits a mechanical instability that is
scale independent, our results raise opportunities for reversible
chiral symmetry breaking over a wide range of length scales.

Both experiments and simulations reported in Fig. 2 clearly
indicate that the onset of instability is strongly affected by the
arrangement of the holes. A more quantitative comparison
between the response of the structures investigated in this
paper can be made by inspecting the evolution of stress during
both experiments and simulations (see Fig. 3). Although all
structures are characterized by roughly the same porosity, the

hole arrangement is found to strongly affect both the effective
modulus Ē (calculated as the initial slope of the stress–strain
curves reported in Fig. 3) and the critical strain 3cr (calculated as
the strain at which the stress–strain curves reported in Fig. 3
plateau), demonstrating that through a careful choice of the

Fig. 2 Numerical (left) and experimental (right) images of all four structures (4.4.4.4, 3.3.3.3.3.3, 3.6.3.6 and 3.4.6.4) at different levels of deformation: (A) 3¼ 0.00, (B)
3 ¼ "0.07, (C) 3 ¼ "0.15 and (D) 3 ¼ "0.21. All configurations are characterized by an initial void-volume-fraction j z 0.5. Scale bars: 20 mm.

Fig. 3 (A) Experimental and numerical stress–strain curves for the four struc-
tures. S denotes the nominal stress (calculated as force divided by the cross-
sectional area in the undeformed configuration). Dashed lines correspond to
experiments and solid lines to simulations. Note that for 3 < "0.20 the porous
structure 4.4.4.4. shows a stiffening behavior due to densification. A similar
response is observed also for the other three structures, but for larger values of
applied strain 3. (B) Table summarizing the mechanical properties of the four
periodic structures measured from experiments and simulations.
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strain, leading to the formation of a periodic array of elongated,
almost closed ellipses, as shown in Fig. 2D for 3 ¼ "0.21. Since
the specimens are made of an elastomeric material, the process
is fully reversible and repeatable. Upon release of the applied
vertical displacement, the deformed structures recover their
original congurations.

Interestingly, Figs. 2C–D clearly shows that the porous
structures 3.6.3.6 and 3.4.6.4 buckle into a chiral pattern, while
the initially expanded congurations are non-chiral. Therefore,
in these two systems buckling acts as a reversible chiral
symmetry breaking mechanism. Despite many studies on
pattern formation induced by mechanical instabilities,15

relatively little is known about the use of buckling as a reversible
chiral symmetry breaking mechanism. Although several
processes have been recently reported to form chiral
patterns,19–23 all of these work only at a specic length-scale,
preventing their use for the formation of chiral structures over a
wide range of length scales, as required by applications.
Furthermore, most of these chiral symmetry breaking processes
are irreversible19–21 and only few systems have been demon-
strated to be capable of reversibly switching between non-chiral
and chiral congurations.22,23 Remarkably, since the mecha-
nism discovered here exploits a mechanical instability that is
scale independent, our results raise opportunities for reversible
chiral symmetry breaking over a wide range of length scales.

Both experiments and simulations reported in Fig. 2 clearly
indicate that the onset of instability is strongly affected by the
arrangement of the holes. A more quantitative comparison
between the response of the structures investigated in this
paper can be made by inspecting the evolution of stress during
both experiments and simulations (see Fig. 3). Although all
structures are characterized by roughly the same porosity, the

hole arrangement is found to strongly affect both the effective
modulus Ē (calculated as the initial slope of the stress–strain
curves reported in Fig. 3) and the critical strain 3cr (calculated as
the strain at which the stress–strain curves reported in Fig. 3
plateau), demonstrating that through a careful choice of the

Fig. 2 Numerical (left) and experimental (right) images of all four structures (4.4.4.4, 3.3.3.3.3.3, 3.6.3.6 and 3.4.6.4) at different levels of deformation: (A) 3¼ 0.00, (B)
3 ¼ "0.07, (C) 3 ¼ "0.15 and (D) 3 ¼ "0.21. All configurations are characterized by an initial void-volume-fraction j z 0.5. Scale bars: 20 mm.

Fig. 3 (A) Experimental and numerical stress–strain curves for the four struc-
tures. S denotes the nominal stress (calculated as force divided by the cross-
sectional area in the undeformed configuration). Dashed lines correspond to
experiments and solid lines to simulations. Note that for 3 < "0.20 the porous
structure 4.4.4.4. shows a stiffening behavior due to densification. A similar
response is observed also for the other three structures, but for larger values of
applied strain 3. (B) Table summarizing the mechanical properties of the four
periodic structures measured from experiments and simulations.
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How these structures deform due to mechanical stress?



Negative Poisson’s ratio

Most natural materials have
positive Poisson’s ratio

K. Bertoldi, P. M. Reis, S. Willshaw and T. Mullin, Adv. Mater. 22, 361 (2010)

29



Spontaneous chiral symmetry breaking

strain, leading to the formation of a periodic array of elongated,
almost closed ellipses, as shown in Fig. 2D for 3 ¼ "0.21. Since
the specimens are made of an elastomeric material, the process
is fully reversible and repeatable. Upon release of the applied
vertical displacement, the deformed structures recover their
original congurations.

Interestingly, Figs. 2C–D clearly shows that the porous
structures 3.6.3.6 and 3.4.6.4 buckle into a chiral pattern, while
the initially expanded congurations are non-chiral. Therefore,
in these two systems buckling acts as a reversible chiral
symmetry breaking mechanism. Despite many studies on
pattern formation induced by mechanical instabilities,15

relatively little is known about the use of buckling as a reversible
chiral symmetry breaking mechanism. Although several
processes have been recently reported to form chiral
patterns,19–23 all of these work only at a specic length-scale,
preventing their use for the formation of chiral structures over a
wide range of length scales, as required by applications.
Furthermore, most of these chiral symmetry breaking processes
are irreversible19–21 and only few systems have been demon-
strated to be capable of reversibly switching between non-chiral
and chiral congurations.22,23 Remarkably, since the mecha-
nism discovered here exploits a mechanical instability that is
scale independent, our results raise opportunities for reversible
chiral symmetry breaking over a wide range of length scales.

Both experiments and simulations reported in Fig. 2 clearly
indicate that the onset of instability is strongly affected by the
arrangement of the holes. A more quantitative comparison
between the response of the structures investigated in this
paper can be made by inspecting the evolution of stress during
both experiments and simulations (see Fig. 3). Although all
structures are characterized by roughly the same porosity, the

hole arrangement is found to strongly affect both the effective
modulus Ē (calculated as the initial slope of the stress–strain
curves reported in Fig. 3) and the critical strain 3cr (calculated as
the strain at which the stress–strain curves reported in Fig. 3
plateau), demonstrating that through a careful choice of the

Fig. 2 Numerical (left) and experimental (right) images of all four structures (4.4.4.4, 3.3.3.3.3.3, 3.6.3.6 and 3.4.6.4) at different levels of deformation: (A) 3¼ 0.00, (B)
3 ¼ "0.07, (C) 3 ¼ "0.15 and (D) 3 ¼ "0.21. All configurations are characterized by an initial void-volume-fraction j z 0.5. Scale bars: 20 mm.

Fig. 3 (A) Experimental and numerical stress–strain curves for the four struc-
tures. S denotes the nominal stress (calculated as force divided by the cross-
sectional area in the undeformed configuration). Dashed lines correspond to
experiments and solid lines to simulations. Note that for 3 < "0.20 the porous
structure 4.4.4.4. shows a stiffening behavior due to densification. A similar
response is observed also for the other three structures, but for larger values of
applied strain 3. (B) Table summarizing the mechanical properties of the four
periodic structures measured from experiments and simulations.
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J. Shim, S. Shan, A. Košmrlj et al., Soft Matter 9, 8198 (2013)

chirala-chiral
mirror symmetry no mirror symmetry

30

strain, leading to the formation of a periodic array of elongated,
almost closed ellipses, as shown in Fig. 2D for 3 ¼ "0.21. Since
the specimens are made of an elastomeric material, the process
is fully reversible and repeatable. Upon release of the applied
vertical displacement, the deformed structures recover their
original congurations.

Interestingly, Figs. 2C–D clearly shows that the porous
structures 3.6.3.6 and 3.4.6.4 buckle into a chiral pattern, while
the initially expanded congurations are non-chiral. Therefore,
in these two systems buckling acts as a reversible chiral
symmetry breaking mechanism. Despite many studies on
pattern formation induced by mechanical instabilities,15

relatively little is known about the use of buckling as a reversible
chiral symmetry breaking mechanism. Although several
processes have been recently reported to form chiral
patterns,19–23 all of these work only at a specic length-scale,
preventing their use for the formation of chiral structures over a
wide range of length scales, as required by applications.
Furthermore, most of these chiral symmetry breaking processes
are irreversible19–21 and only few systems have been demon-
strated to be capable of reversibly switching between non-chiral
and chiral congurations.22,23 Remarkably, since the mecha-
nism discovered here exploits a mechanical instability that is
scale independent, our results raise opportunities for reversible
chiral symmetry breaking over a wide range of length scales.

Both experiments and simulations reported in Fig. 2 clearly
indicate that the onset of instability is strongly affected by the
arrangement of the holes. A more quantitative comparison
between the response of the structures investigated in this
paper can be made by inspecting the evolution of stress during
both experiments and simulations (see Fig. 3). Although all
structures are characterized by roughly the same porosity, the

hole arrangement is found to strongly affect both the effective
modulus Ē (calculated as the initial slope of the stress–strain
curves reported in Fig. 3) and the critical strain 3cr (calculated as
the strain at which the stress–strain curves reported in Fig. 3
plateau), demonstrating that through a careful choice of the

Fig. 2 Numerical (left) and experimental (right) images of all four structures (4.4.4.4, 3.3.3.3.3.3, 3.6.3.6 and 3.4.6.4) at different levels of deformation: (A) 3¼ 0.00, (B)
3 ¼ "0.07, (C) 3 ¼ "0.15 and (D) 3 ¼ "0.21. All configurations are characterized by an initial void-volume-fraction j z 0.5. Scale bars: 20 mm.

Fig. 3 (A) Experimental and numerical stress–strain curves for the four struc-
tures. S denotes the nominal stress (calculated as force divided by the cross-
sectional area in the undeformed configuration). Dashed lines correspond to
experiments and solid lines to simulations. Note that for 3 < "0.20 the porous
structure 4.4.4.4. shows a stiffening behavior due to densification. A similar
response is observed also for the other three structures, but for larger values of
applied strain 3. (B) Table summarizing the mechanical properties of the four
periodic structures measured from experiments and simulations.
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strain, leading to the formation of a periodic array of elongated,
almost closed ellipses, as shown in Fig. 2D for 3 ¼ "0.21. Since
the specimens are made of an elastomeric material, the process
is fully reversible and repeatable. Upon release of the applied
vertical displacement, the deformed structures recover their
original congurations.

Interestingly, Figs. 2C–D clearly shows that the porous
structures 3.6.3.6 and 3.4.6.4 buckle into a chiral pattern, while
the initially expanded congurations are non-chiral. Therefore,
in these two systems buckling acts as a reversible chiral
symmetry breaking mechanism. Despite many studies on
pattern formation induced by mechanical instabilities,

15

relatively little is known about the use of buckling as a reversible
chiral symmetry breaking mechanism. Although several
processes have been recently reported to form chiral
patterns,

19–23
all of these work only at a specic length-scale,

preventing their use for the formation of chiral structures over a
wide range of length scales, as required by applications.
Furthermore, most of these chiral symmetry breaking processes
are irreversible

19–21
and only few systems have been demon-

strated to be capable of reversibly switching between non-chiral
and chiral congurations.

22,23
Remarkably, since the mecha-

nism discovered here exploits a mechanical instability that is
scale independent, our results raise opportunities for reversible
chiral symmetry breaking over a wide range of length scales.

