Geometry and Physics:
Cross-Fertilization and Missed Opportunities
Jean-Pierre BOURGUIGNON
(CNRS-Institut des Hautes Études Scientifiques)

University of Ljubljana, Slovenia
December 1st , 2016

Outline of the Lecture
Geometry and Physics have a very long history of positive
interaction.
This lecture discusses a sample of such instances, some of the
type “missed opportunities”, some truly influential, starting
with the XIXth century.
Taking advantage of the special context of this lecture, I take
more or less a historical mode of presentation with a few back
steps. Here is the outline:
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Bernhard RIEMANN and the early Development of
Riemannian Geometry,
Relativity as Cradle of a new Geometry
Gauge Theories
Spinor Fields and Related Equations
Concluding Remarks

1. Bernhard Riemann
and the Early Development of Riemannian Geometry

The fundamental document by B. RIEMANN
Bernhard RIEMANN defended his habilitation on June 10, 1854, in
Göttingen, and C.F. GAUSS, one of the jury members, picked the
topic “Hypothesen, welche der Geometrie zu Grunde liegen”:
This essay was produced in a very short period of time.
In spite of the fact that it is dealing with Geometry, it does
not contain any figure, and only one formula, a key one as it
introduces the Riemann curvature tensore;
In the last part entitled “Application on Space”, B. Riemann
discussed the relevance of his considerations to several parts
of Physics: Astronomy, the “very large”, but he also has a
paragraph on the “very small”;
He discusses explicitly the relevance of the concepts he
introduces to consider both continuous and discrete settings;
He cares about whether the new concepts of a Riemannian
manifold can be approached by actual measurements.

RICCI’s Absolute Differential Calculus
G. RICCI-CURBASTRO gave a conceptual content to the objects
identified by B. RIEMANN and E.B. CHRISTOFFEL as important
in the development of Riemannian Geometry. He developed his
ideas, that became a standard tool in Differential Geometry at
large, in four publications in the period 1888-1892:
First in “Delle derivazioni covarianti e controvarianti e del loro
uso nella analisi applicati, published in “Studi editi
dall’Università di Padova a commemorare l’ottavo centenario
della origine della Università di Bologna” in 1888.
He developed it in the 1892 issue of the Bulletin des Sciences
Mathématiques;
Later, his joint article with his student Tullio LEVI-CIVITA
“Méthodes de calcul différentiel absolu et leurs applications”
published in 1900 in the Mathematische Annalen became a
reference on the subject.

RICCI’s Absolute Differential Calculus (cont.)

RICCI’s Absolute Differential Calculus (cont.)

2. The Theory of Relativity
as Cradle of a New Geometry

The Geometry underlying Special Relativity
In 1905, Albert EINSTEIN introduces Special Relativity from a
thorough reflection from the Michelson-Morley experiments giving
grounds to the idea that the speed of light is absolute.
He elaborated on hints given by Hendrik LORENTZ to state
that Space and Time cannot be considered as separate
entities;
The mathematical consequences of the new approach were
drawn by Henri POINCARÉ and Hermann MINKOWSKI;
H. POINCARÉ’s approach, presented in an article entitled “Le
mouvement de l’électron” uses invariant theory to identify the
geometric structure relevant, namely an indefinite metric;
H. MINKOWSKI’s approach is much more in the spirit of
EUCLIDE’s Elements; it was published in an article following
a lecture entitled “Raum und Zeit”.

The new Geometry behind General Relativity
In 1913, Albert EINSTEIN and Marcel GROSSMANN made a first
attempt to define a Theory of General Relativity.
The shift is considerable as it consists in replacing the scalar
field that generated the gravitational force in Newton’s theory
by a 2-tensor field, measuring generalized lengths, null vectors
representing the light cone;
This requires passing from Minkowski Geometry (the algebraic
analog of Euclidean Geometry in the framework of Special
Relativity) to Lorentzian Geometry, the analog of Riemannian
Geometry.
If the field equations proposed in their back-to-back articles in
the Annalen der Physik involve the curvature, it does it in a
non covariant way, when the theory needs to be fully
covariant.

