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Problems With the “Best Fit” 
Approach

• More complex model usually fits better

• Difficult to compensate for complexity in nonlinear case
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Bayesian Hypotheses 
Testing

Vyshemirsky and Girolami

using probability distributions over the parameter values is a more
appropriate way of expressing the uncertainty inherent from the
variability of observations. Distributions over the model parame-
ters were successfully employed to express uncertain beliefs about
parameter values by, for example, Brown et al. (2004), and more
explicitly by Rogers et al. (2007) and Heron et al. (2007).

Assume that alternative working hypotheses are expressed in a
form of predictive parametric mathematical models. The likelihood
of reproducing experimental data D, consisting of N independent
identically distributed data points, with model M given a particular
set of model parameters !, and assuming Normal errors is defined
as:

p(D|M, !) =
NY

i=1

NDi("(M, !, xi), #), (1)

where xi is the condition in which Di was measured, and
"(M, !, xi) produces the value predicted with model M using para-
meters ! in condition xi. N·(·, ·) is the Normal probability density
function, and #2 is the observation noise variance. This definition
of the likelihood was chosen because it models the measurement
noise. However, other likelihood definitions, for example Gaussian
processes (Rasmussen and Williams, 2006), can be used if a more
sophisticated model for the noise process is required.

In the case where a discrete set of competing hypotheses is consi-
dered, they can be ranked by the ratio of their posterior probabilities.
A pair of hypotheses H1 and H2 can be represented with models
M1 and M2 having parameters !1 and !2 correspondingly. Taking
a prior distribution of beliefs in preference of each models $ into
account, this ratio is:

p(H1|D)
p(H2|D)

=
p(M1|D)
p(M2|D)

=
$ (M1)
$ (M2)

!B12 (2)

where

B12 =
p (D|M1)
p (D|M2)

=

R
p(D|M1, !1) · p(!1|M1)d!1R
p(D|M2, !2) · p(!2|M2)d!2

(3)

is called the Bayes factor for models 1 and 2. Bayes factors are
used to test competing hypotheses, and update corresponding beliefs
using formula (2).

The Bayes factor is a summary of the evidence provided by
the data in favour of one hypothesis, represented by a model, as
opposed to another. Jeffreys (1961) suggested interpreting Bayes
factors in half-units on the log10 scale. Pooling two of his catego-
ries together for simplification we demonstrate his scale in Table 1.
Using the logarithms of the Bayes factors is often convenient, and
log B12 is sometimes called the “weight of evidence in favour of
H1”, while log likelihoods are sometimes called “surprise values”,
“log evidence”, or “information content” (MacKay, 2003). Loga-
rithmic likelihoods are measured in units of information content
which depend on the base of the logarithms used1.

These categories are not a calibration of the Bayes factor, as it
already provides a meaningful interpretation as probability, but rat-
her a rough descriptive statement about standards of evidence in
scientific investigation.

1 ‘bit’ corresponds to log2 p, ‘nat’ to ln p, ‘ban’ to log10 p, and ‘deciban’
to 10 · log10 p. So, the scale of Jeffreys (1961) is constructed in half bans.
A historical overview for these names can be found in (MacKay, 2003).

Table 1. Interpretation of the Bayes factor as evidence support
categories according to Jeffreys (1961)

log10(B) B Evidence support
0 to 1/2 1 to 3.2 Not worth more than a bare mention
1/2 to 1 3.2 to 10 Substantial
1 to 2 10 to 100 Strong
> 2 > 100 Decisive

Computing such Bayes factors is a challenging problem, as the
marginal likelihoods for nonlinear models have to be evaluated to
obtain these. The main problem is that the marginal likelihood

p(D|Mi) =

Z
p(D|Mi, !i) · p(!i|Mi)d!i

can be evaluated analytically only in very special cases. The majo-
rity of the mechanistic biological models, however, are based on
nonlinear ordinary differential equations. In such cases analytical
integration of the marginal likelihood is impossible. Brute force
numerical integration can be applied to low-dimensional problems.
This approach, however, becomes computationally intractable as
its complexity grows exponentially with the dimensionality of a
problem

The reasons of complexity leave us with the only practical option
of considering methods for approximate evaluation of marginal
likelihoods. Many of these approximate methods are limited by
very strong conditions. For example, Laplace approximations (Ber-
nardo and Smith, 1994) are large sample approximations around
the maximum a posteriori parameter estimate. Such asymptotic
approximations rely on the almost Normal density of the posterior
distribution, which is often not satisfied for nonlinear problems.

Two more methods which can be applied in a general case
are importance sampling estimators (Newton and Raftery, 1994)
and thermodynamic integration (Ogata, 1989; Gelman and Meng,
1998).

Four estimators from the above classes: the prior arithmetic mean
estimator, the posterior harmonic mean estimator, Annealed Import-
ance Sampling and the annealing-melting integration are evaluated
in this paper. The first two were chosen because they are popular,
straightforward to implement, and relatively inexpensive compu-
tationally. It will, however, be demonstrated in this paper that
estimates produced with these estimators have large variation, and
therefore cannot be used when comparing large nonlinear models.
The latter two estimators are significantly more sophisticated, and
have much higher computational complexity. The estimates produ-
ced with these methods are, however, significantly more stable than
the ones produced with the importance sampling procedures.

Importance Sampling Estimators: Importance sampling estima-
tion consists of generating a sample

n
!(i); i = 1, . . . , m

o

from an unnormalised density $!(!). Under quite general conditi-
ons, an estimate of the integral

p(D|M) =

Z
p(D|M, !)p(!|M)d!
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3 METHODS AND RESULTS
We consider four alternative models of a biochemical system. The models
are artificially constructed to demonstrate the essence of the proposed metho-
dology and demonstrate its main points and advantages on an example with
a known result.
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(a) Model 1: A model of a signal
transduction cascade. Protein S
represents the input signal. S can
degrade to dS. At the same time S
activates protein R from its inac-
tive state, to an active state Rpp
by binding and activation. Protein
Rpp can then be deactivated. This
model was used to generate the
experimental data.

(b) Model 2: A simplified ver-
sion of a signal transduction cas-
cade. It represents the same pro-
cess as described by Model 1,
but a mechanistic description of
the activation process is omitted
and replaced with more general
functions.

(c) Model 3: A model of a signal-
ling cascade which is signifi-
cantly different to the rest of the
models considered in this paper.
This model does not describe
degradation of protein S.
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(d) Model 4: A more com-
plex version of Model 1. This
model mechanistically describes
how protein Rpp is deactivated by
phosphotase PhA.

Fig. 1. Models used for testing model comparison approach.

The schematic diagrams for the models are depicted in Fig. 1(a) – 1(d).
The entities in circles represent proteins involved in a biochemical network,
while arrows correspond to biochemical reactions. Enzymatic behaviour is
indicated by an arrow with a circle as head. For example, see Fig. 1(b) where
S in an enzyme for activation of R. Kinetic parameters of the reactions are
depicted as text beside the arrows e.g. k1, V1. These networks represent
realistic networks, and they all have a structure which is very common in
nature (Han et al., 2007).

Model 1: This model defines a common motif of signalling pathways that
is a stage in a signal transduction cascade, for example this motif is repeated
several times in (Schoeberl et al., 2002). The input signal is represented by
the concentration of protein S depicted in the top left of the diagram (see
Fig. 1(a)). This protein activates the next stage of the cascade by binding
to protein R forming complex RS, and activating R into its phosphorylated

form Rpp. Protein Rpp can then be deactivated. Model 1 also defines input
signal degradation by converting protein S into its degraded form dS.

All the proteins used in this model (depicted with ellipses in Fig. 1(a))
will be represented as dependent variables in our ODE model. As we are
interested in modelling and analysis of temporal behaviour, the indepen-
dent variable is time. The biochemical reactions in this model (arrows in
Fig. 1(a)) are defined using the Mass Action kinetic law with parameters
depicted as textual remarks beside the arrows in model diagram (e.g. k1,
k5). The following system of ODEs defines this model:

8
>>>>>>>>>>>>><

>>>>>>>>>>>>>:

Ṡ = !k1 · S ! k2 · S · R + k3 · RS + k4 · RS

˙dS = k1 · S

Ṙ = !k2 · S · R + k3 · RS +
V · Rpp

Km + Rpp

ṘS = k2 · S · R! k3 · RS ! k4 · RS

˙Rpp = k4 · RS !
V · Rpp

Km + Rpp

This model has six kinetic parameters: k1 . . . k4, V, Km.

Model 2: The model depicted in Fig. 1(b) was constructed as a simplified
representation of the signal transduction cascade stage. It essentially repres-
ents the same system as defined with Model 1, but uses the simpler kinetic
law to define reactions.

The system of ODEs used in this model is
8
>>>>>>>>><

>>>>>>>>>:

Ṡ = !k1 · S

˙dS = k1 · S

Ṙ = !
V1 · R · S

k2 + R
+

V2 · Rpp

k3 + Rpp

˙Rpp =
V1 · R · S

k2 + R
!

V2 · Rpp

k3 + Rpp

The model has five kinetic parameters: k1, k2, k3, V1, V2.

Model 3: The model depicted in Fig. 1(c) is a version of Model 2 with
degradation of protein S removed. As protein S cannot degrade, we would
not observe any signal decrease in system behaviours, and therefore we
would expect to see behaviours which are significantly different to the ones
produced with other models in this case study. Our goal for this model is to
demonstrate through hypotheses testing, that this model gains significantly
smaller evidential support from data than the rest of the models considered.

The system of ODEs used in this model is
8
>>>>>><

>>>>>>:

Ṡ = 0

Ṙ = !
V1 · R · S

k1 + R
+

V2 · Rpp

k2 + Rpp

˙Rpp =
V1 · R · S

k1 + R
!

V2 · Rpp

k2 + Rpp

The model has four kinetic parameters: k1, k2, V1, V2.