Both experiments and simulations reported in Fig. 2 clearly
indicate that the onset of instability is strongly affected by the
arrangement of the holes. A more quantitative comparison
between the response of the structures investigated in this
paper can be made by inspecting the evolution of stress during
both experiments and simulations (see Fig. 3). Although all
structures are characterized by roughly the same porosity, the

hole arrangement is found to strongly affect both the effective
modulus Ē (calculated as the initial slope of the stress–strain
curves reported in Fig. 3) and the critical strain 3cr (calculated as
the strain at which the stress–strain curves reported in Fig. 3
plateau), demonstrating that through a careful choice of the

Fig. 2 Numerical (left) and experimental (right) images of all four structures (4.4.4.4, 3.3.3.3.3.3, 3.6.3.6 and 3.4.6.4) at different levels of deformation: (A) 3¼ 0.00, (B)
3 ¼ "0.07, (C) 3 ¼ "0.15 and (D) 3 ¼ "0.21. All configurations are characterized by an initial void-volume-fraction j z 0.5. Scale bars: 20 mm.

Fig. 3 (A) Experimental and numerical stress–strain curves for the four struc-
tures. S denotes the nominal stress (calculated as force divided by the cross-
sectional area in the undeformed configuration). Dashed lines correspond to
experiments and solid lines to simulations. Note that for 3 < "0.20 the porous
structure 4.4.4.4. shows a stiffening behavior due to densification. A similar
response is observed also for the other three structures, but for larger values of
applied strain 3. (B) Table summarizing the mechanical properties of the four
periodic structures measured from experiments and simulations.
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strain, leading to the formation of a periodic array of elongated,
almost closed ellipses, as shown in Fig. 2D for 3 ¼ "0.21. Since
the specimens are made of an elastomeric material, the process
is fully reversible and repeatable. Upon release of the applied
vertical displacement, the deformed structures recover their
original congurations.

Interestingly, Figs. 2C–D clearly shows that the porous
structures 3.6.3.6 and 3.4.6.4 buckle into a chiral pattern, while
the initially expanded congurations are non-chiral. Therefore,
in these two systems buckling acts as a reversible chiral
symmetry breaking mechanism. Despite many studies on
pattern formation induced by mechanical instabilities,

15

relatively little is known about the use of buckling as a reversible
chiral symmetry breaking mechanism. Although several
processes have been recently reported to form chiral
patterns,

19–23
all of these work only at a specic length-scale,

preventing their use for the formation of chiral structures over a
wide range of length scales, as required by applications.
Furthermore, most of these chiral symmetry breaking processes
are irreversible

19–21
and only few systems have been demon-

strated to be capable of reversibly switching between non-chiral
and chiral congurations.

22,23
Remarkably, since the mecha-

nism discovered here exploits a mechanical instability that is
scale independent, our results raise opportunities for reversible
chiral symmetry breaking over a wide range of length scales.

Both experiments and simulations reported in Fig. 2 clearly
indicate that the onset of instability is strongly affected by the
arrangement of the holes. A more quantitative comparison
between the response of the structures investigated in this
paper can be made by inspecting the evolution of stress during
both experiments and simulations (see Fig. 3). Although all
structures are characterized by roughly the same porosity, the

hole arrangement is found to strongly affect both the effective
modulus Ē (calculated as the initial slope of the stress–strain
curves reported in Fig. 3) and the critical strain 3cr (calculated as
the strain at which the stress–strain curves reported in Fig. 3
plateau), demonstrating that through a careful choice of the

Fig. 2 Numerical (left) and experimental (right) images of all four structures (4.4.4.4, 3.3.3.3.3.3, 3.6.3.6 and 3.4.6.4) at different levels of deformation: (A) 3¼ 0.00, (B)
3 ¼ "0.07, (C) 3 ¼ "0.15 and (D) 3 ¼ "0.21. All configurations are characterized by an initial void-volume-fraction j z 0.5. Scale bars: 20 mm.

Fig. 3 (A) Experimental and numerical stress–strain curves for the four struc-
tures. S denotes the nominal stress (calculated as force divided by the cross-
sectional area in the undeformed configuration). Dashed lines correspond to
experiments and solid lines to simulations. Note that for 3 < "0.20 the porous
structure 4.4.4.4. shows a stiffening behavior due to densification. A similar
response is observed also for the other three structures, but for larger values of
applied strain 3. (B) Table summarizing the mechanical properties of the four
periodic structures measured from experiments and simulations.
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Buckled structures as sensors

strain, leading to the formation of a periodic array of elongated,
almost closed ellipses, as shown in Fig. 2D for 3 ¼ "0.21. Since
the specimens are made of an elastomeric material, the process
is fully reversible and repeatable. Upon release of the applied
vertical displacement, the deformed structures recover their
original congurations.

Interestingly, Figs. 2C–D clearly shows that the porous
structures 3.6.3.6 and 3.4.6.4 buckle into a chiral pattern, while
the initially expanded congurations are non-chiral. Therefore,
in these two systems buckling acts as a reversible chiral
symmetry breaking mechanism. Despite many studies on
pattern formation induced by mechanical instabilities,15

relatively little is known about the use of buckling as a reversible
chiral symmetry breaking mechanism. Although several
processes have been recently reported to form chiral
patterns,19–23 all of these work only at a specic length-scale,
preventing their use for the formation of chiral structures over a
wide range of length scales, as required by applications.
Furthermore, most of these chiral symmetry breaking processes
are irreversible19–21 and only few systems have been demon-
strated to be capable of reversibly switching between non-chiral
and chiral congurations.22,23 Remarkably, since the mecha-
nism discovered here exploits a mechanical instability that is
scale independent, our results raise opportunities for reversible
chiral symmetry breaking over a wide range of length scales.

Both experiments and simulations reported in Fig. 2 clearly
indicate that the onset of instability is strongly affected by the
arrangement of the holes. A more quantitative comparison
between the response of the structures investigated in this
paper can be made by inspecting the evolution of stress during
both experiments and simulations (see Fig. 3). Although all
structures are characterized by roughly the same porosity, the

hole arrangement is found to strongly affect both the effective
modulus Ē (calculated as the initial slope of the stress–strain
curves reported in Fig. 3) and the critical strain 3cr (calculated as
the strain at which the stress–strain curves reported in Fig. 3
plateau), demonstrating that through a careful choice of the

Fig. 2 Numerical (left) and experimental (right) images of all four structures (4.4.4.4, 3.3.3.3.3.3, 3.6.3.6 and 3.4.6.4) at different levels of deformation: (A) 3¼ 0.00, (B)
3 ¼ "0.07, (C) 3 ¼ "0.15 and (D) 3 ¼ "0.21. All configurations are characterized by an initial void-volume-fraction j z 0.5. Scale bars: 20 mm.

Fig. 3 (A) Experimental and numerical stress–strain curves for the four struc-
tures. S denotes the nominal stress (calculated as force divided by the cross-
sectional area in the undeformed configuration). Dashed lines correspond to
experiments and solid lines to simulations. Note that for 3 < "0.20 the porous
structure 4.4.4.4. shows a stiffening behavior due to densification. A similar
response is observed also for the other three structures, but for larger values of
applied strain 3. (B) Table summarizing the mechanical properties of the four
periodic structures measured from experiments and simulations.
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strain, leading to the formation of a periodic array of elongated,
almost closed ellipses, as shown in Fig. 2D for 3 ¼ "0.21. Since
the specimens are made of an elastomeric material, the process
is fully reversible and repeatable. Upon release of the applied
vertical displacement, the deformed structures recover their
original congurations.

Interestingly, Figs. 2C–D clearly shows that the porous
structures 3.6.3.6 and 3.4.6.4 buckle into a chiral pattern, while
the initially expanded congurations are non-chiral. Therefore,
in these two systems buckling acts as a reversible chiral
symmetry breaking mechanism. Despite many studies on
pattern formation induced by mechanical instabilities,15

relatively little is known about the use of buckling as a reversible
chiral symmetry breaking mechanism. Although several
processes have been recently reported to form chiral
patterns,19–23 all of these work only at a specic length-scale,
preventing their use for the formation of chiral structures over a
wide range of length scales, as required by applications.
Furthermore, most of these chiral symmetry breaking processes
are irreversible19–21 and only few systems have been demon-
strated to be capable of reversibly switching between non-chiral
and chiral congurations.22,23 Remarkably, since the mecha-
nism discovered here exploits a mechanical instability that is
scale independent, our results raise opportunities for reversible
chiral symmetry breaking over a wide range of length scales.

Both experiments and simulations reported in Fig. 2 clearly
indicate that the onset of instability is strongly affected by the
arrangement of the holes. A more quantitative comparison
between the response of the structures investigated in this
paper can be made by inspecting the evolution of stress during
both experiments and simulations (see Fig. 3). Although all
structures are characterized by roughly the same porosity, the

hole arrangement is found to strongly affect both the effective
modulus Ē (calculated as the initial slope of the stress–strain
curves reported in Fig. 3) and the critical strain 3cr (calculated as
the strain at which the stress–strain curves reported in Fig. 3
plateau), demonstrating that through a careful choice of the

Fig. 2 Numerical (left) and experimental (right) images of all four structures (4.4.4.4, 3.3.3.3.3.3, 3.6.3.6 and 3.4.6.4) at different levels of deformation: (A) 3¼ 0.00, (B)
3 ¼ "0.07, (C) 3 ¼ "0.15 and (D) 3 ¼ "0.21. All configurations are characterized by an initial void-volume-fraction j z 0.5. Scale bars: 20 mm.

Fig. 3 (A) Experimental and numerical stress–strain curves for the four struc-
tures. S denotes the nominal stress (calculated as force divided by the cross-
sectional area in the undeformed configuration). Dashed lines correspond to
experiments and solid lines to simulations. Note that for 3 < "0.20 the porous
structure 4.4.4.4. shows a stiffening behavior due to densification. A similar
response is observed also for the other three structures, but for larger values of
applied strain 3. (B) Table summarizing the mechanical properties of the four
periodic structures measured from experiments and simulations.
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diminished significantly after compression although it was not

completely lost at this strain level (Fig. 2b). This could be

attributed to the smaller pore size and porosity. The width of

the minor axes of the ellipse further decreased, from hundreds

of nanometers to a few nanometers, as the strain was increased.

When 3 was increased to !20 " 2%, the holes were almost

closed into lines (see Fig. 2c, h and m) and the SMP membrane

became quite transparent, much like the bulk film. At 3 ! 30 "
2%, the holes were closed-up and the surface became nearly

featureless (Fig. 2d, i and n). No further change of transparency

was observed. When any of the above deformed SMP

membranes were reheated to 90 #C, the original periodic

structure was restored nearly to completion (97.6% of the

original hole size and 100% of the original pitch), as evident by

the SEM images and the regeneration of strong diffraction color

(Fig. 2e, j and o and Movie S1†). Surprisingly, even the one with

completely closed pores was restored, suggesting that the

adhesive energy between the pore surfaces was much smaller

than the elastic recovery energy. The different colors displayed

in Fig. 2a (the original film) and Fig. 2e (the recovered one)

could be caused by a small misalignment of incident light during

photo shooting which could lead to appearance of a different

color. When 3 was greater than 50%, the 2D grating with air

holes and its color could no longer be completely recovered due

to the permanent deformation of the polymer network.

The reversible switching between the colorful displays to

transparency was repeated successfully for more than 10 cycles

with 3 < 50%, and the recovery of diffraction color occurred

within a few seconds (seeMovie S1†). According to SEM images,

the hole diameter and pitch of the recovered film decreased

slightly to 94.4% and 98.4% of the original one, respectively, after

three cycles and to 89.7% and 98.0% of the original one,

respectively, after ten cycles. The diffraction color displayed at

any of the temporary states could be reprogrammed on demand

by precise control of the applied strain level and temperature/

load of deformation. Hence, it is possible to build a color spec-

trum by carefully tuning the mechanical deformation. Further,

we may achieve a full-color display by combining the instability

and design of the original microstructures with variable struc-

tural parameters.