The Introduction of the Ricci Curvature
In his 1854 essay B. RIEMANN attaches to a metric g what is now
called the Riemann curvature tensor R g , that is a 4-tensor
measuring the deviation of a space from being Euclidean.
In “Direzioni et invarianti principali in una varieta qualunque”
(Atti del Real Inst. Veneto) published in 1904, G.
RICCI-CURBASTRO introduces the Ricci curvature Ricg , that
he defines as
r g (X ,Y ) = Trace(Z 7→ RZg ,X Y ) .
His motivation is purely geometric, namely that of introducing
at every point of a Riemannian manifold some privileged
directions.
This motivation proved to be totally useless... but the Ricci
curvature proved itself to be a very important concept for
other reasons.

The Einstein-Hilbert Equations
Consistent field equations were found in 1915 as the result of a
joint effort between A. EINSTEIN and David HILBERT.
They obtain these equations as Euler-Lagrange equations of a
variational principle
Z
g 7→
s g vg ,
space−time
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where
= Traceg is the scalar curvature of g .
The Einstein equations are
1 g
s g =T ,
2
where T is the stress-energy tensor (in the vacuum T ≡ 0).
Several approaches to discuss the Einstein equations have
been used; we will discuss some of them later.
rg −

What is Special about the Total Scalar Curvature
Since the middle of the 19th century, it was known that in
dimension 2 the functional S on the space Met M is constant.
Hence:
it is therefore a differential invariant (actually a topological
one) giving rise to the GAUSS-BONNET Formula:
Z
s g vg = 2π χ(M) ,
M

where χ(M) denotes the Euler-Poincaré characteristic of M.
This fact is reflected in all dimensions in the property that,
although the functional involves second order derivatives of
the field, the terms of fourth order in the First Variation
Formula disappear by integration by parts, giving only
boundary terms if M has a boundary.

Cornelius LANCZOS’ Generalized Lagrangians
In the late 30s, while looking for other Lagrangians for General
Relativity, Cornelius LANCZOS got interested in quadratic
functionals in the curvature of the following type on space-times of
dimension 4
Z
(α |R g |2 + β |r g |2 + γ (s g )2 ) vg .
M

He noticed that:
For a good choice of coefficients α, β and γ, the functional
does not generate any field equation;
He then deduced that this Lagrangian was not interesting;
From the point of view of a mathematician, this once more
means that one has caught an invariant of M;
Indeed, one has:
Z
1
(|R g |2 − |r g |2 + (s g )2 ) vg = 8π 2 χ(M) .
4
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A Missed Opportunity
The article by Cornelius LANCZOS was published in 1938 in the
Annals of Mathematics (actually in a volume that contained one of
the first articles by CHERN Shiing Shen).
It is only in 1944 that S.S. CHERN published again in Annals
of Mathematics his ground breaking article on “ A New
Intrinsic Proof of the Gauss-Bonnet Theorem”, that lead to
the theory of characteristic classes.
The whole new idea is of Kaluza-Klein type, namely going to
the frame bundle.
The formula for the Euler characteristic in terms of curvature
in terms of polynomials in the curvature belongs to these
developments.
I was very surprised to realize that actually S.S. CHERN had
never heard of the Lanczos Generalized Lagrangians.

The Einstein Equations in the ADM Approach
In the ADM approach of the Einstein equations, first
suggested by Yvonne BRUHAT, the 4-dimensional Lorentzian
geometry is translated into that of a curve t 7→ (gt , kt , φt )
where gt is the induced metric on a space hypersurface, hence
a 3-dimensional Riemannian manifold, kt its second
fundamental form and φt the lapse function.
The Einstein equations take the form of evolution equations
(
∂gt
= −2 φt kt
∂t
∂kt
= −D gt dφt + φt (rgt + (cgt (kt )kt − 2 kt .gt kt ) ;
∂t
and constraint equations
(
δgt kt − d(cgt (kt ))
sgt − |kt |2gt + (cgt (kt ))2

=0
=0.