Model 4: The model depicted in Fig. 1(d) is a more complex version of
Model 1. Phosphatase PhA depicted in the bottom of the diagram deactiva-
tes protein R. This model was constructed to demonstrate how it would be
penalised for complexity according to Occam’s razor concept (see Jaynes,
2003) in Bayesian hypotheses testing.
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dology and demonstrate its main points and advantages on an example with
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activates protein R from its inac-
tive state, to an active state Rpp
by binding and activation. Protein
Rpp can then be deactivated. This
model was used to generate the
experimental data.
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cade. It represents the same pro-
cess as described by Model 1,
but a mechanistic description of
the activation process is omitted
and replaced with more general
functions.

(c) Model 3: A model of a signal-
ling cascade which is signifi-
cantly different to the rest of the
models considered in this paper.
This model does not describe
degradation of protein S.
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(d) Model 4: A more com-
plex version of Model 1. This
model mechanistically describes
how protein Rpp is deactivated by
phosphotase PhA.
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The schematic diagrams for the models are depicted in Fig. 1(a) – 1(d).
The entities in circles represent proteins involved in a biochemical network,
while arrows correspond to biochemical reactions. Enzymatic behaviour is
indicated by an arrow with a circle as head. For example, see Fig. 1(b) where
S in an enzyme for activation of R. Kinetic parameters of the reactions are
depicted as text beside the arrows e.g. k1, V1. These networks represent
realistic networks, and they all have a structure which is very common in
nature (Han et al., 2007).

Model 1: This model defines a common motif of signalling pathways that
is a stage in a signal transduction cascade, for example this motif is repeated
several times in (Schoeberl et al., 2002). The input signal is represented by
the concentration of protein S depicted in the top left of the diagram (see
Fig. 1(a)). This protein activates the next stage of the cascade by binding
to protein R forming complex RS, and activating R into its phosphorylated

form Rpp. Protein Rpp can then be deactivated. Model 1 also defines input
signal degradation by converting protein S into its degraded form dS.

All the proteins used in this model (depicted with ellipses in Fig. 1(a))
will be represented as dependent variables in our ODE model. As we are
interested in modelling and analysis of temporal behaviour, the indepen-
dent variable is time. The biochemical reactions in this model (arrows in
Fig. 1(a)) are defined using the Mass Action kinetic law with parameters
depicted as textual remarks beside the arrows in model diagram (e.g. k1,
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degradation of protein S removed. As protein S cannot degrade, we would
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Ṙ = !
V1 · R · S

k1 + R
+

V2 · Rpp

k2 + Rpp

˙Rpp =
V1 · R · S

k1 + R
!

V2 · Rpp

k2 + Rpp

The model has four kinetic parameters: k1, k2, V1, V2.

Model 4: The model depicted in Fig. 1(d) is a more complex version of
Model 1. Phosphatase PhA depicted in the bottom of the diagram deactiva-
tes protein R. This model was constructed to demonstrate how it would be
penalised for complexity according to Occam’s razor concept (see Jaynes,
2003) in Bayesian hypotheses testing.

4

True Model

1

Vyshemirsky and Girolami

3 METHODS AND RESULTS
We consider four alternative models of a biochemical system. The models
are artificially constructed to demonstrate the essence of the proposed metho-
dology and demonstrate its main points and advantages on an example with
a known result.

S dS

R

RS

Rpp

k

k ,k
k

1

2 3
4

V, Km

(a) Model 1: A model of a signal
transduction cascade. Protein S
represents the input signal. S can
degrade to dS. At the same time S
activates protein R from its inac-
tive state, to an active state Rpp
by binding and activation. Protein
Rpp can then be deactivated. This
model was used to generate the
experimental data.

(b) Model 2: A simplified ver-
sion of a signal transduction cas-
cade. It represents the same pro-
cess as described by Model 1,
but a mechanistic description of
the activation process is omitted
and replaced with more general
functions.

(c) Model 3: A model of a signal-
ling cascade which is signifi-
cantly different to the rest of the
models considered in this paper.
This model does not describe
degradation of protein S.

S dS

R

RS

Rpp

RppPhA

PhA

k

k ,k
k

k
k ,k

1

2 3
4

5 6
7

(d) Model 4: A more com-
plex version of Model 1. This
model mechanistically describes
how protein Rpp is deactivated by
phosphotase PhA.

Fig. 1. Models used for testing model comparison approach.
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while arrows correspond to biochemical reactions. Enzymatic behaviour is
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S in an enzyme for activation of R. Kinetic parameters of the reactions are
depicted as text beside the arrows e.g. k1, V1. These networks represent
realistic networks, and they all have a structure which is very common in
nature (Han et al., 2007).
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several times in (Schoeberl et al., 2002). The input signal is represented by
the concentration of protein S depicted in the top left of the diagram (see
Fig. 1(a)). This protein activates the next stage of the cascade by binding
to protein R forming complex RS, and activating R into its phosphorylated

form Rpp. Protein Rpp can then be deactivated. Model 1 also defines input
signal degradation by converting protein S into its degraded form dS.

All the proteins used in this model (depicted with ellipses in Fig. 1(a))
will be represented as dependent variables in our ODE model. As we are
interested in modelling and analysis of temporal behaviour, the indepen-
dent variable is time. The biochemical reactions in this model (arrows in
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plex version of Model 1. This
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how protein Rpp is deactivated by
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The schematic diagrams for the models are depicted in Fig. 1(a) – 1(d).
The entities in circles represent proteins involved in a biochemical network,
while arrows correspond to biochemical reactions. Enzymatic behaviour is
indicated by an arrow with a circle as head. For example, see Fig. 1(b) where
S in an enzyme for activation of R. Kinetic parameters of the reactions are
depicted as text beside the arrows e.g. k1, V1. These networks represent
realistic networks, and they all have a structure which is very common in
nature (Han et al., 2007).

Model 1: This model defines a common motif of signalling pathways that
is a stage in a signal transduction cascade, for example this motif is repeated
several times in (Schoeberl et al., 2002). The input signal is represented by
the concentration of protein S depicted in the top left of the diagram (see
Fig. 1(a)). This protein activates the next stage of the cascade by binding
to protein R forming complex RS, and activating R into its phosphorylated

form Rpp. Protein Rpp can then be deactivated. Model 1 also defines input
signal degradation by converting protein S into its degraded form dS.

All the proteins used in this model (depicted with ellipses in Fig. 1(a))
will be represented as dependent variables in our ODE model. As we are
interested in modelling and analysis of temporal behaviour, the indepen-
dent variable is time. The biochemical reactions in this model (arrows in
Fig. 1(a)) are defined using the Mass Action kinetic law with parameters
depicted as textual remarks beside the arrows in model diagram (e.g. k1,
k5). The following system of ODEs defines this model:
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degradation of protein S removed. As protein S cannot degrade, we would
not observe any signal decrease in system behaviours, and therefore we
would expect to see behaviours which are significantly different to the ones
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The schematic diagrams for the models are depicted in Fig. 1(a) – 1(d).
The entities in circles represent proteins involved in a biochemical network,
while arrows correspond to biochemical reactions. Enzymatic behaviour is
indicated by an arrow with a circle as head. For example, see Fig. 1(b) where
S in an enzyme for activation of R. Kinetic parameters of the reactions are
depicted as text beside the arrows e.g. k1, V1. These networks represent
realistic networks, and they all have a structure which is very common in
nature (Han et al., 2007).

Model 1: This model defines a common motif of signalling pathways that
is a stage in a signal transduction cascade, for example this motif is repeated
several times in (Schoeberl et al., 2002). The input signal is represented by
the concentration of protein S depicted in the top left of the diagram (see
Fig. 1(a)). This protein activates the next stage of the cascade by binding
to protein R forming complex RS, and activating R into its phosphorylated

form Rpp. Protein Rpp can then be deactivated. Model 1 also defines input
signal degradation by converting protein S into its degraded form dS.

All the proteins used in this model (depicted with ellipses in Fig. 1(a))
will be represented as dependent variables in our ODE model. As we are
interested in modelling and analysis of temporal behaviour, the indepen-
dent variable is time. The biochemical reactions in this model (arrows in
Fig. 1(a)) are defined using the Mass Action kinetic law with parameters
depicted as textual remarks beside the arrows in model diagram (e.g. k1,
k5). The following system of ODEs defines this model:

8
>>>>>>>>>>>>><

>>>>>>>>>>>>>:

Ṡ = !k1 · S ! k2 · S · R + k3 · RS + k4 · RS

˙dS = k1 · S

Ṙ = !k2 · S · R + k3 · RS +
V · Rpp

Km + Rpp

ṘS = k2 · S · R! k3 · RS ! k4 · RS

˙Rpp = k4 · RS !
V · Rpp

Km + Rpp

This model has six kinetic parameters: k1 . . . k4, V, Km.

Model 2: The model depicted in Fig. 1(b) was constructed as a simplified
representation of the signal transduction cascade stage. It essentially repres-
ents the same system as defined with Model 1, but uses the simpler kinetic
law to define reactions.

The system of ODEs used in this model is
8
>>>>>>>>><

>>>>>>>>>:

Ṡ = !k1 · S

˙dS = k1 · S

Ṙ = !
V1 · R · S

k2 + R
+

V2 · Rpp

k3 + Rpp

˙Rpp =
V1 · R · S

k2 + R
!

V2 · Rpp

k3 + Rpp

The model has five kinetic parameters: k1, k2, k3, V1, V2.

Model 3: The model depicted in Fig. 1(c) is a version of Model 2 with
degradation of protein S removed. As protein S cannot degrade, we would
not observe any signal decrease in system behaviours, and therefore we
would expect to see behaviours which are significantly different to the ones
produced with other models in this case study. Our goal for this model is to
demonstrate through hypotheses testing, that this model gains significantly
smaller evidential support from data than the rest of the models considered.

The system of ODEs used in this model is
8
>>>>>><

>>>>>>:

Ṡ = 0

Ṙ = !
V1 · R · S

k1 + R
+

V2 · Rpp

k2 + Rpp

˙Rpp =
V1 · R · S

k1 + R
!