During the pattern transformation and recovery processes, the

air holes were squeezed out and restored, respectively, which

would result in a dramatic transparency change. As a proof-of-

concept, we placed two SMPmembranes on a paper printed with

‘‘Penn’’ logos: one was hot-pressed at 3 ! 30 " 2% (the left one),

and the other was the original, non-deformed one (the right one,

see illustration in Fig. 3a). Due to diffraction from the surface of

the original membrane with pores in a hexagonal array, the

‘‘Penn’’ letters beneath it could not be clearly viewed, in sharp

contrast to that beneath the deformed membrane (see Fig. 3b).

The transparency change was further investigated by UV-Vis

spectroscopy at different thermal and mechanical treatments

(Fig. 3c) using the bulk SMP film as a reference. As expected, the

original sample (A) has the lowest transmittance (e.g. 28.1% at l

¼ 600 nm). For the hot-pressed samples, sample (B) that was

deformed at 3 ! 13 " 2% shows improved transmittance, 46.9%

at 600 nm, and the sample (C), which was deformed at 3 ! 30 "
2% with closed voids, has the highest transmittance, 88.8% at

600 nm, in comparison with the bulk SMP film. The slightly

lowered transparency may be attributed to the surface roughness

of the SMP membrane introduced by the Teflon sheets and dust

particles trapped on the sample surface during hot-pressing and

press release. Finally, the recovered sample (D) shows low

transmittance (32.5% at 600 nm), close to that of the original

membrane in the UV-visible region.

Fig. 2 Pattern transformation and recovery in a 2D SMP membrane.

Optical images of the: original (a); partially deformed, 3 ! 13 " 2% (b)

and 3 ! 20 " 2% (c); completely deformed, 3 ! 30 " 2% (d); and

recovered SMP membranes (e). (f–j) Corresponding SEM images of the

SMP membranes shown in (a–e). (k–o) Higher magnification SEM

images of (f–j).

Fig. 3 Display of ‘‘Penn’’ logos underneath 2D SMP membranes. (a)

Schematic illustration of transparency comparison between the deformed

and the original SMP membranes. (b) Optical images of the deformed

and original SMP membranes on top of the ‘‘Penn’’ logo. The ‘‘Penn’’

underneath the original membrane is hardly legible but clearly

visible under the deformed sample. (c) UV-Vis spectra of different 2D

SMP membranes (A–D) using the bulk SMP film as a reference. A.

Original. B. Deformed at 3 ! 13 " 2%. C. Deformed at 3 ! 30 " 2%. D.

Recovered one.
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diminished significantly after compression although it was not

completely lost at this strain level (Fig. 2b). This could be

attributed to the smaller pore size and porosity. The width of

the minor axes of the ellipse further decreased, from hundreds

of nanometers to a few nanometers, as the strain was increased.

When 3 was increased to !20 " 2%, the holes were almost

closed into lines (see Fig. 2c, h and m) and the SMP membrane

became quite transparent, much like the bulk film. At 3 ! 30 "
2%, the holes were closed-up and the surface became nearly

featureless (Fig. 2d, i and n). No further change of transparency

was observed. When any of the above deformed SMP

membranes were reheated to 90 #C, the original periodic

structure was restored nearly to completion (97.6% of the

original hole size and 100% of the original pitch), as evident by

the SEM images and the regeneration of strong diffraction color

(Fig. 2e, j and o and Movie S1†). Surprisingly, even the one with

completely closed pores was restored, suggesting that the

adhesive energy between the pore surfaces was much smaller

than the elastic recovery energy. The different colors displayed

in Fig. 2a (the original film) and Fig. 2e (the recovered one)

could be caused by a small misalignment of incident light during

photo shooting which could lead to appearance of a different

color. When 3 was greater than 50%, the 2D grating with air

holes and its color could no longer be completely recovered due

to the permanent deformation of the polymer network.

The reversible switching between the colorful displays to

transparency was repeated successfully for more than 10 cycles

with 3 < 50%, and the recovery of diffraction color occurred

within a few seconds (seeMovie S1†). According to SEM images,

the hole diameter and pitch of the recovered film decreased

slightly to 94.4% and 98.4% of the original one, respectively, after

three cycles and to 89.7% and 98.0% of the original one,

respectively, after ten cycles. The diffraction color displayed at

any of the temporary states could be reprogrammed on demand

by precise control of the applied strain level and temperature/

load of deformation. Hence, it is possible to build a color spec-

trum by carefully tuning the mechanical deformation. Further,

we may achieve a full-color display by combining the instability

and design of the original microstructures with variable struc-

tural parameters.

During the pattern transformation and recovery processes, the

air holes were squeezed out and restored, respectively, which

would result in a dramatic transparency change. As a proof-of-

concept, we placed two SMPmembranes on a paper printed with

‘‘Penn’’ logos: one was hot-pressed at 3 ! 30 " 2% (the left one),

and the other was the original, non-deformed one (the right one,

see illustration in Fig. 3a). Due to diffraction from the surface of

the original membrane with pores in a hexagonal array, the

‘‘Penn’’ letters beneath it could not be clearly viewed, in sharp

contrast to that beneath the deformed membrane (see Fig. 3b).

The transparency change was further investigated by UV-Vis

spectroscopy at different thermal and mechanical treatments

(Fig. 3c) using the bulk SMP film as a reference. As expected, the

original sample (A) has the lowest transmittance (e.g. 28.1% at l

¼ 600 nm). For the hot-pressed samples, sample (B) that was

deformed at 3 ! 13 " 2% shows improved transmittance, 46.9%

at 600 nm, and the sample (C), which was deformed at 3 ! 30 "
2% with closed voids, has the highest transmittance, 88.8% at

600 nm, in comparison with the bulk SMP film. The slightly

lowered transparency may be attributed to the surface roughness

of the SMP membrane introduced by the Teflon sheets and dust

particles trapped on the sample surface during hot-pressing and

press release. Finally, the recovered sample (D) shows low

transmittance (32.5% at 600 nm), close to that of the original

membrane in the UV-visible region.

Fig. 2 Pattern transformation and recovery in a 2D SMP membrane.

Optical images of the: original (a); partially deformed, 3 ! 13 " 2% (b)

and 3 ! 20 " 2% (c); completely deformed, 3 ! 30 " 2% (d); and

recovered SMP membranes (e). (f–j) Corresponding SEM images of the

SMP membranes shown in (a–e). (k–o) Higher magnification SEM

images of (f–j).

Fig. 3 Display of ‘‘Penn’’ logos underneath 2D SMP membranes. (a)

Schematic illustration of transparency comparison between the deformed

and the original SMP membranes. (b) Optical images of the deformed

and original SMP membranes on top of the ‘‘Penn’’ logo. The ‘‘Penn’’

underneath the original membrane is hardly legible but clearly

visible under the deformed sample. (c) UV-Vis spectra of different 2D

SMP membranes (A–D) using the bulk SMP film as a reference. A.

Original. B. Deformed at 3 ! 13 " 2%. C. Deformed at 3 ! 30 " 2%. D.

Recovered one.
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Chameleon Changes in osmotic concentration lead to the 
swelling of cells in excited chameleon. This 
changes the spacing of periodic structure 
from which the ambient light is reflected.

crystal size and a range of lattice parameter (distance) values
measured on TEM images of various excited and unexcited
male panther chameleon skin samples of different colours
(Supplementary Table 1). The irreducible Brillouin zone was
meshed (Fig. 2d) and the photonic band structure was computed
for each vertex using block-iterative frequency-domain
methods26 (Supplementary Fig. 3). As no preferential
orientation of photonic crystals relative to skin surface was
observed in S-iridophores, we also computed the average among
all directions. Reflectivity was set to unity in the gapped region
and convolution with standard X, Y, Z spectral functions returned
simulated colours (Supplementary Movie 5) that closely match
those observed in vivo (Fig. 1b) and during osmotic pressure
experiments (Fig. 2c).

Function of D-iridophores. In addition, we investigated the
second thick layer of iridophores (Fig. 1e), hereafter called deep
(D-) iridophores, which contain larger brick-shaped and some-
what disorganized guanine crystals (length 200–600 nm, height
90–150 nm). This population of D-iridophores is present in all
panther chameleons (regardless of sex or age) and in the three
distantly related chameleon species we investigated (Figs 1e
and 3a), and is particularly thick in comparison with the layer of

iridophores observed in other (non-chameleonid) lizards. In
chameleons, we never found this layer to change colour (in the
visible range) during osmotic pressure experiments, suggesting
that the main function of D-iridophores is not associated to shifts
in hue. Our measurements indicate that the reflectivity (R) in the
near-infrared region (700–1,400 nm) is particularly high (Fig. 3b),
causing a substantial decrease in the absorption of sunlight.
Multiplying the sun radiance27 (blue curve in Fig. 3b) by 1!R, to
yield the amount of light transmitted by the dermis (hence
absorbed by the peritoneum or deeper tissues; red curve in
Fig. 3b), indicates that B45% of the radiation energy in that
spectral range is screened in panther chameleons by reflection on
the dermis. To test whether this infrared reflectivity is probably
due to coherent scattering on guanine crystals in D-iridophores,
we generated two-dimensional Fourier spectra28 on extensive
TEM image assemblies of panther chameleon D-iridophores (see
online Methods). Note that the disorder of guanine crystals inside
D-iridophores prevents the use of more rigorous modelling. We
then used the computed Fourier power spectrum as an estimate
of the spectral shape (red curve in Fig. 3c) of the light back-
scattered by deep iridophores. This shows that the D-iridophore
layer is a broad-band reflector in the near infrared region, as the
power spectrum is essentially a step function going from 0 below
400 nm to a plateau above 900 nm. Multiplying the power
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Figure 1 | Colour change and iridophore types in panther chameleons. (a) Reversible colour change is shown for two males (m1 and m2): during excitation
(white arrows), background skin shifts from the baseline state (green) to yellow/orange and both vertical bars and horizontal mid-body stripe shift from
blue to whitish (m1). Some animals (m2 and Supplementary Movie 2) have their blue vertical bars covered by red pigment cells. (b) Red dots: time
evolution in the CIE chromaticity chart of a third male with green skin in a high-resolution video (Supplementary Movie 3); dashed white line: optical
response in numerical simulations using a face-centred cubic (FCC) lattice of guanine crystals with lattice parameter indicated with black arrows.
(c) Haematoxylin and eosin staining of a cross-section of white skin showing the epidermis (ep) and the two thick layers of iridophores (see also
Supplementary Fig. 1). (d) TEM images of guanine nanocrystals in S-iridophores in the excited state and three-dimensional model of an FCC lattice (shown
in two orientations). (e) TEM image of guanine nanocrystals in D-iridophores. Scale bars, 20mm (c); 200 nm (d,e).
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200nm

spectrum by the transmittance of a 150-mm-thick layer of skin29

(identical, in this spectral range, to that of water30), we produce a
reflectance spectrum (green curve in Fig. 3c) that matches the
shape of the measured reflectivity spectrum (black dashed curve
in Fig. 3c) in the range 900–2,500 nm. The match below
wavelengths of 900 nm is substantially less good, as we
exclusively consider the D-iridophore crystals in our Fourier
power spectrum analysis, that is, we ignore pigments and
S-iridophores, which both strongly influence the measured
reflectivity in the visible range. Hence, the thick layer of
D-iridophores has the potential to play in some species, such as
the panther chameleon, a substantial role in thermal protection.
Comparative analyses with similar measurements in chameleonid
and non-chameleonid species (for example, see Supplementary
Fig. 4 and refs 31,32) is warranted to identify whether reflectivity
in the near-infrared range is substantially and systematically
higher in chameleons than in other lizards. It is noteworthy that
the iridophores found in non-chameleonid lizards can exhibit
guanine crystals with diverse sizes, shapes and organizations
(some of which generate structural colours14) but are not
organized into two superposed layers of functionally different
iridophores (Fig. 3a).