On the Way to the Ricci Flow
If, in the ADM setting, we focus on the case where φ is a
constant, say 1, the evolution equations take the form:
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Hence, this suggests to consider differential equations
involving the Ricci curvature in Riem Σ, here the second time
derivative of the curve of metrics.
Considering the first derivative is a priori simpler. This is what
Thierry AUBIN did, in 1970: he deformed a metric in the
direction of its Ricci curvature to improve the curvature.
g −tr g
The key formula is ds dt = |r g |2 − 21 ∆g s g , showing for
example that, at a constant scalar curvature metric g , this
deformation increases the value of the scalar curvature.
This then suggests to consider the Ricci flow equation
∂gt
= −r gt .
∂t

Asking about the Ricci Flow

The Ricci Flow
Showing that the Ricci flow has a local solution in the space
of metrics requires to resolve a system of non-linear PDEs
that is degenerate from the point of view of analysis as
 2
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This was done by Richard HAMILTON and Dennis DETURCK
in the early 1980s.
To show that global solutions exist requires that one makes
geometric assumptions, and this was done in a series of
remarkable papers by R. HAMILTON.
The rest is History: this has been pushed much further by
Grisha PERELMAN, who showed how to go beyond
singularities, opening the way to solving the Poincaré
Conjecture, a purely topological question.
Many other applications of the Ricci flow have been made.

3. Attempts of further Generalizations
and the Path to Gauge Theories

Hermann WEYL’s attempt for a Further Unification
In 1917, Hermann WEYL made a first attempt to unify further
Physics in proposing that a scalar factor in front of the metric could
allow a unification of Gravitation with Electromagnetic theory.
This was actually a first serious consideration of a gauge
theory, and led to further discussions and understanding of
the general concept of a covariant derivative, not necessarily a
metric one.
By the very way he introduced the scalar field, he was in fact
considering conformal classes of metrics.
This led him to identify the part of the curvature that is not
affected by a conformal change of metric, now called the Weyl
curvature tensor.
It is a remarkable fact that this part of the curvature tensor is
precisely the part that is complementary to the Ricci
curvature, when lifted to the space of curvature tensors.

The Kaluza Ansatz
In 1918, Theodor KALUZA sent to A. EINSTEIN another attempt
to unify Gravitation and Electromagnetism
He introduced a 5-dimensional Lorentzian space-time with
metric g̃ and an Ansatz on how to relate the local expression
of g̃ to the ordinary space-time metric g and the electromagnetic potential ξ, also defined on the ordinary space-time.
The key formula is the one that describes the 5-dimensional
Ricci tensor in terms of other data.
The striking fact is that claiming that r g̃ = 0 gives back the
Maxwell equations for ξ and the right coupled
Einstein-Maxwell equations.
Actually, what lies behind is the formalism of Riemannian
submersions and the remarkable formulas for computing the
curvature, a theory that was developed only some 40 years
later by Barret O’NEILL.

Bundle Theory
In the late 1930s, through the work of Hassler WHITNEY and
Charles EHRESMANN and a few others, the theory of bundles
became a pillar of the modern theory of Geometry, linking it
strongly to Topology. Here are some key features:
Through the introduction of principal and associated bundles,
a systematic language could be developed, e.g. for a Lie
group G , a principal G -bundle corresponding to a space on
which G acts freely;
The concept of a covariant derivative could be generalized to
this context and given a very useful geometric content in the
form of connection, i.e. a horizontal distribution, the
curvature appearing as the measure of lack of integrability of
this distribution;
Further, a theory of Riemannian submersions can be
developed in this context with very striking formulas;