V2 · Rpp

k2 + Rpp

The model has four kinetic parameters: k1, k2, V1, V2.

Model 4: The model depicted in Fig. 1(d) is a more complex version of
Model 1. Phosphatase PhA depicted in the bottom of the diagram deactiva-
tes protein R. This model was constructed to demonstrate how it would be
penalised for complexity according to Occam’s razor concept (see Jaynes,
2003) in Bayesian hypotheses testing.
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3 METHODS AND RESULTS
We consider four alternative models of a biochemical system. The models
are artificially constructed to demonstrate the essence of the proposed metho-
dology and demonstrate its main points and advantages on an example with
a known result.
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(a) Model 1: A model of a signal
transduction cascade. Protein S
represents the input signal. S can
degrade to dS. At the same time S
activates protein R from its inac-
tive state, to an active state Rpp
by binding and activation. Protein
Rpp can then be deactivated. This
model was used to generate the
experimental data.

(b) Model 2: A simplified ver-
sion of a signal transduction cas-
cade. It represents the same pro-
cess as described by Model 1,
but a mechanistic description of
the activation process is omitted
and replaced with more general
functions.

(c) Model 3: A model of a signal-
ling cascade which is signifi-
cantly different to the rest of the
models considered in this paper.
This model does not describe
degradation of protein S.
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(d) Model 4: A more com-
plex version of Model 1. This
model mechanistically describes
how protein Rpp is deactivated by
phosphotase PhA.

Fig. 1. Models used for testing model comparison approach.

The schematic diagrams for the models are depicted in Fig. 1(a) – 1(d).
The entities in circles represent proteins involved in a biochemical network,
while arrows correspond to biochemical reactions. Enzymatic behaviour is
indicated by an arrow with a circle as head. For example, see Fig. 1(b) where
S in an enzyme for activation of R. Kinetic parameters of the reactions are
depicted as text beside the arrows e.g. k1, V1. These networks represent
realistic networks, and they all have a structure which is very common in
nature (Han et al., 2007).

Model 1: This model defines a common motif of signalling pathways that
is a stage in a signal transduction cascade, for example this motif is repeated
several times in (Schoeberl et al., 2002). The input signal is represented by
the concentration of protein S depicted in the top left of the diagram (see
Fig. 1(a)). This protein activates the next stage of the cascade by binding
to protein R forming complex RS, and activating R into its phosphorylated

form Rpp. Protein Rpp can then be deactivated. Model 1 also defines input
signal degradation by converting protein S into its degraded form dS.

All the proteins used in this model (depicted with ellipses in Fig. 1(a))
will be represented as dependent variables in our ODE model. As we are
interested in modelling and analysis of temporal behaviour, the indepen-
dent variable is time. The biochemical reactions in this model (arrows in
Fig. 1(a)) are defined using the Mass Action kinetic law with parameters
depicted as textual remarks beside the arrows in model diagram (e.g. k1,
k5). The following system of ODEs defines this model:

8
>>>>>>>>>>>>><

>>>>>>>>>>>>>:

Ṡ = !k1 · S ! k2 · S · R + k3 · RS + k4 · RS

˙dS = k1 · S

Ṙ = !k2 · S · R + k3 · RS +
V · Rpp

Km + Rpp

ṘS = k2 · S · R! k3 · RS ! k4 · RS

˙Rpp = k4 · RS !
V · Rpp

Km + Rpp

This model has six kinetic parameters: k1 . . . k4, V, Km.

Model 2: The model depicted in Fig. 1(b) was constructed as a simplified
representation of the signal transduction cascade stage. It essentially repres-
ents the same system as defined with Model 1, but uses the simpler kinetic
law to define reactions.

The system of ODEs used in this model is
8
>>>>>>>>><

>>>>>>>>>:

Ṡ = !k1 · S

˙dS = k1 · S

Ṙ = !
V1 · R · S

k2 + R
+

V2 · Rpp

k3 + Rpp

˙Rpp =
V1 · R · S

k2 + R
!

V2 · Rpp

k3 + Rpp

The model has five kinetic parameters: k1, k2, k3, V1, V2.

Model 3: The model depicted in Fig. 1(c) is a version of Model 2 with
degradation of protein S removed. As protein S cannot degrade, we would
not observe any signal decrease in system behaviours, and therefore we
would expect to see behaviours which are significantly different to the ones
produced with other models in this case study. Our goal for this model is to
demonstrate through hypotheses testing, that this model gains significantly
smaller evidential support from data than the rest of the models considered.

The system of ODEs used in this model is
8
>>>>>><

>>>>>>:

Ṡ = 0

Ṙ = !
V1 · R · S

k1 + R
+

V2 · Rpp

k2 + Rpp

˙Rpp =
V1 · R · S

k1 + R
!

V2 · Rpp

k2 + Rpp

The model has four kinetic parameters: k1, k2, V1, V2.

Model 4: The model depicted in Fig. 1(d) is a more complex version of
Model 1. Phosphatase PhA depicted in the bottom of the diagram deactiva-
tes protein R. This model was constructed to demonstrate how it would be
penalised for complexity according to Occam’s razor concept (see Jaynes,
2003) in Bayesian hypotheses testing.

4

True Model

1

Vyshemirsky and Girolami

3 METHODS AND RESULTS
We consider four alternative models of a biochemical system. The models
are artificially constructed to demonstrate the essence of the proposed metho-
dology and demonstrate its main points and advantages on an example with
a known result.
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(a) Model 1: A model of a signal
transduction cascade. Protein S
represents the input signal. S can
degrade to dS. At the same time S
activates protein R from its inac-
tive state, to an active state Rpp
by binding and activation. Protein
Rpp can then be deactivated. This
model was used to generate the
experimental data.

(b) Model 2: A simplified ver-
sion of a signal transduction cas-
cade. It represents the same pro-
cess as described by Model 1,
but a mechanistic description of
the activation process is omitted
and replaced with more general
functions.

(c) Model 3: A model of a signal-
ling cascade which is signifi-
cantly different to the rest of the
models considered in this paper.
This model does not describe
degradation of protein S.
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(d) Model 4: A more com-
plex version of Model 1. This
model mechanistically describes
how protein Rpp is deactivated by
phosphotase PhA.

Fig. 1. Models used for testing model comparison approach.

The schematic diagrams for the models are depicted in Fig. 1(a) – 1(d).
The entities in circles represent proteins involved in a biochemical network,
while arrows correspond to biochemical reactions. Enzymatic behaviour is
indicated by an arrow with a circle as head. For example, see Fig. 1(b) where
S in an enzyme for activation of R. Kinetic parameters of the reactions are
depicted as text beside the arrows e.g. k1, V1. These networks represent
realistic networks, and they all have a structure which is very common in
nature (Han et al., 2007).

Model 1: This model defines a common motif of signalling pathways that
is a stage in a signal transduction cascade, for example this motif is repeated
several times in (Schoeberl et al., 2002). The input signal is represented by
the concentration of protein S depicted in the top left of the diagram (see
Fig. 1(a)). This protein activates the next stage of the cascade by binding
to protein R forming complex RS, and activating R into its phosphorylated

form Rpp. Protein Rpp can then be deactivated. Model 1 also defines input
signal degradation by converting protein S into its degraded form dS.

All the proteins used in this model (depicted with ellipses in Fig. 1(a))
will be represented as dependent variables in our ODE model. As we are
interested in modelling and analysis of temporal behaviour, the indepen-
dent variable is time. The biochemical reactions in this model (arrows in
Fig. 1(a)) are defined using the Mass Action kinetic law with parameters
depicted as textual remarks beside the arrows in model diagram (e.g. k1,
k5). The following system of ODEs defines this model:

8
>>>>>>>>>>>>><

>>>>>>>>>>>>>:

Ṡ = !k1 · S ! k2 · S · R + k3 · RS + k4 · RS

˙dS = k1 · S

Ṙ = !k2 · S · R + k3 · RS +
V · Rpp

Km + Rpp

ṘS = k2 · S · R! k3 · RS ! k4 · RS

˙Rpp = k4 · RS !
V · Rpp

Km + Rpp

This model has six kinetic parameters: k1 . . . k4, V, Km.

Model 2: The model depicted in Fig. 1(b) was constructed as a simplified
representation of the signal transduction cascade stage. It essentially repres-
ents the same system as defined with Model 1, but uses the simpler kinetic
law to define reactions.

The system of ODEs used in this model is
8
>>>>>>>>><

>>>>>>>>>:

Ṡ = !k1 · S

˙dS = k1 · S

Ṙ = !
V1 · R · S

k2 + R
+

V2 · Rpp

k3 + Rpp

˙Rpp =
V1 · R · S

k2 + R
!

V2 · Rpp

k3 + Rpp

The model has five kinetic parameters: k1, k2, k3, V1, V2.

Model 3: The model depicted in Fig. 1(c) is a version of Model 2 with
degradation of protein S removed. As protein S cannot degrade, we would
not observe any signal decrease in system behaviours, and therefore we
would expect to see behaviours which are significantly different to the ones
produced with other models in this case study. Our goal for this model is to
demonstrate through hypotheses testing, that this model gains significantly
smaller evidential support from data than the rest of the models considered.

The system of ODEs used in this model is
8
>>>>>><

>>>>>>:

Ṡ = 0

Ṙ = !
V1 · R · S

k1 + R
+

V2 · Rpp

k2 + Rpp

˙Rpp =
V1 · R · S

k1 + R
!

V2 · Rpp

k2 + Rpp

The model has four kinetic parameters: k1, k2, V1, V2.

Model 4: The model depicted in Fig. 1(d) is a more complex version of
Model 1. Phosphatase PhA depicted in the bottom of the diagram deactiva-
tes protein R. This model was constructed to demonstrate how it would be
penalised for complexity according to Occam’s razor concept (see Jaynes,
2003) in Bayesian hypotheses testing.