Discussion
Combining experimental methods from biology and physics,
as well as optical modelling, we have shown that panther
chameleons rapidly change colour (hue) by actively tuning the
photonic response of a lattice of small guanine nanocrystals in
S-iridophores. The molecular mechanisms involved in this
process remain to be determined; however, given that iridophores
share the same neural-crest origin as pigmented chromatophores,
the active tuning of guanine crystal spacing we describe here
could be considered analogous to movements of pigment-
containing organelles in other types of chromatophores, possibly

through similar neural or hormonal mechanisms33. In
chameleons, these S-iridophores are positioned on the top of a
second thick layer of D-iridophores, with larger, flatter and
somewhat disorganized guanine crystals, which reflects a
substantial proportion of direct and indirect sun radiations,
especially in the near-infrared range.

Chameleons form a highly derived monophyletic group of
iguanian lizards that originated in post-Gondwanan Africa
around 90 million years ago34,35. Undoubtedly, some species of
chameleons occupy quite open environments where they are
exposed to high levels of sunlight. In particular, panther
chameleons and veiled chameleons (studied here) occur in dry,
hot environments (Northern Madagascar and Yemen,
respectively) and are highly exposed to sunlight such that the
45% decrease in sunlight absorption caused by D-iridophores
(Fig. 3b,c) is likely to be advantageous for survival. However, the
ancestral function of D-iridophores might not be associated with
passive thermal protection, because extant species of the basal
lineages in the phylogeny of chameleons34 are dense-forest
dwellers (that is, not exposed to a dry and sunny environment),
suggesting that the common ancestor of chameleons might have
exhibited a similar ecology (but see alternative evolutionary
scenarios in Supplementary Discussion).

The organization of iridophores into two superposed layers
constitutes an evolutionary novelty for chameleons that allows
some species to combine efficient camouflage with spectacular
display. Additional analyses are warranted to identify whether the
deep layer of iridophores in chameleons further provide them
with improved resistance to variable sunlight exposure.

Methods
Animals. Maintenance of and experiments on animals were approved by the
Geneva Canton ethical regulation authority (authorization 1008/3421/1R) and
performed according to the Swiss law.
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Figure 2 | In-vivo skin colour change in chameleons is reproduced ex vivo. (a) TEM images of the lattice of guanine nanocrystals in S-iridophores
from the same individual in a relaxed and excited state (two biopsies separated by a distance o1 cm, scale bar, 200 nm). This transformation and
corresponding optical response is recapitulated ex vivo by manipulation of white skin osmolarity (from 236 to 1,416 mOsm): (b) reflectivity of a skin
sample (for clarity, the 19 reflectivity curves are shifted by 0.02 units along the y axis) and (c) time evolution (in the CIE chromaticity chart) of the colour of
a single cell (insets i–vi; Supplementary Movie 4); both exhibit a strong blue shift (red dotted arrow in b) as observed in vivo during behavioural colour
change. Dashed white line: optical response in numerical simulations (cf. Fig. 1b) with lattice parameter indicated with dashed arrows. Note that increased
osmotic pressure corresponds to behavioural relaxation; hence, the reverse order (white arrowhead in CIE colour chart) of red to green to blue time
evolution in comparison with Fig. 1b. (d) Variation of simulated colour photonic response for each vertex of the irreducible first Brillouin zone (colour
outside of the Brillouin zone indicates the average among all directions) shown for four lattice parameter values (from Supplementary Movie 5)
of the modelled photonic crystal. L-U-K-W-X are standard symmetry points.
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spectrum by the transmittance of a 150-mm-thick layer of skin29

(identical, in this spectral range, to that of water30), we produce a
reflectance spectrum (green curve in Fig. 3c) that matches the
shape of the measured reflectivity spectrum (black dashed curve
in Fig. 3c) in the range 900–2,500 nm. The match below
wavelengths of 900 nm is substantially less good, as we
exclusively consider the D-iridophore crystals in our Fourier
power spectrum analysis, that is, we ignore pigments and
S-iridophores, which both strongly influence the measured
reflectivity in the visible range. Hence, the thick layer of
D-iridophores has the potential to play in some species, such as
the panther chameleon, a substantial role in thermal protection.
Comparative analyses with similar measurements in chameleonid
and non-chameleonid species (for example, see Supplementary
Fig. 4 and refs 31,32) is warranted to identify whether reflectivity
in the near-infrared range is substantially and systematically
higher in chameleons than in other lizards. It is noteworthy that
the iridophores found in non-chameleonid lizards can exhibit
guanine crystals with diverse sizes, shapes and organizations
(some of which generate structural colours14) but are not
organized into two superposed layers of functionally different
iridophores (Fig. 3a).

Discussion
Combining experimental methods from biology and physics,
as well as optical modelling, we have shown that panther
chameleons rapidly change colour (hue) by actively tuning the
photonic response of a lattice of small guanine nanocrystals in
S-iridophores. The molecular mechanisms involved in this
process remain to be determined; however, given that iridophores
share the same neural-crest origin as pigmented chromatophores,
the active tuning of guanine crystal spacing we describe here
could be considered analogous to movements of pigment-
containing organelles in other types of chromatophores, possibly

through similar neural or hormonal mechanisms33. In
chameleons, these S-iridophores are positioned on the top of a
second thick layer of D-iridophores, with larger, flatter and
somewhat disorganized guanine crystals, which reflects a
substantial proportion of direct and indirect sun radiations,
especially in the near-infrared range.

Chameleons form a highly derived monophyletic group of
iguanian lizards that originated in post-Gondwanan Africa
around 90 million years ago34,35. Undoubtedly, some species of
chameleons occupy quite open environments where they are
exposed to high levels of sunlight. In particular, panther
chameleons and veiled chameleons (studied here) occur in dry,
hot environments (Northern Madagascar and Yemen,
respectively) and are highly exposed to sunlight such that the
45% decrease in sunlight absorption caused by D-iridophores
(Fig. 3b,c) is likely to be advantageous for survival. However, the
ancestral function of D-iridophores might not be associated with
passive thermal protection, because extant species of the basal
lineages in the phylogeny of chameleons34 are dense-forest
dwellers (that is, not exposed to a dry and sunny environment),
suggesting that the common ancestor of chameleons might have
exhibited a similar ecology (but see alternative evolutionary
scenarios in Supplementary Discussion).

The organization of iridophores into two superposed layers
constitutes an evolutionary novelty for chameleons that allows
some species to combine efficient camouflage with spectacular
display. Additional analyses are warranted to identify whether the
deep layer of iridophores in chameleons further provide them
with improved resistance to variable sunlight exposure.

Methods
Animals. Maintenance of and experiments on animals were approved by the
Geneva Canton ethical regulation authority (authorization 1008/3421/1R) and
performed according to the Swiss law.
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Figure 2 | In-vivo skin colour change in chameleons is reproduced ex vivo. (a) TEM images of the lattice of guanine nanocrystals in S-iridophores
from the same individual in a relaxed and excited state (two biopsies separated by a distance o1 cm, scale bar, 200 nm). This transformation and
corresponding optical response is recapitulated ex vivo by manipulation of white skin osmolarity (from 236 to 1,416 mOsm): (b) reflectivity of a skin
sample (for clarity, the 19 reflectivity curves are shifted by 0.02 units along the y axis) and (c) time evolution (in the CIE chromaticity chart) of the colour of
a single cell (insets i–vi; Supplementary Movie 4); both exhibit a strong blue shift (red dotted arrow in b) as observed in vivo during behavioural colour
change. Dashed white line: optical response in numerical simulations (cf. Fig. 1b) with lattice parameter indicated with dashed arrows. Note that increased
osmotic pressure corresponds to behavioural relaxation; hence, the reverse order (white arrowhead in CIE colour chart) of red to green to blue time
evolution in comparison with Fig. 1b. (d) Variation of simulated colour photonic response for each vertex of the irreducible first Brillouin zone (colour
outside of the Brillouin zone indicates the average among all directions) shown for four lattice parameter values (from Supplementary Movie 5)
of the modelled photonic crystal. L-U-K-W-X are standard symmetry points.
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How periodic elastic structures 
deform upon compression?

strain, leading to the formation of a periodic array of elongated,
almost closed ellipses, as shown in Fig. 2D for 3 ¼ "0.21. Since
the specimens are made of an elastomeric material, the process
is fully reversible and repeatable. Upon release of the applied
vertical displacement, the deformed structures recover their
original congurations.

Interestingly, Figs. 2C–D clearly shows that the porous
structures 3.6.3.6 and 3.4.6.4 buckle into a chiral pattern, while
the initially expanded congurations are non-chiral. Therefore,
in these two systems buckling acts as a reversible chiral
symmetry breaking mechanism. Despite many studies on
pattern formation induced by mechanical instabilities,15

relatively little is known about the use of buckling as a reversible
chiral symmetry breaking mechanism. Although several
processes have been recently reported to form chiral
patterns,19–23 all of these work only at a specic length-scale,
preventing their use for the formation of chiral structures over a
wide range of length scales, as required by applications.
Furthermore, most of these chiral symmetry breaking processes
are irreversible19–21 and only few systems have been demon-
strated to be capable of reversibly switching between non-chiral
and chiral congurations.22,23 Remarkably, since the mecha-
nism discovered here exploits a mechanical instability that is
scale independent, our results raise opportunities for reversible
chiral symmetry breaking over a wide range of length scales.

Both experiments and simulations reported in Fig. 2 clearly
indicate that the onset of instability is strongly affected by the
arrangement of the holes. A more quantitative comparison
between the response of the structures investigated in this
paper can be made by inspecting the evolution of stress during
both experiments and simulations (see Fig. 3). Although all
structures are characterized by roughly the same porosity, the

hole arrangement is found to strongly affect both the effective
modulus Ē (calculated as the initial slope of the stress–strain
curves reported in Fig. 3) and the critical strain 3cr (calculated as
the strain at which the stress–strain curves reported in Fig. 3
plateau), demonstrating that through a careful choice of the

Fig. 2 Numerical (left) and experimental (right) images of all four structures (4.4.4.4, 3.3.3.3.3.3, 3.6.3.6 and 3.4.6.4) at different levels of deformation: (A) 3¼ 0.00, (B)
3 ¼ "0.07, (C) 3 ¼ "0.15 and (D) 3 ¼ "0.21. All configurations are characterized by an initial void-volume-fraction j z 0.5. Scale bars: 20 mm.

Fig. 3 (A) Experimental and numerical stress–strain curves for the four struc-
tures. S denotes the nominal stress (calculated as force divided by the cross-
sectional area in the undeformed configuration). Dashed lines correspond to
experiments and solid lines to simulations. Note that for 3 < "0.20 the porous
structure 4.4.4.4. shows a stiffening behavior due to densification. A similar
response is observed also for the other three structures, but for larger values of
applied strain 3. (B) Table summarizing the mechanical properties of the four
periodic structures measured from experiments and simulations.
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strain, leading to the formation of a periodic array of elongated,
almost closed ellipses, as shown in Fig. 2D for 3 ¼ "0.21. Since
the specimens are made of an elastomeric material, the process
is fully reversible and repeatable. Upon release of the applied
vertical displacement, the deformed structures recover their
original congurations.