Gauge Theories repeated Appearances in Physics
In the 20th century, Gauge Theories kept reappearing:
In the 1950s YANG Chen Ning and Robert MILLS proposed a
non-Abelian Gauge Theory as a classical theory whose
quantum perturbation would shed light on the strong and
weak physical interactions quantum by nature;
The setting is that of a G -bundle with structure group a
group of symmetry of the interaction being studied and the
conditions of the experiment being incorporated in its
description, and the field a connection on this bundle;
The Yang-Mills Lagrangian is simply the L2 -norm of the
curvature of the bundle, the field equations being a priori
non-linear when G is non-Abelian, except in some very special
cases, of great physical and mathematical interest; where the
space-time is endowed with a Riemannian metric, the
so-called self-dual connections.

A striking Result derived from Self-dual Connections
The understanding of the most fundamental spaces, such as R4
resisted a long time to topologists. A number of questions on the
fondamental invariant of compact 4-dimensional topological and
differentiable manifolds, the signature form on the 2-dimensional
cohomology, remained open.
In 1982 Michael FREEDMAN showed that all topological
manifolds which are homotopic to R4 are actually
homeomorphic to the standard R4 .
A little later Simon DONALDSON managed to attach to any
compact oriented differentiable 4-manifold a completely new
type of invariants, namely the spaces of SU2 -instantons on
bundles over it.
These invariants are a kind of non-linear Hodge Theory.
From these considerations, by blowing up the 4-sphere at a
point, he derived that R4 has infinitely many non-equivalent
differentiable structures.

4. Spinor Fields and
Equations involving them

Clifford Algebras and Spinors
Spinors were introduced by Élie CARTAN in 1913 on purely
mathematical grounds. Here is a possible way of introducing them:
To any n-dimensional Euclidean vector space (V , g ) is attached its
Clifford algebra
Cl(V , g ) = ⊗V /hx ⊗ x + g (x, x)1i .
Clifford algebras over C have a 2-fold periodicity:
if n = 2m, Cl(V , g ) is a simple algebra, hence
Cl(V , g ) = End(ΣV );
if n = 2m + 1, the Cl(V , g ) = End(ΣV ) ⊕ End(Σ̃V ).
ΣV and Σ̃V are the spaces of spinors. They are 2m -dimensional.
These definitions make the dependence of spinors upon the metric
quite implicit. What is explicitly defined is the projective space of
the space of spinors.

Spinors and the Spin Group
Spinors are vectors in a fundamental representation space of the
group Spinn , the universal cover of the group SOn for n ≥ 3.
A key ingredient in the whole theory is the exact sequence of
groups
0 −→ Z/2Z −→ Spinn −→ SOn −→ 1 ,
which holds true for n ≥ 3.
The link with Clifford algebras goes as follows:
The group Spin(V , g ) can be realized as the multiplicative
subgroup of the Clifford algebra stabilizing the image of V
inside Cl(V , g ) and satisfying a certain normalization
condition;
Therefore, through the adjoint representation, Spin(V , g ) acts
on V .

W.K. CLIFFORD’s Visionary Note
William Kingdon CLIFFORD had other remarkable contributions.
In a note entitled “On the Space-Theory of Matter” published in
1876, W.K. CLIFFORD anticipates General Relativity:
“I wish here to indicate a manner in which these speculations may
be applied to the investigation of physical phenomena. I hold:
1) That small portions of space are in fact analogous to little hills
on a surface which is on the average flat, namely that the ordinary
laws of geometry are not valid in them.
2) That this property of being curved or distorted is continually
being passed on from one portion of space to another after the
manner of a wave.
3) That this variation of the curvature of space is what really
happens in that phenomenon which we call the motion of matter,
whether ponderable or ethereal.
4) That in this physical world nothing else takes place but this
variation subject to the law of continuity.”