4

Simple
Model

2

Vyshemirsky and Girolami

3 METHODS AND RESULTS
We consider four alternative models of a biochemical system. The models
are artificially constructed to demonstrate the essence of the proposed metho-
dology and demonstrate its main points and advantages on an example with
a known result.
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(a) Model 1: A model of a signal
transduction cascade. Protein S
represents the input signal. S can
degrade to dS. At the same time S
activates protein R from its inac-
tive state, to an active state Rpp
by binding and activation. Protein
Rpp can then be deactivated. This
model was used to generate the
experimental data.

(b) Model 2: A simplified ver-
sion of a signal transduction cas-
cade. It represents the same pro-
cess as described by Model 1,
but a mechanistic description of
the activation process is omitted
and replaced with more general
functions.

(c) Model 3: A model of a signal-
ling cascade which is signifi-
cantly different to the rest of the
models considered in this paper.
This model does not describe
degradation of protein S.
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(d) Model 4: A more com-
plex version of Model 1. This
model mechanistically describes
how protein Rpp is deactivated by
phosphotase PhA.

Fig. 1. Models used for testing model comparison approach.

The schematic diagrams for the models are depicted in Fig. 1(a) – 1(d).
The entities in circles represent proteins involved in a biochemical network,
while arrows correspond to biochemical reactions. Enzymatic behaviour is
indicated by an arrow with a circle as head. For example, see Fig. 1(b) where
S in an enzyme for activation of R. Kinetic parameters of the reactions are
depicted as text beside the arrows e.g. k1, V1. These networks represent
realistic networks, and they all have a structure which is very common in
nature (Han et al., 2007).

Model 1: This model defines a common motif of signalling pathways that
is a stage in a signal transduction cascade, for example this motif is repeated
several times in (Schoeberl et al., 2002). The input signal is represented by
the concentration of protein S depicted in the top left of the diagram (see
Fig. 1(a)). This protein activates the next stage of the cascade by binding
to protein R forming complex RS, and activating R into its phosphorylated

form Rpp. Protein Rpp can then be deactivated. Model 1 also defines input
signal degradation by converting protein S into its degraded form dS.

All the proteins used in this model (depicted with ellipses in Fig. 1(a))
will be represented as dependent variables in our ODE model. As we are
interested in modelling and analysis of temporal behaviour, the indepen-
dent variable is time. The biochemical reactions in this model (arrows in
Fig. 1(a)) are defined using the Mass Action kinetic law with parameters
depicted as textual remarks beside the arrows in model diagram (e.g. k1,
k5). The following system of ODEs defines this model:

8
>>>>>>>>>>>>><

>>>>>>>>>>>>>:

Ṡ = !k1 · S ! k2 · S · R + k3 · RS + k4 · RS

˙dS = k1 · S

Ṙ = !k2 · S · R + k3 · RS +
V · Rpp

Km + Rpp

ṘS = k2 · S · R! k3 · RS ! k4 · RS

˙Rpp = k4 · RS !
V · Rpp

Km + Rpp

This model has six kinetic parameters: k1 . . . k4, V, Km.

Model 2: The model depicted in Fig. 1(b) was constructed as a simplified
representation of the signal transduction cascade stage. It essentially repres-
ents the same system as defined with Model 1, but uses the simpler kinetic
law to define reactions.

The system of ODEs used in this model is
8
>>>>>>>>><

>>>>>>>>>:

Ṡ = !k1 · S

˙dS = k1 · S

Ṙ = !
V1 · R · S

k2 + R
+

V2 · Rpp

k3 + Rpp

˙Rpp =
V1 · R · S

k2 + R
!

V2 · Rpp

k3 + Rpp

The model has five kinetic parameters: k1, k2, k3, V1, V2.

Model 3: The model depicted in Fig. 1(c) is a version of Model 2 with
degradation of protein S removed. As protein S cannot degrade, we would
not observe any signal decrease in system behaviours, and therefore we
would expect to see behaviours which are significantly different to the ones
produced with other models in this case study. Our goal for this model is to
demonstrate through hypotheses testing, that this model gains significantly
smaller evidential support from data than the rest of the models considered.

The system of ODEs used in this model is
8
>>>>>><

>>>>>>:

Ṡ = 0

Ṙ = !
V1 · R · S

k1 + R
+

V2 · Rpp

k2 + Rpp

˙Rpp =
V1 · R · S

k1 + R
!

V2 · Rpp

k2 + Rpp

The model has four kinetic parameters: k1, k2, V1, V2.

Model 4: The model depicted in Fig. 1(d) is a more complex version of
Model 1. Phosphatase PhA depicted in the bottom of the diagram deactiva-
tes protein R. This model was constructed to demonstrate how it would be
penalised for complexity according to Occam’s razor concept (see Jaynes,
2003) in Bayesian hypotheses testing.
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3 METHODS AND RESULTS
We consider four alternative models of a biochemical system. The models
are artificially constructed to demonstrate the essence of the proposed metho-
dology and demonstrate its main points and advantages on an example with
a known result.

S dS

R

RS

Rpp

k

k ,k
k

1

2 3
4

V, Km

(a) Model 1: A model of a signal
transduction cascade. Protein S
represents the input signal. S can
degrade to dS. At the same time S
activates protein R from its inac-
tive state, to an active state Rpp
by binding and activation. Protein
Rpp can then be deactivated. This
model was used to generate the
experimental data.

(b) Model 2: A simplified ver-
sion of a signal transduction cas-
cade. It represents the same pro-
cess as described by Model 1,
but a mechanistic description of
the activation process is omitted
and replaced with more general
functions.

(c) Model 3: A model of a signal-
ling cascade which is signifi-
cantly different to the rest of the
models considered in this paper.
This model does not describe
degradation of protein S.
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(d) Model 4: A more com-
plex version of Model 1. This
model mechanistically describes
how protein Rpp is deactivated by
phosphotase PhA.

Fig. 1. Models used for testing model comparison approach.

The schematic diagrams for the models are depicted in Fig. 1(a) – 1(d).
The entities in circles represent proteins involved in a biochemical network,
while arrows correspond to biochemical reactions. Enzymatic behaviour is
indicated by an arrow with a circle as head. For example, see Fig. 1(b) where
S in an enzyme for activation of R. Kinetic parameters of the reactions are
depicted as text beside the arrows e.g. k1, V1. These networks represent
realistic networks, and they all have a structure which is very common in
nature (Han et al., 2007).

Model 1: This model defines a common motif of signalling pathways that
is a stage in a signal transduction cascade, for example this motif is repeated
several times in (Schoeberl et al., 2002). The input signal is represented by
the concentration of protein S depicted in the top left of the diagram (see
Fig. 1(a)). This protein activates the next stage of the cascade by binding
to protein R forming complex RS, and activating R into its phosphorylated

form Rpp. Protein Rpp can then be deactivated. Model 1 also defines input
signal degradation by converting protein S into its degraded form dS.

All the proteins used in this model (depicted with ellipses in Fig. 1(a))
will be represented as dependent variables in our ODE model. As we are
interested in modelling and analysis of temporal behaviour, the indepen-
dent variable is time. The biochemical reactions in this model (arrows in
Fig. 1(a)) are defined using the Mass Action kinetic law with parameters
depicted as textual remarks beside the arrows in model diagram (e.g. k1,
k5). The following system of ODEs defines this model:

8
>>>>>>>>>>>>><

>>>>>>>>>>>>>:

Ṡ = !k1 · S ! k2 · S · R + k3 · RS + k4 · RS

˙dS = k1 · S

Ṙ = !k2 · S · R + k3 · RS +
V · Rpp

Km + Rpp

ṘS = k2 · S · R! k3 · RS ! k4 · RS

˙Rpp = k4 · RS !
V · Rpp

Km + Rpp

This model has six kinetic parameters: k1 . . . k4, V, Km.

Model 2: The model depicted in Fig. 1(b) was constructed as a simplified
representation of the signal transduction cascade stage. It essentially repres-
ents the same system as defined with Model 1, but uses the simpler kinetic
law to define reactions.

The system of ODEs used in this model is
8
>>>>>>>>><

>>>>>>>>>:

Ṡ = !k1 · S

˙dS = k1 · S

Ṙ = !
V1 · R · S

k2 + R
+

V2 · Rpp

k3 + Rpp

˙Rpp =
V1 · R · S

k2 + R
!

V2 · Rpp

k3 + Rpp

The model has five kinetic parameters: k1, k2, k3, V1, V2.

Model 3: The model depicted in Fig. 1(c) is a version of Model 2 with
degradation of protein S removed. As protein S cannot degrade, we would
not observe any signal decrease in system behaviours, and therefore we
would expect to see behaviours which are significantly different to the ones
produced with other models in this case study. Our goal for this model is to
demonstrate through hypotheses testing, that this model gains significantly
smaller evidential support from data than the rest of the models considered.

The system of ODEs used in this model is
8
>>>>>><

>>>>>>:

Ṡ = 0

Ṙ = !
V1 · R · S

k1 + R
+

V2 · Rpp

k2 + Rpp

˙Rpp =
V1 · R · S

k1 + R
!

V2 · Rpp

k2 + Rpp

The model has four kinetic parameters: k1, k2, V1, V2.

Model 4: The model depicted in Fig. 1(d) is a more complex version of
Model 1. Phosphatase PhA depicted in the bottom of the diagram deactiva-
tes protein R. This model was constructed to demonstrate how it would be
penalised for complexity according to Occam’s razor concept (see Jaynes,
2003) in Bayesian hypotheses testing.

4

Complex
Model

4

7



Data

Bayesian Ranking of Biochemical System Models

The system of ODEs used in this model is
8
>>>>>>>>>>>>>>>><

>>>>>>>>>>>>>>>>:

Ṡ = !k1 · S ! k2 · S · R + k3 · RS + k4 · RS

˙dS = k1 · S

Ṙ = !k2 · S · R + k3 · RS + k7 · RppPhA

ṘS = k2 · S · R! k3 · RS ! k4 · RS

˙Rpp = k4 · RS ! k5 · Rpp · PhA + k6 · RppPhA

˙PhA = !k5 · Rpp · PhA + k6 · RppPhA + k7 · RppPhA

˙RppPhA = k5 · Rpp · PhA! k6 · RppPhA! k7 · RppPhA

This model has seven kinetic parameters: k1 . . . k7.
The initial values for all of the models can be found in SBML files

provided as the supplementary material to this paper.