Interestingly, Figs. 2C–D clearly shows that the porous
structures 3.6.3.6 and 3.4.6.4 buckle into a chiral pattern, while
the initially expanded congurations are non-chiral. Therefore,
in these two systems buckling acts as a reversible chiral
symmetry breaking mechanism. Despite many studies on
pattern formation induced by mechanical instabilities,15

relatively little is known about the use of buckling as a reversible
chiral symmetry breaking mechanism. Although several
processes have been recently reported to form chiral
patterns,19–23 all of these work only at a specic length-scale,
preventing their use for the formation of chiral structures over a
wide range of length scales, as required by applications.
Furthermore, most of these chiral symmetry breaking processes
are irreversible19–21 and only few systems have been demon-
strated to be capable of reversibly switching between non-chiral
and chiral congurations.22,23 Remarkably, since the mecha-
nism discovered here exploits a mechanical instability that is
scale independent, our results raise opportunities for reversible
chiral symmetry breaking over a wide range of length scales.

Both experiments and simulations reported in Fig. 2 clearly
indicate that the onset of instability is strongly affected by the
arrangement of the holes. A more quantitative comparison
between the response of the structures investigated in this
paper can be made by inspecting the evolution of stress during
both experiments and simulations (see Fig. 3). Although all
structures are characterized by roughly the same porosity, the

hole arrangement is found to strongly affect both the effective
modulus Ē (calculated as the initial slope of the stress–strain
curves reported in Fig. 3) and the critical strain 3cr (calculated as
the strain at which the stress–strain curves reported in Fig. 3
plateau), demonstrating that through a careful choice of the

Fig. 2 Numerical (left) and experimental (right) images of all four structures (4.4.4.4, 3.3.3.3.3.3, 3.6.3.6 and 3.4.6.4) at different levels of deformation: (A) 3¼ 0.00, (B)
3 ¼ "0.07, (C) 3 ¼ "0.15 and (D) 3 ¼ "0.21. All configurations are characterized by an initial void-volume-fraction j z 0.5. Scale bars: 20 mm.

Fig. 3 (A) Experimental and numerical stress–strain curves for the four struc-
tures. S denotes the nominal stress (calculated as force divided by the cross-
sectional area in the undeformed configuration). Dashed lines correspond to
experiments and solid lines to simulations. Note that for 3 < "0.20 the porous
structure 4.4.4.4. shows a stiffening behavior due to densification. A similar
response is observed also for the other three structures, but for larger values of
applied strain 3. (B) Table summarizing the mechanical properties of the four
periodic structures measured from experiments and simulations.
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strain, leading to the formation of a periodic array of elongated,
almost closed ellipses, as shown in Fig. 2D for 3 ¼ "0.21. Since
the specimens are made of an elastomeric material, the process
is fully reversible and repeatable. Upon release of the applied
vertical displacement, the deformed structures recover their
original congurations.

Interestingly, Figs. 2C–D clearly shows that the porous
structures 3.6.3.6 and 3.4.6.4 buckle into a chiral pattern, while
the initially expanded congurations are non-chiral. Therefore,
in these two systems buckling acts as a reversible chiral
symmetry breaking mechanism. Despite many studies on
pattern formation induced by mechanical instabilities,15

relatively little is known about the use of buckling as a reversible
chiral symmetry breaking mechanism. Although several
processes have been recently reported to form chiral
patterns,19–23 all of these work only at a specic length-scale,
preventing their use for the formation of chiral structures over a
wide range of length scales, as required by applications.
Furthermore, most of these chiral symmetry breaking processes
are irreversible19–21 and only few systems have been demon-
strated to be capable of reversibly switching between non-chiral
and chiral congurations.22,23 Remarkably, since the mecha-
nism discovered here exploits a mechanical instability that is
scale independent, our results raise opportunities for reversible
chiral symmetry breaking over a wide range of length scales.

Both experiments and simulations reported in Fig. 2 clearly
indicate that the onset of instability is strongly affected by the
arrangement of the holes. A more quantitative comparison
between the response of the structures investigated in this
paper can be made by inspecting the evolution of stress during
both experiments and simulations (see Fig. 3). Although all
structures are characterized by roughly the same porosity, the

hole arrangement is found to strongly affect both the effective
modulus Ē (calculated as the initial slope of the stress–strain
curves reported in Fig. 3) and the critical strain 3cr (calculated as
the strain at which the stress–strain curves reported in Fig. 3
plateau), demonstrating that through a careful choice of the

Fig. 2 Numerical (left) and experimental (right) images of all four structures (4.4.4.4, 3.3.3.3.3.3, 3.6.3.6 and 3.4.6.4) at different levels of deformation: (A) 3¼ 0.00, (B)
3 ¼ "0.07, (C) 3 ¼ "0.15 and (D) 3 ¼ "0.21. All configurations are characterized by an initial void-volume-fraction j z 0.5. Scale bars: 20 mm.

Fig. 3 (A) Experimental and numerical stress–strain curves for the four struc-
tures. S denotes the nominal stress (calculated as force divided by the cross-
sectional area in the undeformed configuration). Dashed lines correspond to
experiments and solid lines to simulations. Note that for 3 < "0.20 the porous
structure 4.4.4.4. shows a stiffening behavior due to densification. A similar
response is observed also for the other three structures, but for larger values of
applied strain 3. (B) Table summarizing the mechanical properties of the four
periodic structures measured from experiments and simulations.
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Objet, Ltd.) and were subsequently used to make positive structures 
from a silicone rubber (Elite Double 32 available from Zhermack). 
The structures were attached to rigid back plates. Two microscale 
surface-attached hexagonal structures ( l   =  20  µ m) were fabricated for 
this study. The aspect ratios of the macroscale and microscale plates 
are ( l / h   =  2,  t / h   =  0.37) and  (l / h   =  3.17,  t / h   =  0.40) for achiral and 
chiral structures, respectively. The microscale structures were fi rst 
fabricated in  < 100 >  Si wafers. Replicas of the silicon masters were 
fabricated using soft lithography-based methods [  35  ]  with commercially 
available UV-curable epoxy (UVO-114 from Epoxy Technology, 
Billerica, MA).  

 Buckling-Induced Pattern Formation : Buckling was induced by swelling, 
using hexane and N-methyl-2-pyrrolidone (NMP) for silicon rubber and 
epoxy structures, respectively. The resulting patterns were recorded 
using a Nikon D90 digital SLR camera for the macroscale samples and a 
Leica DMRX microscope connected to a QImaging Evolution VF cooled 
color CCD camera for the microscale samples.   

architectonic designs provides a foundation for a wide range 
of multidisciplinary basic and applied studies. For example, 
our results could be used to design templates to facilitate fab-
rication of free-standing chiral structures. Moreover, in struc-
tures with sizes comparable to the wavelength of the light, our 
approach could lead to the design of novel thin fi lm polariza-
tion converters, waveguides and circular dichroism spectros-
copy substrates.  

 Experimental Section  

 Fabrication of Samples : Macroscale ( l   =  5 mm) surface-attached 
hexagonal and square cellular structures were fabricated by fi rst 
making negative molds using a 3D printer (Connex 500 available from 

     Figure  3 .     Uniform pattern formation by controlling nucleation. a) Time-lapse series showing a single nucleation event and subsequent slow spreading 
of a buckling-induced chiral pattern by gradually wetting from a single location. b) Time-lapse series of the self-repairing process. The initial defect in 
the form of a few clockwise vertices (blue) is overwhelmed by the surrounding counterclockwise vertices (red), thus amplifying the chiral patterns of 
the nucleus. c,d) The combination of the unique nucleation event and amplifi cation mechanism results in either uniform achiral ( l / h   =  2,  t / h   =  0.37) 
(c) or chiral ( l / h   =  3.17,  t / h   =  0.40) (d) patterns. Higher-magnifi cation images of the buckled patterns are shown in the insets; the color-coded arrows 
indicate the handedness of the vertices.  

Adv. Mater. 2013, 
DOI: 10.1002/adma.201300617
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But in experiments we don’t see disordered states!

Number of disordered ground 
states grows exponentially 

with the system size! 
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experiment theory
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scaling:

t/L = 0.2

t/L = 0.3

L = 5mm

�/J1 � t/LS. Kang, S. Shan, A. Košmrlj et al., 
PRL 112, 098701 (2014)
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Compression of periodic 
structures with holes

strain, leading to the formation of a periodic array of elongated,
almost closed ellipses, as shown in Fig. 2D for 3 ¼ "0.21. Since
the specimens are made of an elastomeric material, the process
is fully reversible and repeatable. Upon release of the applied
vertical displacement, the deformed structures recover their
original congurations.

Interestingly, Figs. 2C–D clearly shows that the porous
structures 3.6.3.6 and 3.4.6.4 buckle into a chiral pattern, while
the initially expanded congurations are non-chiral. Therefore,
in these two systems buckling acts as a reversible chiral
symmetry breaking mechanism. Despite many studies on
pattern formation induced by mechanical instabilities,15

relatively little is known about the use of buckling as a reversible
chiral symmetry breaking mechanism. Although several
processes have been recently reported to form chiral
patterns,19–23 all of these work only at a specic length-scale,
preventing their use for the formation of chiral structures over a
wide range of length scales, as required by applications.
Furthermore, most of these chiral symmetry breaking processes
are irreversible19–21 and only few systems have been demon-
strated to be capable of reversibly switching between non-chiral
and chiral congurations.22,23 Remarkably, since the mecha-
nism discovered here exploits a mechanical instability that is
scale independent, our results raise opportunities for reversible
chiral symmetry breaking over a wide range of length scales.

Both experiments and simulations reported in Fig. 2 clearly
indicate that the onset of instability is strongly affected by the
arrangement of the holes. A more quantitative comparison
between the response of the structures investigated in this
paper can be made by inspecting the evolution of stress during
both experiments and simulations (see Fig. 3). Although all
structures are characterized by roughly the same porosity, the

hole arrangement is found to strongly affect both the effective
modulus Ē (calculated as the initial slope of the stress–strain
curves reported in Fig. 3) and the critical strain 3cr (calculated as
the strain at which the stress–strain curves reported in Fig. 3
plateau), demonstrating that through a careful choice of the

Fig. 2 Numerical (left) and experimental (right) images of all four structures (4.4.4.4, 3.3.3.3.3.3, 3.6.3.6 and 3.4.6.4) at different levels of deformation: (A) 3¼ 0.00, (B)
3 ¼ "0.07, (C) 3 ¼ "0.15 and (D) 3 ¼ "0.21. All configurations are characterized by an initial void-volume-fraction j z 0.5. Scale bars: 20 mm.

Fig. 3 (A) Experimental and numerical stress–strain curves for the four struc-
tures. S denotes the nominal stress (calculated as force divided by the cross-
sectional area in the undeformed configuration). Dashed lines correspond to
experiments and solid lines to simulations. Note that for 3 < "0.20 the porous
structure 4.4.4.4. shows a stiffening behavior due to densification. A similar
response is observed also for the other three structures, but for larger values of
applied strain 3. (B) Table summarizing the mechanical properties of the four
periodic structures measured from experiments and simulations.
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strain, leading to the formation of a periodic array of elongated,
almost closed ellipses, as shown in Fig. 2D for 3 ¼ "0.21. Since
the specimens are made of an elastomeric material, the process
is fully reversible and repeatable. Upon release of the applied
vertical displacement, the deformed structures recover their
original congurations.

Interestingly, Figs. 2C–D clearly shows that the porous
structures 3.6.3.6 and 3.4.6.4 buckle into a chiral pattern, while
the initially expanded congurations are non-chiral. Therefore,
in these two systems buckling acts as a reversible chiral
symmetry breaking mechanism. Despite many studies on
pattern formation induced by mechanical instabilities,15

relatively little is known about the use of buckling as a reversible
chiral symmetry breaking mechanism. Although several
processes have been recently reported to form chiral
patterns,19–23 all of these work only at a specic length-scale,
preventing their use for the formation of chiral structures over a
wide range of length scales, as required by applications.
Furthermore, most of these chiral symmetry breaking processes
are irreversible19–21 and only few systems have been demon-
strated to be capable of reversibly switching between non-chiral
and chiral congurations.22,23 Remarkably, since the mecha-
nism discovered here exploits a mechanical instability that is
scale independent, our results raise opportunities for reversible
chiral symmetry breaking over a wide range of length scales.