Spinor Fields in Physics
After P.A.M. DIRAC’s breakthrough in 1928 viewing wave
functions of electrons as spinor fields in order to formulate the
fundamental equation of Quantum Mechanics in a relativistically
invariant way, spinor fields have been central objects in Physics.
In a Minkowski setting of space-time, the Dirac operator is a
square root of the D’Alembertian, the operator of the wave
equation.
Already in the thirties, while taking a variational approach of
the metric, Leopold INFELD and Albert EINSTEIN are
concerned on the dependence of spinors on the metric.
They propose to use a background Minkowski metric which
would give rise to the spinors and vary the metric separately.
The question of describing how spinors depend on the metric
was further raised by Bruno ZUMINO in the study of the
Wess-Zumino model in the 1970s and was finally fully solved
only in the 1990s.

Spinor Fields in Mathematics
It took time to mathematicians to come to grasp with them.
É. CARTAN was the first one to do that, but he raises an issue
concerning them at the very end of his book on spinors.
The key fact is that, since spinors only make sense when a
metric is fixed, they cannot be expressed in the natural basis
attached to a local coordinate system.
Later the work of M.F. ATIYAH and I.M. SINGER in relation
with the Index Theorem for elliptic operators brought them
center stage also in Mathematics because the Dirac operator
generates elliptic operators from a topological point of view.
From a geometric point of view this lead to the use of
Spinn -bundles and develop a Spin Geometry.
Note that, to make sense globally of a spin structure on a
manifold M, one needs that the second Stiefel-Whitney class
w2 (M) vanishes. Such manifolds are called spin manifolds.

Supersymmetry and Killing Spinors
Physicists have been searching for correspondances between
fermions (particles whose wave functions are spinor fields) and
bosons (particles whose wave functions are tensor fields), the
so-called supersymmetries.
Mathematically, the simplest case of an N = 1-supersymmetry
on a spin manifold M corresponds to the existence of a non
trivial solution of the Killing spinor equation.
A spinor field ψ is called a Killing spinor if there exists λ ∈ R
such that, for all X ∈ TM,
DX ψ + λ X .ψ = 0 .
This is an overdetermined system which, when it has no trivial
solutions, imposes restrictions on the metric, in particular that
the Ricci curvature be a constant multiple of the metric, a
so-called Einstein metric.

Killing Spinors and Holonomy
The relation of Killing spinors to special holonomy has been
developed by C. BÄR in 1993.
He showed that the cone M̄ = R+ × M over (M, g ) endowed
with the obvious cone metric ḡ = dr 2 + r 2 g admits a parallel
spinor ψ̄ when M admits a Killing spinor ψ. This of course
means that M̄ has reduced holonomy.
There is a strong link with String Theory and M-Theory
compactifications where limits of metrics with exceptional
holonomy such as G2 and Spin7 play an important role.
Very interesting examples of geometric objects in dimension 7
have come out of this discussion, such as the squashed
7-sphere, an Einstein metric on the 7-sphere different from the
standard metric.

5. Concluding Remarks

Many other Paths could have been Followed
Many other paths could have been followed to stress the intensity
and the fruitfulness of the interactions between Geometry and
Physics. Here are some examples:
The remarkable results initially obtained by Demetrios
CHRISTODOULOU and Sergiu KLAINERMAN on the
existence of non-linear perturbations of the Minkowski flat
metric led to great progress in the understanding of solutions
of the Einstein equations with little regularity;
Alain CONNES developped a geometric setting dealing fully
with Quantum Mechanics in his Non-Commutative Geometry;
The study of Calabi-Yau metrics, with holonomy SU3 , has
triggered a lot of new results in Algebraic Geometry;
The occurence of Mirror Symmetry led Maxim KONTSEVICH
to new geometric approaches involving Category Theory;
I could have been quoted the geometric approach to the
theory of defects in Solid State Physics and many others ...

I thank you for your attention.
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