Data Generation: For this study we use data generated from Model 1. To
generate the data we simulated the behaviour of Model 1 with the following
values for kinetic parameters:

k1 = 0.07 k2 = 0.6 k3 = 0.05

k4 = 0.3 V = 0.017 Km = 0.3

by solving an initial value problem, and generated the time series of variable
values (protein concentrations).

We decided to generate a data set for the experiments as a time
series of Rpp values only, measured at the following time points:
t " {2s, 5s, 10s, 20s, 40s, 60s, 100s}. We added observation noise with
variance 0.01 to the simulated values at each of the time points. The data set
D contains twenty one samples. The obtained values are depicted in Fig. 2.
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Fig. 2. Data set generated from Model 1.

Overall Statistical Models: The definition of the likelihood (1) has been
used as described in Section 2. Only one additional noise parameter ! has
been added to each of the models, as the same noise value was used when
the data was generated. The same noise parameter will be substituted to the
normal distributions placed at each of the time points when evaluating the
likelihood (1).

Any information about the parameter values used to generate data for our
experiments with Model 1 has been discarded; and the prior for model para-
meters was defined. As none of the parameters can take a negative value, we
defined the priors for all of the parameters of all the models to be distributed
according to Gamma distribution !(1, 3). The mean of this prior (µ = 3)
is significantly larger than any of the parameters used for data generation,
and its variance is large enough that it corresponds to our relative ignorance
about the plausible parameter values.

Hypotheses testing: We now compare the alternative hypotheses defi-
ned using models 1–4 by estimating corresponding marginal likelihoods and
computing the Bayes factors. The Metropolis-Hasting algorithm (Hastings,

Table 2. Estimates of ln p(D|Mi). PAM row corresponds to the
estimates obtained with the prior arithmetic means estimator, PHM
corresponds to the posterior harmonic means estimator, AIS corre-
sponds to the annealed importance sampling, and AMI corresponds
to the annealing-melting integration. The posterior harmonic mean
estimator, the annealed importance sampling and the annealing-
melting integration methods produce the following ranking of the
models: Model 1 # Model 4 # Model 2 # Model 3. The prior
arithmetic mean estimates are not sufficiently separated to produce
a meaningful ranking.

Model 1 Model 2 Model 3 Model 4
PAM 9.6 ± 5.5 11.8 ± 3.8 !1.1 ± 0.1 11.1 ± 7.0
PHM 71.0 ± 2.2 44.6 ± 0.8 1.9 ± 0.7 55.3 ± 1.2
AIS 44.6 ± 0.8 28.9 ± 0.3 !1.1 ± 0.1 35.0 ± 0.7
AMI 45.8 ± 0.2 29.2 ± 0.1 !1.1 ± 0.1 34.8 ± 0.1

Table 3. The obtained Bayes factors.

log10 B12 log10 B13 log10 B14 log10 B42 log10 B23

7.209 20.370 4.763 2.446 13.161
“decisive” “decisive” “decisive” “decisive” “decisive”

1970) was used to produce samples from distributions required for estima-
tion of marginal likelihoods. The estimates are based on 400,000 samples
drawn from each of the required distributions. We monitored the conver-
gence of 20 parallel Markov chains to the stationary distributions for the
posterior harmonic mean estimator and for the annealing-melting integration
method for each of the "i=1...40, using the method proposed by Gelman
et al. (1995). Samples from the prior were drawn directly when required for
the prior arithmetic mean estimator. For the annealed importance sampling
we produce 4,000 proposals according to the Metropolis-Hastings algorithm
before drawing #!i

j . The estimates variance begins to grow if a smaller num-
ber is chosen for such “burn in”, and larger numbers do not show any benefit
in the quality of the estimate.

The obtained estimates (averaged from 10 repetitions for each of the
models and each of the proposed estimators) for the log marginal likelihood
for each of the models using each of the methods proposed above are given in
Table 2. The first row of Table 2 highlights the huge variance of the estimates
obtained using the prior arithmetic means estimator. The posterior harmonic
mean estimator produces larger estimates than the results obtained using the
annealed importance sampling or the annealing melting integration which is
consistent with (Raftery and Newton, 2007). This method, however, produ-
ces the correct relative ranking of the competing models. The variance of
the estimates produced using this method may, however, become infinite,
so careful monitoring of this variance is required in practice. The varian-
ces of the estimates produced by the annealed importance sampling and the
annealing-melting integration are comparable to each other. The annealed
importance sampling performs about 15 times faster than the annealing-
melting integration method on this particular example, as it requires samples
to be drawn from q!(#) only approximately, and therefore the chains do not
have to converge to their target distributions in each of these intermediate
steps.

Assuming equal prior distribution of beliefs between the alternative hypo-
theses $(M1) = $(M2) = $(M3) = $(M4), we take the mean estimates
obtained with annealing-melting integration (as they are the most stable) to
compute the Bayes factors and use them for hypotheses testing (see Table 3).

These correspond to the following relative ranking of the four competing
models:

Model 1 # Model 4 # Model 2 # Model 3.

5

Noise:  σ=0.01
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Prior Arithmetic Mean

Bayesian Ranking of Biochemical System Models

is

p̂(D|M) =

Pm
i=1 !i · p(D|M, "(i))Pm

i=1 !i
, (4)

where !i = p("(i)|M)
.

#!("(i)); the function #!(") is known as
the importance sampling function.

The simplest application of this method is to use the prior as the
importance sampling function #!(") = p("|M), in which case (4)
produces the prior arithmetic mean estimator (see McCulloch and
Rossi, 1991):

p(D|M) ! 1
m

mX

i=1

p(D|M, "(i)); "(i) " p("|M). (5)

A well known problem with this estimator is that the high-
likelihood region can be very small. Therefore, unless m is very
large, the sample drawn from the prior will contain virtually no
points from the high-likelihood region, resulting in a very poor esti-
mate of the marginal likelihood. Lewis and Raftery (1997) reference
a study in which to reduce the standard error to an acceptable level,
it was necessary to use a sample of roughly 50 million draws from
the prior distribution.

An alternative application of importance sampling estimation,
proposed by Newton and Raftery (1994), is to use the parameter
posterior as the importance sampling function #!(") = p("|D, M).
A sample from the parameter posterior can be obtained using
Markov Chain Monte Carlo sampling. Such a sample should be
significantly better in covering the high-likelihood region. Substitu-
ting the parameter posterior into (4) results in the posterior harmonic
mean estimator, we obtain:

p(D|M) !
 

1
m

mX

i=1

1

p(D|M, "(i))

!"1

;

"(i) " p("|D, M).

(6)

The main problem with this estimate is that sometimes its
variance can become infinite, because of the occasional occurrence
of a value of "(i) with a small likelihood and hence a large effect on
the final result. Raftery and Newton (2007) have also demonstrated
that while being asymptotically unbiased, this estimator produces
biased estimates in many practical cases when limited amounts
of data are used, and tends to overestimate the real value of the
marginal likelihood.

Annealed Importance Sampling: Neal (2001) proposed to com-
bine importance sampling principles with the simulated annealing
scheme (Kirkpatrick et al., 1983).

The annealed importance sampling estimator can be designed
to draw samples "!

j approximately from a series of unnormalised
distributions

q!(") # p(D|M, ")!p("|M); 0 $ $ $ 1,

which form a path in the probability density space connecting the
prior (when $ = 0) and the posterior (when $ = 1). The important
feature for this estimator is that "!

j only need to be drawn approxi-
mately; thus, when using a Markov chain for producing these, the
convergence of the chains to the stationary distribution is not gene-
rally required. This is a very attractive property for integrating the

likelihoods of nonlinear models, as in such cases achieving conver-
gence of the Markov chains to their stationary distributions is a very
challenging problem.

The following quantities are estimated from such samples:

Z! =

Z
q!(")d".

The marginal likelihood is then expanded as

p(D|M) =
Z1

Z0
=

Z!n

Z!n!1

Z!n!1

Z!n!2

· · · Z!1

Z!0

, (7)

where 0 = $0 < $1 < · · · < $n"1 < $n = 1. Each term in (7)
is approximated using importance sampling based on samples from
q!("). The logarithm of the marginal likelihood is then estimated
as:

ln p(D|M) ! ln

"
1
M

MX

j=1

Îj

#
,

Îj = exp

"
nX

i=1

($i % $i"1) ln p
“
D|M, "(!i)

j

”#
(8)

where "(!i)
j , j = 1, . . . , M are sampled approximately from

q!i(").

Thermodynamic Integration: The method of thermodynamic inte-
gration originates in Statistical Physics (Gelman and Meng, 1998),
where the marginal likelihood is equivalent to the so-called partition
function and its logarithm to the free energy (Neal, 1993).

The logarithm of the marginal likelihood can be represented in
terms of the thermodynamic integral

ln p(D|M) =

Z 1

0

Eq!(") [ln p(D|M, ")] d$.

This integral can be approximated by numerical integration (as in
Friel and Pettitt, 2006; Lartillot and Philippe, 2006).

As with annealed importance sampling, this method relies on
samples from unnormalised “bridging” distributions q!(") which
link the prior and the posterior. In the case of thermodynamic inte-
gration, a Markov chain Monte Carlo simulation is usually run for
particular values of $, in which q! is used as an unnormalised den-
sity in the Metropolis-Hastings ratio. The average of the logarithmic
likelihood is then estimated on this sample. This computation is
repeated for a series of values of $ partitioned between 0 and 1,
which implies running a separate chain for each value of $.