Both experiments and simulations reported in Fig. 2 clearly
indicate that the onset of instability is strongly affected by the
arrangement of the holes. A more quantitative comparison
between the response of the structures investigated in this
paper can be made by inspecting the evolution of stress during
both experiments and simulations (see Fig. 3). Although all
structures are characterized by roughly the same porosity, the

hole arrangement is found to strongly affect both the effective
modulus Ē (calculated as the initial slope of the stress–strain
curves reported in Fig. 3) and the critical strain 3cr (calculated as
the strain at which the stress–strain curves reported in Fig. 3
plateau), demonstrating that through a careful choice of the

Fig. 2 Numerical (left) and experimental (right) images of all four structures (4.4.4.4, 3.3.3.3.3.3, 3.6.3.6 and 3.4.6.4) at different levels of deformation: (A) 3¼ 0.00, (B)
3 ¼ "0.07, (C) 3 ¼ "0.15 and (D) 3 ¼ "0.21. All configurations are characterized by an initial void-volume-fraction j z 0.5. Scale bars: 20 mm.

Fig. 3 (A) Experimental and numerical stress–strain curves for the four struc-
tures. S denotes the nominal stress (calculated as force divided by the cross-
sectional area in the undeformed configuration). Dashed lines correspond to
experiments and solid lines to simulations. Note that for 3 < "0.20 the porous
structure 4.4.4.4. shows a stiffening behavior due to densification. A similar
response is observed also for the other three structures, but for larger values of
applied strain 3. (B) Table summarizing the mechanical properties of the four
periodic structures measured from experiments and simulations.
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strain, leading to the formation of a periodic array of elongated,
almost closed ellipses, as shown in Fig. 2D for 3 ¼ "0.21. Since
the specimens are made of an elastomeric material, the process
is fully reversible and repeatable. Upon release of the applied
vertical displacement, the deformed structures recover their
original congurations.

Interestingly, Figs. 2C–D clearly shows that the porous
structures 3.6.3.6 and 3.4.6.4 buckle into a chiral pattern, while
the initially expanded congurations are non-chiral. Therefore,
in these two systems buckling acts as a reversible chiral
symmetry breaking mechanism. Despite many studies on
pattern formation induced by mechanical instabilities,15

relatively little is known about the use of buckling as a reversible
chiral symmetry breaking mechanism. Although several
processes have been recently reported to form chiral
patterns,19–23 all of these work only at a specic length-scale,
preventing their use for the formation of chiral structures over a
wide range of length scales, as required by applications.
Furthermore, most of these chiral symmetry breaking processes
are irreversible19–21 and only few systems have been demon-
strated to be capable of reversibly switching between non-chiral
and chiral congurations.22,23 Remarkably, since the mecha-
nism discovered here exploits a mechanical instability that is
scale independent, our results raise opportunities for reversible
chiral symmetry breaking over a wide range of length scales.

Both experiments and simulations reported in Fig. 2 clearly
indicate that the onset of instability is strongly affected by the
arrangement of the holes. A more quantitative comparison
between the response of the structures investigated in this
paper can be made by inspecting the evolution of stress during
both experiments and simulations (see Fig. 3). Although all
structures are characterized by roughly the same porosity, the

hole arrangement is found to strongly affect both the effective
modulus Ē (calculated as the initial slope of the stress–strain
curves reported in Fig. 3) and the critical strain 3cr (calculated as
the strain at which the stress–strain curves reported in Fig. 3
plateau), demonstrating that through a careful choice of the

Fig. 2 Numerical (left) and experimental (right) images of all four structures (4.4.4.4, 3.3.3.3.3.3, 3.6.3.6 and 3.4.6.4) at different levels of deformation: (A) 3¼ 0.00, (B)
3 ¼ "0.07, (C) 3 ¼ "0.15 and (D) 3 ¼ "0.21. All configurations are characterized by an initial void-volume-fraction j z 0.5. Scale bars: 20 mm.

Fig. 3 (A) Experimental and numerical stress–strain curves for the four struc-
tures. S denotes the nominal stress (calculated as force divided by the cross-
sectional area in the undeformed configuration). Dashed lines correspond to
experiments and solid lines to simulations. Note that for 3 < "0.20 the porous
structure 4.4.4.4. shows a stiffening behavior due to densification. A similar
response is observed also for the other three structures, but for larger values of
applied strain 3. (B) Table summarizing the mechanical properties of the four
periodic structures measured from experiments and simulations.
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strain, leading to the formation of a periodic array of elongated,
almost closed ellipses, as shown in Fig. 2D for 3 ¼ "0.21. Since
the specimens are made of an elastomeric material, the process
is fully reversible and repeatable. Upon release of the applied
vertical displacement, the deformed structures recover their
original congurations.

Interestingly, Figs. 2C–D clearly shows that the porous
structures 3.6.3.6 and 3.4.6.4 buckle into a chiral pattern, while
the initially expanded congurations are non-chiral. Therefore,
in these two systems buckling acts as a reversible chiral
symmetry breaking mechanism. Despite many studies on
pattern formation induced by mechanical instabilities,15

relatively little is known about the use of buckling as a reversible
chiral symmetry breaking mechanism. Although several
processes have been recently reported to form chiral
patterns,19–23 all of these work only at a specic length-scale,
preventing their use for the formation of chiral structures over a
wide range of length scales, as required by applications.
Furthermore, most of these chiral symmetry breaking processes
are irreversible19–21 and only few systems have been demon-
strated to be capable of reversibly switching between non-chiral
and chiral congurations.22,23 Remarkably, since the mecha-
nism discovered here exploits a mechanical instability that is
scale independent, our results raise opportunities for reversible
chiral symmetry breaking over a wide range of length scales.

Both experiments and simulations reported in Fig. 2 clearly
indicate that the onset of instability is strongly affected by the
arrangement of the holes. A more quantitative comparison
between the response of the structures investigated in this
paper can be made by inspecting the evolution of stress during
both experiments and simulations (see Fig. 3). Although all
structures are characterized by roughly the same porosity, the

hole arrangement is found to strongly affect both the effective
modulus Ē (calculated as the initial slope of the stress–strain
curves reported in Fig. 3) and the critical strain 3cr (calculated as
the strain at which the stress–strain curves reported in Fig. 3
plateau), demonstrating that through a careful choice of the

Fig. 2 Numerical (left) and experimental (right) images of all four structures (4.4.4.4, 3.3.3.3.3.3, 3.6.3.6 and 3.4.6.4) at different levels of deformation: (A) 3¼ 0.00, (B)
3 ¼ "0.07, (C) 3 ¼ "0.15 and (D) 3 ¼ "0.21. All configurations are characterized by an initial void-volume-fraction j z 0.5. Scale bars: 20 mm.

Fig. 3 (A) Experimental and numerical stress–strain curves for the four struc-
tures. S denotes the nominal stress (calculated as force divided by the cross-
sectional area in the undeformed configuration). Dashed lines correspond to
experiments and solid lines to simulations. Note that for 3 < "0.20 the porous
structure 4.4.4.4. shows a stiffening behavior due to densification. A similar
response is observed also for the other three structures, but for larger values of
applied strain 3. (B) Table summarizing the mechanical properties of the four
periodic structures measured from experiments and simulations.
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strain, leading to the formation of a periodic array of elongated,
almost closed ellipses, as shown in Fig. 2D for 3 ¼ "0.21. Since
the specimens are made of an elastomeric material, the process
is fully reversible and repeatable. Upon release of the applied
vertical displacement, the deformed structures recover their
original congurations.

Interestingly, Figs. 2C–D clearly shows that the porous
structures 3.6.3.6 and 3.4.6.4 buckle into a chiral pattern, while
the initially expanded congurations are non-chiral. Therefore,
in these two systems buckling acts as a reversible chiral
symmetry breaking mechanism. Despite many studies on
pattern formation induced by mechanical instabilities,15

relatively little is known about the use of buckling as a reversible
chiral symmetry breaking mechanism. Although several
processes have been recently reported to form chiral
patterns,19–23 all of these work only at a specic length-scale,
preventing their use for the formation of chiral structures over a
wide range of length scales, as required by applications.
Furthermore, most of these chiral symmetry breaking processes
are irreversible19–21 and only few systems have been demon-
strated to be capable of reversibly switching between non-chiral
and chiral congurations.22,23 Remarkably, since the mecha-
nism discovered here exploits a mechanical instability that is
scale independent, our results raise opportunities for reversible
chiral symmetry breaking over a wide range of length scales.

Both experiments and simulations reported in Fig. 2 clearly
indicate that the onset of instability is strongly affected by the
arrangement of the holes. A more quantitative comparison
between the response of the structures investigated in this
paper can be made by inspecting the evolution of stress during
both experiments and simulations (see Fig. 3). Although all
structures are characterized by roughly the same porosity, the

hole arrangement is found to strongly affect both the effective
modulus Ē (calculated as the initial slope of the stress–strain
curves reported in Fig. 3) and the critical strain 3cr (calculated as
the strain at which the stress–strain curves reported in Fig. 3
plateau), demonstrating that through a careful choice of the

Fig. 2 Numerical (left) and experimental (right) images of all four structures (4.4.4.4, 3.3.3.3.3.3, 3.6.3.6 and 3.4.6.4) at different levels of deformation: (A) 3¼ 0.00, (B)
3 ¼ "0.07, (C) 3 ¼ "0.15 and (D) 3 ¼ "0.21. All configurations are characterized by an initial void-volume-fraction j z 0.5. Scale bars: 20 mm.

Fig. 3 (A) Experimental and numerical stress–strain curves for the four struc-
tures. S denotes the nominal stress (calculated as force divided by the cross-
sectional area in the undeformed configuration). Dashed lines correspond to
experiments and solid lines to simulations. Note that for 3 < "0.20 the porous
structure 4.4.4.4. shows a stiffening behavior due to densification. A similar
response is observed also for the other three structures, but for larger values of
applied strain 3. (B) Table summarizing the mechanical properties of the four
periodic structures measured from experiments and simulations.
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strain, leading to the formation of a periodic array of elongated,
almost closed ellipses, as shown in Fig. 2D for 3 ¼ "0.21. Since
the specimens are made of an elastomeric material, the process
is fully reversible and repeatable. Upon release of the applied
vertical displacement, the deformed structures recover their
original congurations.

Interestingly, Figs. 2C–D clearly shows that the porous
structures 3.6.3.6 and 3.4.6.4 buckle into a chiral pattern, while
the initially expanded congurations are non-chiral. Therefore,
in these two systems buckling acts as a reversible chiral
symmetry breaking mechanism. Despite many studies on
pattern formation induced by mechanical instabilities,15

relatively little is known about the use of buckling as a reversible
chiral symmetry breaking mechanism. Although several
processes have been recently reported to form chiral
patterns,19–23 all of these work only at a specic length-scale,
preventing their use for the formation of chiral structures over a
wide range of length scales, as required by applications.
Furthermore, most of these chiral symmetry breaking processes
are irreversible19–21 and only few systems have been demon-
strated to be capable of reversibly switching between non-chiral
and chiral congurations.22,23 Remarkably, since the mecha-
nism discovered here exploits a mechanical instability that is
scale independent, our results raise opportunities for reversible
chiral symmetry breaking over a wide range of length scales.