There are a number of ways to select a schedule for $ to esti-
mate this integral. Lartillot and Philippe (2006) use $ values equally
distributed between 0 and 1, whilst Friel and Pettitt (2006) use a
different schedule, selecting these values as

$i = ac
i , ai =

i
N

, i = 0, . . . , N,

with N = 40 and c = 4. In the example described in this paper, the
latter one will be used as it produces smaller variation of the estima-
tes. Though, this schedule was shown to be theoretically suboptimal
in general by Gelman and Meng (1998); it’s variance is superior to
a uniform spacing.

3

• Samples are drawn from the prior

• The likelihood is evaluated on these samples

• The arithmetic mean of these likelihoods is the 
estimate of the marginal likelihoods

• It is a Monte Carlo integral
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Prior Arithmetic Mean

Model 1 Model 2 Model 3 Model 4−5

0

5

10

15

20

lo
g 

m
ar

gi
na

l li
ke

lih
oo

d

10



Posterior Harmonic 
Mean

• MCMC is used to draw samples from the 
posterior

• The estimate is obtain as a harmonic mean of 
the likelihood on this sample

• May fail dramatically due to small likelihood 
value on some samples

Bayesian Ranking of Biochemical System Models

is

p̂(D|M) =

Pm
i=1 !i · p(D|M, "(i))Pm

i=1 !i
, (4)

where !i = p("(i)|M)
.

#!("(i)); the function #!(") is known as
the importance sampling function.

The simplest application of this method is to use the prior as the
importance sampling function #!(") = p("|M), in which case (4)
produces the prior arithmetic mean estimator (see McCulloch and
Rossi, 1991):

p(D|M) ! 1
m

mX

i=1

p(D|M, "(i)); "(i) " p("|M). (5)

A well known problem with this estimator is that the high-
likelihood region can be very small. Therefore, unless m is very
large, the sample drawn from the prior will contain virtually no
points from the high-likelihood region, resulting in a very poor esti-
mate of the marginal likelihood. Lewis and Raftery (1997) reference
a study in which to reduce the standard error to an acceptable level,
it was necessary to use a sample of roughly 50 million draws from
the prior distribution.

An alternative application of importance sampling estimation,
proposed by Newton and Raftery (1994), is to use the parameter
posterior as the importance sampling function #!(") = p("|D, M).
A sample from the parameter posterior can be obtained using
Markov Chain Monte Carlo sampling. Such a sample should be
significantly better in covering the high-likelihood region. Substitu-
ting the parameter posterior into (4) results in the posterior harmonic
mean estimator, we obtain:

p(D|M) !
 

1
m

mX

i=1

1

p(D|M, "(i))

!"1

;

"(i) " p("|D, M).

(6)

The main problem with this estimate is that sometimes its
variance can become infinite, because of the occasional occurrence
of a value of "(i) with a small likelihood and hence a large effect on
the final result. Raftery and Newton (2007) have also demonstrated
that while being asymptotically unbiased, this estimator produces
biased estimates in many practical cases when limited amounts
of data are used, and tends to overestimate the real value of the
marginal likelihood.

Annealed Importance Sampling: Neal (2001) proposed to com-
bine importance sampling principles with the simulated annealing
scheme (Kirkpatrick et al., 1983).

The annealed importance sampling estimator can be designed
to draw samples "!

j approximately from a series of unnormalised
distributions

q!(") # p(D|M, ")!p("|M); 0 $ $ $ 1,

which form a path in the probability density space connecting the
prior (when $ = 0) and the posterior (when $ = 1). The important
feature for this estimator is that "!

j only need to be drawn approxi-
mately; thus, when using a Markov chain for producing these, the
convergence of the chains to the stationary distribution is not gene-
rally required. This is a very attractive property for integrating the

likelihoods of nonlinear models, as in such cases achieving conver-
gence of the Markov chains to their stationary distributions is a very
challenging problem.

The following quantities are estimated from such samples:

Z! =

Z
q!(")d".

The marginal likelihood is then expanded as

p(D|M) =
Z1

Z0
=

Z!n

Z!n!1

Z!n!1

Z!n!2

· · · Z!1

Z!0

, (7)

where 0 = $0 < $1 < · · · < $n"1 < $n = 1. Each term in (7)
is approximated using importance sampling based on samples from
q!("). The logarithm of the marginal likelihood is then estimated
as:

ln p(D|M) ! ln

"
1
M

MX

j=1

Îj

#
,

Îj = exp

"
nX

i=1

($i % $i"1) ln p
“
D|M, "(!i)

j

”#
(8)

where "(!i)
j , j = 1, . . . , M are sampled approximately from

q!i(").

Thermodynamic Integration: The method of thermodynamic inte-
gration originates in Statistical Physics (Gelman and Meng, 1998),
where the marginal likelihood is equivalent to the so-called partition
function and its logarithm to the free energy (Neal, 1993).

The logarithm of the marginal likelihood can be represented in
terms of the thermodynamic integral

ln p(D|M) =

Z 1

0

Eq!(") [ln p(D|M, ")] d$.

This integral can be approximated by numerical integration (as in
Friel and Pettitt, 2006; Lartillot and Philippe, 2006).

As with annealed importance sampling, this method relies on
samples from unnormalised “bridging” distributions q!(") which
link the prior and the posterior. In the case of thermodynamic inte-
gration, a Markov chain Monte Carlo simulation is usually run for
particular values of $, in which q! is used as an unnormalised den-
sity in the Metropolis-Hastings ratio. The average of the logarithmic
likelihood is then estimated on this sample. This computation is
repeated for a series of values of $ partitioned between 0 and 1,
which implies running a separate chain for each value of $.

There are a number of ways to select a schedule for $ to esti-
mate this integral. Lartillot and Philippe (2006) use $ values equally
distributed between 0 and 1, whilst Friel and Pettitt (2006) use a
different schedule, selecting these values as

$i = ac
i , ai =

i
N

, i = 0, . . . , N,

with N = 40 and c = 4. In the example described in this paper, the
latter one will be used as it produces smaller variation of the estima-
tes. Though, this schedule was shown to be theoretically suboptimal
in general by Gelman and Meng (1998); it’s variance is superior to
a uniform spacing.

3
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Posterior Harmonic 
Mean

• Gives good enough estimates to produce 
proper ranking

• May fail on more complex examples, so careful 
monitoring of variation for this estimate is 
required

• This is a simple and fast method to try first, but 
if it fails we need more stable methods

13



Annealed Importance 
Sampling

• We need a sequence of densities that connects 
the prior and the posterior

Bayesian Ranking of Biochemical System Models

is

p̂(D|M) =

Pm
i=1 !i · p(D|M, "(i))Pm

i=1 !i
, (4)

where !i = p("(i)|M)
.

#!("(i)); the function #!(") is known as
the importance sampling function.

The simplest application of this method is to use the prior as the
importance sampling function #!(") = p("|M), in which case (4)
produces the prior arithmetic mean estimator (see McCulloch and
Rossi, 1991):

p(D|M) ! 1
m

mX

i=1

p(D|M, "(i)); "(i) " p("|M). (5)

A well known problem with this estimator is that the high-
likelihood region can be very small. Therefore, unless m is very
large, the sample drawn from the prior will contain virtually no
points from the high-likelihood region, resulting in a very poor esti-
mate of the marginal likelihood. Lewis and Raftery (1997) reference
a study in which to reduce the standard error to an acceptable level,
it was necessary to use a sample of roughly 50 million draws from
the prior distribution.

An alternative application of importance sampling estimation,
proposed by Newton and Raftery (1994), is to use the parameter
posterior as the importance sampling function #!(") = p("|D, M).
A sample from the parameter posterior can be obtained using
Markov Chain Monte Carlo sampling. Such a sample should be
significantly better in covering the high-likelihood region. Substitu-
ting the parameter posterior into (4) results in the posterior harmonic
mean estimator, we obtain:

p(D|M) !
 

1
m

mX

i=1

1

p(D|M, "(i))

!"1

;

"(i) " p("|D, M).

(6)

The main problem with this estimate is that sometimes its
variance can become infinite, because of the occasional occurrence
of a value of "(i) with a small likelihood and hence a large effect on
the final result. Raftery and Newton (2007) have also demonstrated
that while being asymptotically unbiased, this estimator produces
biased estimates in many practical cases when limited amounts
of data are used, and tends to overestimate the real value of the
marginal likelihood.

Annealed Importance Sampling: Neal (2001) proposed to com-
bine importance sampling principles with the simulated annealing
scheme (Kirkpatrick et al., 1983).

The annealed importance sampling estimator can be designed
to draw samples "!

j approximately from a series of unnormalised
distributions

q!(") # p(D|M, ")!p("|M); 0 $ $ $ 1,

which form a path in the probability density space connecting the
prior (when $ = 0) and the posterior (when $ = 1). The important
feature for this estimator is that "!

j only need to be drawn approxi-
mately; thus, when using a Markov chain for producing these, the
convergence of the chains to the stationary distribution is not gene-
rally required. This is a very attractive property for integrating the

likelihoods of nonlinear models, as in such cases achieving conver-
gence of the Markov chains to their stationary distributions is a very
challenging problem.

The following quantities are estimated from such samples:

Z! =

Z
q!(")d".

The marginal likelihood is then expanded as

p(D|M) =
Z1

Z0
=

Z!n

Z!n!1

Z!n!1

Z!n!2

· · · Z!1

Z!0

, (7)

where 0 = $0 < $1 < · · · < $n"1 < $n = 1. Each term in (7)
is approximated using importance sampling based on samples from
q!("). The logarithm of the marginal likelihood is then estimated
as:

ln p(D|M) ! ln

"
1
M

MX

j=1

Îj

#
,

Îj = exp

"
nX

i=1

($i % $i"1) ln p
“
D|M, "(!i)

j

”#
(8)

where "(!i)
j , j = 1, . . . , M are sampled approximately from

q!i(").

Thermodynamic Integration: The method of thermodynamic inte-
gration originates in Statistical Physics (Gelman and Meng, 1998),
where the marginal likelihood is equivalent to the so-called partition
function and its logarithm to the free energy (Neal, 1993).

The logarithm of the marginal likelihood can be represented in
terms of the thermodynamic integral

ln p(D|M) =

Z 1

0

Eq!(") [ln p(D|M, ")] d$.