Both experiments and simulations reported in Fig. 2 clearly
indicate that the onset of instability is strongly affected by the
arrangement of the holes. A more quantitative comparison
between the response of the structures investigated in this
paper can be made by inspecting the evolution of stress during
both experiments and simulations (see Fig. 3). Although all
structures are characterized by roughly the same porosity, the

hole arrangement is found to strongly affect both the effective
modulus Ē (calculated as the initial slope of the stress–strain
curves reported in Fig. 3) and the critical strain 3cr (calculated as
the strain at which the stress–strain curves reported in Fig. 3
plateau), demonstrating that through a careful choice of the

Fig. 2 Numerical (left) and experimental (right) images of all four structures (4.4.4.4, 3.3.3.3.3.3, 3.6.3.6 and 3.4.6.4) at different levels of deformation: (A) 3¼ 0.00, (B)
3 ¼ "0.07, (C) 3 ¼ "0.15 and (D) 3 ¼ "0.21. All configurations are characterized by an initial void-volume-fraction j z 0.5. Scale bars: 20 mm.

Fig. 3 (A) Experimental and numerical stress–strain curves for the four struc-
tures. S denotes the nominal stress (calculated as force divided by the cross-
sectional area in the undeformed configuration). Dashed lines correspond to
experiments and solid lines to simulations. Note that for 3 < "0.20 the porous
structure 4.4.4.4. shows a stiffening behavior due to densification. A similar
response is observed also for the other three structures, but for larger values of
applied strain 3. (B) Table summarizing the mechanical properties of the four
periodic structures measured from experiments and simulations.
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Elastic dipoles on lattices

strain, leading to the formation of a periodic array of elongated,
almost closed ellipses, as shown in Fig. 2D for 3 ¼ "0.21. Since
the specimens are made of an elastomeric material, the process
is fully reversible and repeatable. Upon release of the applied
vertical displacement, the deformed structures recover their
original congurations.

Interestingly, Figs. 2C–D clearly shows that the porous
structures 3.6.3.6 and 3.4.6.4 buckle into a chiral pattern, while
the initially expanded congurations are non-chiral. Therefore,
in these two systems buckling acts as a reversible chiral
symmetry breaking mechanism. Despite many studies on
pattern formation induced by mechanical instabilities,15

relatively little is known about the use of buckling as a reversible
chiral symmetry breaking mechanism. Although several
processes have been recently reported to form chiral
patterns,19–23 all of these work only at a specic length-scale,
preventing their use for the formation of chiral structures over a
wide range of length scales, as required by applications.
Furthermore, most of these chiral symmetry breaking processes
are irreversible19–21 and only few systems have been demon-
strated to be capable of reversibly switching between non-chiral
and chiral congurations.22,23 Remarkably, since the mecha-
nism discovered here exploits a mechanical instability that is
scale independent, our results raise opportunities for reversible
chiral symmetry breaking over a wide range of length scales.

Both experiments and simulations reported in Fig. 2 clearly
indicate that the onset of instability is strongly affected by the
arrangement of the holes. A more quantitative comparison
between the response of the structures investigated in this
paper can be made by inspecting the evolution of stress during
both experiments and simulations (see Fig. 3). Although all
structures are characterized by roughly the same porosity, the

hole arrangement is found to strongly affect both the effective
modulus Ē (calculated as the initial slope of the stress–strain
curves reported in Fig. 3) and the critical strain 3cr (calculated as
the strain at which the stress–strain curves reported in Fig. 3
plateau), demonstrating that through a careful choice of the

Fig. 2 Numerical (left) and experimental (right) images of all four structures (4.4.4.4, 3.3.3.3.3.3, 3.6.3.6 and 3.4.6.4) at different levels of deformation: (A) 3¼ 0.00, (B)
3 ¼ "0.07, (C) 3 ¼ "0.15 and (D) 3 ¼ "0.21. All configurations are characterized by an initial void-volume-fraction j z 0.5. Scale bars: 20 mm.

Fig. 3 (A) Experimental and numerical stress–strain curves for the four struc-
tures. S denotes the nominal stress (calculated as force divided by the cross-
sectional area in the undeformed configuration). Dashed lines correspond to
experiments and solid lines to simulations. Note that for 3 < "0.20 the porous
structure 4.4.4.4. shows a stiffening behavior due to densification. A similar
response is observed also for the other three structures, but for larger values of
applied strain 3. (B) Table summarizing the mechanical properties of the four
periodic structures measured from experiments and simulations.
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strain, leading to the formation of a periodic array of elongated,
almost closed ellipses, as shown in Fig. 2D for 3 ¼ "0.21. Since
the specimens are made of an elastomeric material, the process
is fully reversible and repeatable. Upon release of the applied
vertical displacement, the deformed structures recover their
original congurations.

Interestingly, Figs. 2C–D clearly shows that the porous
structures 3.6.3.6 and 3.4.6.4 buckle into a chiral pattern, while
the initially expanded congurations are non-chiral. Therefore,
in these two systems buckling acts as a reversible chiral
symmetry breaking mechanism. Despite many studies on
pattern formation induced by mechanical instabilities,15

relatively little is known about the use of buckling as a reversible
chiral symmetry breaking mechanism. Although several
processes have been recently reported to form chiral
patterns,19–23 all of these work only at a specic length-scale,
preventing their use for the formation of chiral structures over a
wide range of length scales, as required by applications.
Furthermore, most of these chiral symmetry breaking processes
are irreversible19–21 and only few systems have been demon-
strated to be capable of reversibly switching between non-chiral
and chiral congurations.22,23 Remarkably, since the mecha-
nism discovered here exploits a mechanical instability that is
scale independent, our results raise opportunities for reversible
chiral symmetry breaking over a wide range of length scales.

Both experiments and simulations reported in Fig. 2 clearly
indicate that the onset of instability is strongly affected by the
arrangement of the holes. A more quantitative comparison
between the response of the structures investigated in this
paper can be made by inspecting the evolution of stress during
both experiments and simulations (see Fig. 3). Although all
structures are characterized by roughly the same porosity, the

hole arrangement is found to strongly affect both the effective
modulus Ē (calculated as the initial slope of the stress–strain
curves reported in Fig. 3) and the critical strain 3cr (calculated as
the strain at which the stress–strain curves reported in Fig. 3
plateau), demonstrating that through a careful choice of the

Fig. 2 Numerical (left) and experimental (right) images of all four structures (4.4.4.4, 3.3.3.3.3.3, 3.6.3.6 and 3.4.6.4) at different levels of deformation: (A) 3¼ 0.00, (B)
3 ¼ "0.07, (C) 3 ¼ "0.15 and (D) 3 ¼ "0.21. All configurations are characterized by an initial void-volume-fraction j z 0.5. Scale bars: 20 mm.

Fig. 3 (A) Experimental and numerical stress–strain curves for the four struc-
tures. S denotes the nominal stress (calculated as force divided by the cross-
sectional area in the undeformed configuration). Dashed lines correspond to
experiments and solid lines to simulations. Note that for 3 < "0.20 the porous
structure 4.4.4.4. shows a stiffening behavior due to densification. A similar
response is observed also for the other three structures, but for larger values of
applied strain 3. (B) Table summarizing the mechanical properties of the four
periodic structures measured from experiments and simulations.
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strain, leading to the formation of a periodic array of elongated,
almost closed ellipses, as shown in Fig. 2D for 3 ¼ "0.21. Since
the specimens are made of an elastomeric material, the process
is fully reversible and repeatable. Upon release of the applied
vertical displacement, the deformed structures recover their
original congurations.

Interestingly, Figs. 2C–D clearly shows that the porous
structures 3.6.3.6 and 3.4.6.4 buckle into a chiral pattern, while
the initially expanded congurations are non-chiral. Therefore,
in these two systems buckling acts as a reversible chiral
symmetry breaking mechanism. Despite many studies on
pattern formation induced by mechanical instabilities,15

relatively little is known about the use of buckling as a reversible
chiral symmetry breaking mechanism. Although several
processes have been recently reported to form chiral
patterns,19–23 all of these work only at a specic length-scale,
preventing their use for the formation of chiral structures over a
wide range of length scales, as required by applications.
Furthermore, most of these chiral symmetry breaking processes
are irreversible19–21 and only few systems have been demon-
strated to be capable of reversibly switching between non-chiral
and chiral congurations.22,23 Remarkably, since the mecha-
nism discovered here exploits a mechanical instability that is
scale independent, our results raise opportunities for reversible
chiral symmetry breaking over a wide range of length scales.

Both experiments and simulations reported in Fig. 2 clearly
indicate that the onset of instability is strongly affected by the
arrangement of the holes. A more quantitative comparison
between the response of the structures investigated in this
paper can be made by inspecting the evolution of stress during
both experiments and simulations (see Fig. 3). Although all
structures are characterized by roughly the same porosity, the

hole arrangement is found to strongly affect both the effective
modulus Ē (calculated as the initial slope of the stress–strain
curves reported in Fig. 3) and the critical strain 3cr (calculated as
the strain at which the stress–strain curves reported in Fig. 3
plateau), demonstrating that through a careful choice of the

Fig. 2 Numerical (left) and experimental (right) images of all four structures (4.4.4.4, 3.3.3.3.3.3, 3.6.3.6 and 3.4.6.4) at different levels of deformation: (A) 3¼ 0.00, (B)
3 ¼ "0.07, (C) 3 ¼ "0.15 and (D) 3 ¼ "0.21. All configurations are characterized by an initial void-volume-fraction j z 0.5. Scale bars: 20 mm.

Fig. 3 (A) Experimental and numerical stress–strain curves for the four struc-
tures. S denotes the nominal stress (calculated as force divided by the cross-
sectional area in the undeformed configuration). Dashed lines correspond to
experiments and solid lines to simulations. Note that for 3 < "0.20 the porous
structure 4.4.4.4. shows a stiffening behavior due to densification. A similar
response is observed also for the other three structures, but for larger values of
applied strain 3. (B) Table summarizing the mechanical properties of the four
periodic structures measured from experiments and simulations.
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Elastic dipoles can be used for more complex 
structures and holes of varying sizes!
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Future directions: 
Structures on curved surfaces

FIG. 29. Structures of native and swollen forms of CCMV determined by X-ray crystallography and cryoreconstruction (290). (Top left pair) Stereo view along
twofold direction of the native CCMV protein shell rendered as a C! tracing with the A, B, and C subunits colored blue, red, and green, respectively. The yellow cage
depicts the edges of a truncated icosahedron. (Top right) Truncated icosahedral model of CCMV in the same view orientation and color coding as the stereo C! model.
Yellow symbols mark the locations of the strict two-, three-, and fivefold icosahedral symmetry axes, and white symbols mark the positions of quasi-two- and threefold
axes. The central triangle of chemically identical A, B, and C subunits defines the asymmetric unit of the icosahedral structure. The subunits are colored differently to
reflect the fact that they occupy slightly different geometric (and chemical) environments. Polygons with subscripts are related to A, B, and C by icosahedral symmetry
(e.g., C and C2 are related by a strict twofold rotation and A and A5 are related by a strict fivefold rotation). The A, B, and C subunits of the asymmetric unit are related
by a quasi- or local threefold axis (white triangle; vertices of yellow cage in stereo view to left). The three orange dots mark the putative calcium binding positions in
one asymmetric unit of CCMV (290). (Middle row) CCMV capsid at pH 4.5. At the left is a magnified, stereo view of the native, 3.2-Å-resolution CCMV X-ray C!

model fit into the 23-Å-resolution cryoreconstruction envelope (blue mesh). The yellow, truncated icosahedral cage is the same as that depicted in the top row. Calcium
ions (180/capsid) are bound between capsomers by residues associated with the helices (white cylinders) which appear as three pairs positioned around each
quasi-threefold axis. An isosurface view of the cryoreconstruction is shown at the right (same size as models in the top row). (Bottom row) Same views as in middle
row but for the swollen CCMV capsid at pH 7.5 in the absence of metal ions. The atomic models of the native capsid subunits were translated and rotated as rigid bodies
to fit the 28-Å-resolution cryoreconstruction in the stereo view. Adapted from reference 290 with the permission of the author and the publisher.

892 BAKER ET AL. MICROBIOL. MOL. BIOL. REV.

 o
n

 D
e

c
e

m
b

e
r 1

2
, 2

0
1

3
 b

y
 g

u
e

s
t

h
ttp

://m
m

b
r.a

s
m

.o
rg

/
D

o
w

n
lo

a
d

e
d

 fro
m

 

T.S. Baker, N.H. Olson, S.D. Fuller 
Microbiol. Mol. Biol. Rev. 63, 862 (1999)
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BUCKLING 
DOWN

Katia Bertoldi is talking fast. She has only 
12 minutes to present her work in the 
burgeoning field of ‘extreme mechan-

ics’. But first, the Harvard University engineer smiles at the physicists 
gathered in Boston at the March 2012 meeting of the American Physical 
Society. She has to show them what she found in a toy shop.

Projected onto the screen, the Hoberman Twist-O looks like a hollow 
football made of garishly coloured plastic links. Twist it just so, however, 
and hinges between the links allow it to collapse into a ball a fraction of 
its original size. Twist it the other way, and it springs back open. Bertoldi 
explains that the Twist-O inspired her group to create a spherical device 
that collapses and re-expands, not with hinges but through mechanical 
instabilities: carefully designed weak spots that behave in a predictable 
way. Applications might include lightweight, self-assembling portable 
shelters or nanometre-scale drug-delivery capsules that would expand 
and release their cargo only after they had passed through the blood-
stream and reached their target. 

The challenge, Bertoldi says, is to figure out the exact instabilities a 

structure needs to achieve its desired behaviour. 
She quickly describes the necessary geometry 
and runs down a list of constraints. There are 

just 25 shapes that satisfy all the requirements, she explains, glossing 
over the months of computation it took to solve the problem. Then she 
starts a video to show the assembled throng the design that her team has 
come up with.

An image of a rubbery chartreuse ball with 24 carefully spaced round 
dimples (pictured) materializes on the screen. The test begins and the 
ball slowly collapses, each dimple squeezing shut as the structure twists 
into a smaller version of itself. There is a moment of silence, then eve-
ryone in the room begins to clap. 

Student engineers have always been taught that mechanical insta-
bilities are a problem to avoid. Such instabilities can quickly lead to 
structural failures — the collapse of a weight-bearing pillar, the crum-
pling of a flat steel plate or the buckling of a metal shell. From failures 
come disasters, such as the Second World War Liberty Ships that broke 
up while at sea. And the devilishly complex mathematical analysis of 

Mechanical instability is usually a problem that engineers 
try to avoid. But now some are using it to fold, stretch and 

crumple materials in remarkable ways.
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Buckliball folds up and 
closes soft spots upon 

reducing internal pressure 
Drug delivery containers!
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GOAL: Develop analytical tools 
for curved surfaces



Future directions: 
Design principles?
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What class of shapes 
results in negative 
Poisson’s ratio?

What class of shapes 
leads to spontaneous 

chiral symmetry 
breaking?

strain, leading to the formation of a periodic array of elongated,
almost closed ellipses, as shown in Fig. 2D for 3 ¼ "0.21. Since
the specimens are made of an elastomeric material, the process
is fully reversible and repeatable. Upon release of the applied
vertical displacement, the deformed structures recover their
original congurations.

Interestingly, Figs. 2C–D clearly shows that the porous
structures 3.6.3.6 and 3.4.6.4 buckle into a chiral pattern, while
the initially expanded congurations are non-chiral. Therefore,
in these two systems buckling acts as a reversible chiral
symmetry breaking mechanism. Despite many studies on
pattern formation induced by mechanical instabilities,15

relatively little is known about the use of buckling as a reversible
chiral symmetry breaking mechanism. Although several
processes have been recently reported to form chiral
patterns,19–23 all of these work only at a specic length-scale,
preventing their use for the formation of chiral structures over a
wide range of length scales, as required by applications.
Furthermore, most of these chiral symmetry breaking processes
are irreversible19–21 and only few systems have been demon-
strated to be capable of reversibly switching between non-chiral
and chiral congurations.22,23 Remarkably, since the mecha-
nism discovered here exploits a mechanical instability that is
scale independent, our results raise opportunities for reversible
chiral symmetry breaking over a wide range of length scales.

Both experiments and simulations reported in Fig. 2 clearly
indicate that the onset of instability is strongly affected by the
arrangement of the holes. A more quantitative comparison
between the response of the structures investigated in this
paper can be made by inspecting the evolution of stress during
both experiments and simulations (see Fig. 3). Although all
structures are characterized by roughly the same porosity, the

hole arrangement is found to strongly affect both the effective
modulus Ē (calculated as the initial slope of the stress–strain
curves reported in Fig. 3) and the critical strain 3cr (calculated as
the strain at which the stress–strain curves reported in Fig. 3
plateau), demonstrating that through a careful choice of the

Fig. 2 Numerical (left) and experimental (right) images of all four structures (4.4.4.4, 3.3.3.3.3.3, 3.6.3.6 and 3.4.6.4) at different levels of deformation: (A) 3¼ 0.00, (B)
3 ¼ "0.07, (C) 3 ¼ "0.15 and (D) 3 ¼ "0.21. All configurations are characterized by an initial void-volume-fraction j z 0.5. Scale bars: 20 mm.

Fig. 3 (A) Experimental and numerical stress–strain curves for the four struc-
tures. S denotes the nominal stress (calculated as force divided by the cross-
sectional area in the undeformed configuration). Dashed lines correspond to
experiments and solid lines to simulations. Note that for 3 < "0.20 the porous
structure 4.4.4.4. shows a stiffening behavior due to densification. A similar
response is observed also for the other three structures, but for larger values of
applied strain 3. (B) Table summarizing the mechanical properties of the four
periodic structures measured from experiments and simulations.
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strain, leading to the formation of a periodic array of elongated,
almost closed ellipses, as shown in Fig. 2D for 3 ¼ "0.21. Since
the specimens are made of an elastomeric material, the process
is fully reversible and repeatable. Upon release of the applied
vertical displacement, the deformed structures recover their
original congurations.

Interestingly, Figs. 2C–D clearly shows that the porous
structures 3.6.3.6 and 3.4.6.4 buckle into a chiral pattern, while
the initially expanded congurations are non-chiral. Therefore,
in these two systems buckling acts as a reversible chiral
symmetry breaking mechanism. Despite many studies on
pattern formation induced by mechanical instabilities,15

relatively little is known about the use of buckling as a reversible
chiral symmetry breaking mechanism. Although several
processes have been recently reported to form chiral
patterns,19–23 all of these work only at a specic length-scale,
preventing their use for the formation of chiral structures over a
wide range of length scales, as required by applications.
Furthermore, most of these chiral symmetry breaking processes
are irreversible19–21 and only few systems have been demon-
strated to be capable of reversibly switching between non-chiral
and chiral congurations.22,23 Remarkably, since the mecha-
nism discovered here exploits a mechanical instability that is
scale independent, our results raise opportunities for reversible
chiral symmetry breaking over a wide range of length scales.

Both experiments and simulations reported in Fig. 2 clearly
indicate that the onset of instability is strongly affected by the
arrangement of the holes. A more quantitative comparison
between the response of the structures investigated in this
paper can be made by inspecting the evolution of stress during
both experiments and simulations (see Fig. 3). Although all
structures are characterized by roughly the same porosity, the

hole arrangement is found to strongly affect both the effective
modulus Ē (calculated as the initial slope of the stress–strain
curves reported in Fig. 3) and the critical strain 3cr (calculated as
the strain at which the stress–strain curves reported in Fig. 3
plateau), demonstrating that through a careful choice of the

Fig. 2 Numerical (left) and experimental (right) images of all four structures (4.4.4.4, 3.3.3.3.3.3, 3.6.3.6 and 3.4.6.4) at different levels of deformation: (A) 3¼ 0.00, (B)
3 ¼ "0.07, (C) 3 ¼ "0.15 and (D) 3 ¼ "0.21. All configurations are characterized by an initial void-volume-fraction j z 0.5. Scale bars: 20 mm.

Fig. 3 (A) Experimental and numerical stress–strain curves for the four struc-
tures. S denotes the nominal stress (calculated as force divided by the cross-
sectional area in the undeformed configuration). Dashed lines correspond to
experiments and solid lines to simulations. Note that for 3 < "0.20 the porous
structure 4.4.4.4. shows a stiffening behavior due to densification. A similar
response is observed also for the other three structures, but for larger values of
applied strain 3. (B) Table summarizing the mechanical properties of the four
periodic structures measured from experiments and simulations.
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Studies of phase transitions for interacting 
elastic spins/dipoles in external stress field 

can provide some insights!
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Statistical mechanics is useful
for studying mechanics problems!

strain, leading to the formation of a periodic array of elongated,
almost closed ellipses, as shown in Fig. 2D for 3 ¼ "0.21. Since
the specimens are made of an elastomeric material, the process
is fully reversible and repeatable. Upon release of the applied
vertical displacement, the deformed structures recover their
original congurations.

Interestingly, Figs. 2C–D clearly shows that the porous
structures 3.6.3.6 and 3.4.6.4 buckle into a chiral pattern, while
the initially expanded congurations are non-chiral. Therefore,
in these two systems buckling acts as a reversible chiral
symmetry breaking mechanism. Despite many studies on
pattern formation induced by mechanical instabilities,15

relatively little is known about the use of buckling as a reversible
chiral symmetry breaking mechanism. Although several
processes have been recently reported to form chiral
patterns,19–23 all of these work only at a specic length-scale,
preventing their use for the formation of chiral structures over a
wide range of length scales, as required by applications.
Furthermore, most of these chiral symmetry breaking processes
are irreversible19–21 and only few systems have been demon-
strated to be capable of reversibly switching between non-chiral
and chiral congurations.22,23 Remarkably, since the mecha-
nism discovered here exploits a mechanical instability that is
scale independent, our results raise opportunities for reversible
chiral symmetry breaking over a wide range of length scales.

Both experiments and simulations reported in Fig. 2 clearly
indicate that the onset of instability is strongly affected by the
arrangement of the holes. A more quantitative comparison
between the response of the structures investigated in this
paper can be made by inspecting the evolution of stress during
both experiments and simulations (see Fig. 3). Although all
structures are characterized by roughly the same porosity, the

hole arrangement is found to strongly affect both the effective
modulus Ē (calculated as the initial slope of the stress–strain
curves reported in Fig. 3) and the critical strain 3cr (calculated as
the strain at which the stress–strain curves reported in Fig. 3
plateau), demonstrating that through a careful choice of the

Fig. 2 Numerical (left) and experimental (right) images of all four structures (4.4.4.4, 3.3.3.3.3.3, 3.6.3.6 and 3.4.6.4) at different levels of deformation: (A) 3¼ 0.00, (B)
3 ¼ "0.07, (C) 3 ¼ "0.15 and (D) 3 ¼ "0.21. All configurations are characterized by an initial void-volume-fraction j z 0.5. Scale bars: 20 mm.

Fig. 3 (A) Experimental and numerical stress–strain curves for the four struc-
tures. S denotes the nominal stress (calculated as force divided by the cross-
sectional area in the undeformed configuration). Dashed lines correspond to
experiments and solid lines to simulations. Note that for 3 < "0.20 the porous
structure 4.4.4.4. shows a stiffening behavior due to densification. A similar
response is observed also for the other three structures, but for larger values of
applied strain 3. (B) Table summarizing the mechanical properties of the four
periodic structures measured from experiments and simulations.
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