This integral can be approximated by numerical integration (as in
Friel and Pettitt, 2006; Lartillot and Philippe, 2006).

As with annealed importance sampling, this method relies on
samples from unnormalised “bridging” distributions q!(") which
link the prior and the posterior. In the case of thermodynamic inte-
gration, a Markov chain Monte Carlo simulation is usually run for
particular values of $, in which q! is used as an unnormalised den-
sity in the Metropolis-Hastings ratio. The average of the logarithmic
likelihood is then estimated on this sample. This computation is
repeated for a series of values of $ partitioned between 0 and 1,
which implies running a separate chain for each value of $.

There are a number of ways to select a schedule for $ to esti-
mate this integral. Lartillot and Philippe (2006) use $ values equally
distributed between 0 and 1, whilst Friel and Pettitt (2006) use a
different schedule, selecting these values as

$i = ac
i , ai =

i
N

, i = 0, . . . , N,

with N = 40 and c = 4. In the example described in this paper, the
latter one will be used as it produces smaller variation of the estima-
tes. Though, this schedule was shown to be theoretically suboptimal
in general by Gelman and Meng (1998); it’s variance is superior to
a uniform spacing.

3

• We draw samples approximately from each
• And repeat such a walk through the sequence 

many times, the final estimate is:

Bayesian Ranking of Biochemical System Models

is

p̂(D|M) =

Pm
i=1 !i · p(D|M, "(i))Pm

i=1 !i
, (4)

where !i = p("(i)|M)
.

#!("(i)); the function #!(") is known as
the importance sampling function.

The simplest application of this method is to use the prior as the
importance sampling function #!(") = p("|M), in which case (4)
produces the prior arithmetic mean estimator (see McCulloch and
Rossi, 1991):

p(D|M) ! 1
m

mX

i=1

p(D|M, "(i)); "(i) " p("|M). (5)

A well known problem with this estimator is that the high-
likelihood region can be very small. Therefore, unless m is very
large, the sample drawn from the prior will contain virtually no
points from the high-likelihood region, resulting in a very poor esti-
mate of the marginal likelihood. Lewis and Raftery (1997) reference
a study in which to reduce the standard error to an acceptable level,
it was necessary to use a sample of roughly 50 million draws from
the prior distribution.

An alternative application of importance sampling estimation,
proposed by Newton and Raftery (1994), is to use the parameter
posterior as the importance sampling function #!(") = p("|D, M).
A sample from the parameter posterior can be obtained using
Markov Chain Monte Carlo sampling. Such a sample should be
significantly better in covering the high-likelihood region. Substitu-
ting the parameter posterior into (4) results in the posterior harmonic
mean estimator, we obtain:

p(D|M) !
 

1
m

mX

i=1

1

p(D|M, "(i))

!"1

;

"(i) " p("|D, M).

(6)

The main problem with this estimate is that sometimes its
variance can become infinite, because of the occasional occurrence
of a value of "(i) with a small likelihood and hence a large effect on
the final result. Raftery and Newton (2007) have also demonstrated
that while being asymptotically unbiased, this estimator produces
biased estimates in many practical cases when limited amounts
of data are used, and tends to overestimate the real value of the
marginal likelihood.

Annealed Importance Sampling: Neal (2001) proposed to com-
bine importance sampling principles with the simulated annealing
scheme (Kirkpatrick et al., 1983).

The annealed importance sampling estimator can be designed
to draw samples "!

j approximately from a series of unnormalised
distributions

q!(") # p(D|M, ")!p("|M); 0 $ $ $ 1,

which form a path in the probability density space connecting the
prior (when $ = 0) and the posterior (when $ = 1). The important
feature for this estimator is that "!

j only need to be drawn approxi-
mately; thus, when using a Markov chain for producing these, the
convergence of the chains to the stationary distribution is not gene-
rally required. This is a very attractive property for integrating the

likelihoods of nonlinear models, as in such cases achieving conver-
gence of the Markov chains to their stationary distributions is a very
challenging problem.

The following quantities are estimated from such samples:

Z! =

Z
q!(")d".

The marginal likelihood is then expanded as

p(D|M) =
Z1

Z0
=

Z!n

Z!n!1

Z!n!1

Z!n!2

· · · Z!1

Z!0

, (7)

where 0 = $0 < $1 < · · · < $n"1 < $n = 1. Each term in (7)
is approximated using importance sampling based on samples from
q!("). The logarithm of the marginal likelihood is then estimated
as:

ln p(D|M) ! ln

"
1
M

MX

j=1

Îj

#
,

Îj = exp

"
nX

i=1

($i % $i"1) ln p
“
D|M, "(!i)

j

”#
(8)

where "(!i)
j , j = 1, . . . , M are sampled approximately from

q!i(").

Thermodynamic Integration: The method of thermodynamic inte-
gration originates in Statistical Physics (Gelman and Meng, 1998),
where the marginal likelihood is equivalent to the so-called partition
function and its logarithm to the free energy (Neal, 1993).

The logarithm of the marginal likelihood can be represented in
terms of the thermodynamic integral

ln p(D|M) =

Z 1

0

Eq!(") [ln p(D|M, ")] d$.

This integral can be approximated by numerical integration (as in
Friel and Pettitt, 2006; Lartillot and Philippe, 2006).

As with annealed importance sampling, this method relies on
samples from unnormalised “bridging” distributions q!(") which
link the prior and the posterior. In the case of thermodynamic inte-
gration, a Markov chain Monte Carlo simulation is usually run for
particular values of $, in which q! is used as an unnormalised den-
sity in the Metropolis-Hastings ratio. The average of the logarithmic
likelihood is then estimated on this sample. This computation is
repeated for a series of values of $ partitioned between 0 and 1,
which implies running a separate chain for each value of $.

There are a number of ways to select a schedule for $ to esti-
mate this integral. Lartillot and Philippe (2006) use $ values equally
distributed between 0 and 1, whilst Friel and Pettitt (2006) use a
different schedule, selecting these values as

$i = ac
i , ai =

i
N

, i = 0, . . . , N,

with N = 40 and c = 4. In the example described in this paper, the
latter one will be used as it produces smaller variation of the estima-
tes. Though, this schedule was shown to be theoretically suboptimal
in general by Gelman and Meng (1998); it’s variance is superior to
a uniform spacing.

3

Bayesian Ranking of Biochemical System Models

is

p̂(D|M) =

Pm
i=1 !i · p(D|M, "(i))Pm

i=1 !i
, (4)

where !i = p("(i)|M)
.

#!("(i)); the function #!(") is known as
the importance sampling function.

The simplest application of this method is to use the prior as the
importance sampling function #!(") = p("|M), in which case (4)
produces the prior arithmetic mean estimator (see McCulloch and
Rossi, 1991):

p(D|M) ! 1
m

mX

i=1

p(D|M, "(i)); "(i) " p("|M). (5)

A well known problem with this estimator is that the high-
likelihood region can be very small. Therefore, unless m is very
large, the sample drawn from the prior will contain virtually no
points from the high-likelihood region, resulting in a very poor esti-
mate of the marginal likelihood. Lewis and Raftery (1997) reference
a study in which to reduce the standard error to an acceptable level,
it was necessary to use a sample of roughly 50 million draws from
the prior distribution.

An alternative application of importance sampling estimation,
proposed by Newton and Raftery (1994), is to use the parameter
posterior as the importance sampling function #!(") = p("|D, M).
A sample from the parameter posterior can be obtained using
Markov Chain Monte Carlo sampling. Such a sample should be
significantly better in covering the high-likelihood region. Substitu-
ting the parameter posterior into (4) results in the posterior harmonic
mean estimator, we obtain:

p(D|M) !
 

1
m

mX

i=1

1

p(D|M, "(i))

!"1

;

"(i) " p("|D, M).

(6)

The main problem with this estimate is that sometimes its
variance can become infinite, because of the occasional occurrence
of a value of "(i) with a small likelihood and hence a large effect on
the final result. Raftery and Newton (2007) have also demonstrated
that while being asymptotically unbiased, this estimator produces
biased estimates in many practical cases when limited amounts
of data are used, and tends to overestimate the real value of the
marginal likelihood.

Annealed Importance Sampling: Neal (2001) proposed to com-
bine importance sampling principles with the simulated annealing
scheme (Kirkpatrick et al., 1983).

The annealed importance sampling estimator can be designed
to draw samples "!

j approximately from a series of unnormalised
distributions

q!(") # p(D|M, ")!p("|M); 0 $ $ $ 1,

which form a path in the probability density space connecting the
prior (when $ = 0) and the posterior (when $ = 1). The important
feature for this estimator is that "!

j only need to be drawn approxi-
mately; thus, when using a Markov chain for producing these, the
convergence of the chains to the stationary distribution is not gene-
rally required. This is a very attractive property for integrating the

likelihoods of nonlinear models, as in such cases achieving conver-
gence of the Markov chains to their stationary distributions is a very
challenging problem.

The following quantities are estimated from such samples:

Z! =

Z
q!(")d".

The marginal likelihood is then expanded as

p(D|M) =
Z1

Z0
=

Z!n

Z!n!1

Z!n!1

Z!n!2

· · · Z!1

Z!0

, (7)

where 0 = $0 < $1 < · · · < $n"1 < $n = 1. Each term in (7)
is approximated using importance sampling based on samples from
q!("). The logarithm of the marginal likelihood is then estimated
as:

ln p(D|M) ! ln

"
1
M

MX

j=1

Îj

#
,

Îj = exp

"
nX

i=1

($i % $i"1) ln p
“
D|M, "(!i)

j

”#
(8)

where "(!i)
j , j = 1, . . . , M are sampled approximately from

q!i(").

Thermodynamic Integration: The method of thermodynamic inte-
gration originates in Statistical Physics (Gelman and Meng, 1998),
where the marginal likelihood is equivalent to the so-called partition
function and its logarithm to the free energy (Neal, 1993).

The logarithm of the marginal likelihood can be represented in
terms of the thermodynamic integral

ln p(D|M) =

Z 1

0

Eq!(") [ln p(D|M, ")] d$.

This integral can be approximated by numerical integration (as in
Friel and Pettitt, 2006; Lartillot and Philippe, 2006).

As with annealed importance sampling, this method relies on
samples from unnormalised “bridging” distributions q!(") which
link the prior and the posterior. In the case of thermodynamic inte-
gration, a Markov chain Monte Carlo simulation is usually run for
particular values of $, in which q! is used as an unnormalised den-
sity in the Metropolis-Hastings ratio. The average of the logarithmic
likelihood is then estimated on this sample. This computation is
repeated for a series of values of $ partitioned between 0 and 1,
which implies running a separate chain for each value of $.

There are a number of ways to select a schedule for $ to esti-
mate this integral. Lartillot and Philippe (2006) use $ values equally
distributed between 0 and 1, whilst Friel and Pettitt (2006) use a
different schedule, selecting these values as

$i = ac
i , ai =

i
N

, i = 0, . . . , N,

with N = 40 and c = 4. In the example described in this paper, the
latter one will be used as it produces smaller variation of the estima-
tes. Though, this schedule was shown to be theoretically suboptimal
in general by Gelman and Meng (1998); it’s variance is superior to
a uniform spacing.
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Annealing-Melting 
Integration

• Utilises the same sequence of densities 
connecting the prior and the posterior

• But this time we need to wait until Markov 
Chains converge to each target distribution.

• A sample from each of the steps in such a 
‘temperature schedule’ produces an expectation 
of the log likelihood

• These expectations are integrated in a 
thermodynamic integral to produce an estimate
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Annealing-Melting 
Integration

• See Gelman and Meng (1998), Lartillot and 
Philippe (2006), and Friel and Pettitt (2006)

Bayesian Ranking of Biochemical System Models

is

p̂(D|M) =

Pm
i=1 !i · p(D|M, "(i))Pm

i=1 !i
, (4)

where !i = p("(i)|M)
.

#!("(i)); the function #!(") is known as
the importance sampling function.

The simplest application of this method is to use the prior as the
importance sampling function #!(") = p("|M), in which case (4)
produces the prior arithmetic mean estimator (see McCulloch and
Rossi, 1991):

p(D|M) ! 1
m

mX

i=1

p(D|M, "(i)); "(i) " p("|M). (5)

A well known problem with this estimator is that the high-
likelihood region can be very small. Therefore, unless m is very
large, the sample drawn from the prior will contain virtually no
points from the high-likelihood region, resulting in a very poor esti-
mate of the marginal likelihood. Lewis and Raftery (1997) reference
a study in which to reduce the standard error to an acceptable level,
it was necessary to use a sample of roughly 50 million draws from
the prior distribution.

An alternative application of importance sampling estimation,
proposed by Newton and Raftery (1994), is to use the parameter
posterior as the importance sampling function #!(") = p("|D, M).
A sample from the parameter posterior can be obtained using
Markov Chain Monte Carlo sampling. Such a sample should be
significantly better in covering the high-likelihood region. Substitu-
ting the parameter posterior into (4) results in the posterior harmonic
mean estimator, we obtain:

p(D|M) !
 

1
m

mX

i=1

1

p(D|M, "(i))

!"1

;

"(i) " p("|D, M).

(6)

The main problem with this estimate is that sometimes its
variance can become infinite, because of the occasional occurrence
of a value of "(i) with a small likelihood and hence a large effect on
the final result. Raftery and Newton (2007) have also demonstrated
that while being asymptotically unbiased, this estimator produces
biased estimates in many practical cases when limited amounts
of data are used, and tends to overestimate the real value of the
marginal likelihood.

Annealed Importance Sampling: Neal (2001) proposed to com-
bine importance sampling principles with the simulated annealing
scheme (Kirkpatrick et al., 1983).

The annealed importance sampling estimator can be designed
to draw samples "!

j approximately from a series of unnormalised
distributions

q!(") # p(D|M, ")!p("|M); 0 $ $ $ 1,

which form a path in the probability density space connecting the
prior (when $ = 0) and the posterior (when $ = 1). The important
feature for this estimator is that "!

j only need to be drawn approxi-
mately; thus, when using a Markov chain for producing these, the
convergence of the chains to the stationary distribution is not gene-
rally required. This is a very attractive property for integrating the

likelihoods of nonlinear models, as in such cases achieving conver-
gence of the Markov chains to their stationary distributions is a very
challenging problem.

The following quantities are estimated from such samples:

Z! =

Z
q!(")d".

The marginal likelihood is then expanded as

p(D|M) =
Z1

Z0
=

Z!n

Z!n!1

Z!n!1

Z!n!2

· · · Z!1

Z!0

, (7)

where 0 = $0 < $1 < · · · < $n"1 < $n = 1. Each term in (7)
is approximated using importance sampling based on samples from
q!("). The logarithm of the marginal likelihood is then estimated
as:

ln p(D|M) ! ln

"
1
M

MX

j=1

Îj

#
,

Îj = exp

"
nX

i=1

($i % $i"1) ln p
“
D|M, "(!i)

j

”#
(8)

where "(!i)
j , j = 1, . . . , M are sampled approximately from

q!i(").

Thermodynamic Integration: The method of thermodynamic inte-
gration originates in Statistical Physics (Gelman and Meng, 1998),
where the marginal likelihood is equivalent to the so-called partition
function and its logarithm to the free energy (Neal, 1993).

The logarithm of the marginal likelihood can be represented in
terms of the thermodynamic integral

ln p(D|M) =

Z 1

0

Eq!(") [ln p(D|M, ")] d$.

This integral can be approximated by numerical integration (as in
Friel and Pettitt, 2006; Lartillot and Philippe, 2006).

As with annealed importance sampling, this method relies on
samples from unnormalised “bridging” distributions q!(") which
link the prior and the posterior. In the case of thermodynamic inte-
gration, a Markov chain Monte Carlo simulation is usually run for
particular values of $, in which q! is used as an unnormalised den-
sity in the Metropolis-Hastings ratio. The average of the logarithmic
likelihood is then estimated on this sample. This computation is
repeated for a series of values of $ partitioned between 0 and 1,
which implies running a separate chain for each value of $.

There are a number of ways to select a schedule for $ to esti-
mate this integral. Lartillot and Philippe (2006) use $ values equally
distributed between 0 and 1, whilst Friel and Pettitt (2006) use a
different schedule, selecting these values as

$i = ac
i , ai =

i
N

, i = 0, . . . , N,

with N = 40 and c = 4. In the example described in this paper, the
latter one will be used as it produces smaller variation of the estima-
tes. Though, this schedule was shown to be theoretically suboptimal
in general by Gelman and Meng (1998); it’s variance is superior to
a uniform spacing.
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Vyshemirsky and Girolami

3 METHODS AND RESULTS
We consider four alternative models of a biochemical system. The models
are artificially constructed to demonstrate the essence of the proposed metho-
dology and demonstrate its main points and advantages on an example with
a known result.

S dS

R

RS

Rpp

k

k ,k
k

1

2 3
4

V, Km

(a) Model 1: A model of a signal
transduction cascade. Protein S
represents the input signal. S can
degrade to dS. At the same time S
activates protein R from its inac-
tive state, to an active state Rpp
by binding and activation. Protein
Rpp can then be deactivated. This
model was used to generate the
experimental data.

(b) Model 2: A simplified ver-
sion of a signal transduction cas-
cade. It represents the same pro-
cess as described by Model 1,
but a mechanistic description of
the activation process is omitted
and replaced with more general
functions.

(c) Model 3: A model of a signal-
ling cascade which is signifi-
cantly different to the rest of the
models considered in this paper.
This model does not describe
degradation of protein S.

S dS

R

RS

Rpp

RppPhA

PhA

k

k ,k
k

k
k ,k

1
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4
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(d) Model 4: A more com-
plex version of Model 1. This
model mechanistically describes
how protein Rpp is deactivated by
phosphotase PhA.

Fig. 1. Models used for testing model comparison approach.

The schematic diagrams for the models are depicted in Fig. 1(a) – 1(d).
The entities in circles represent proteins involved in a biochemical network,
while arrows correspond to biochemical reactions. Enzymatic behaviour is
indicated by an arrow with a circle as head. For example, see Fig. 1(b) where
S in an enzyme for activation of R. Kinetic parameters of the reactions are
depicted as text beside the arrows e.g. k1, V1. These networks represent
realistic networks, and they all have a structure which is very common in
nature (Han et al., 2007).

Model 1: This model defines a common motif of signalling pathways that
is a stage in a signal transduction cascade, for example this motif is repeated
several times in (Schoeberl et al., 2002). The input signal is represented by
the concentration of protein S depicted in the top left of the diagram (see
Fig. 1(a)). This protein activates the next stage of the cascade by binding
to protein R forming complex RS, and activating R into its phosphorylated

form Rpp. Protein Rpp can then be deactivated. Model 1 also defines input
signal degradation by converting protein S into its degraded form dS.

All the proteins used in this model (depicted with ellipses in Fig. 1(a))
will be represented as dependent variables in our ODE model. As we are
interested in modelling and analysis of temporal behaviour, the indepen-
dent variable is time. The biochemical reactions in this model (arrows in
Fig. 1(a)) are defined using the Mass Action kinetic law with parameters
depicted as textual remarks beside the arrows in model diagram (e.g. k1,
k5). The following system of ODEs defines this model:

8
>>>>>>>>>>>>><

>>>>>>>>>>>>>:

Ṡ = !k1 · S ! k2 · S · R + k3 · RS + k4 · RS

˙dS = k1 · S

Ṙ = !k2 · S · R + k3 · RS +
V · Rpp

Km + Rpp

ṘS = k2 · S · R! k3 · RS ! k4 · RS

˙Rpp = k4 · RS !
V · Rpp

Km + Rpp

This model has six kinetic parameters: k1 . . . k4, V, Km.

Model 2: The model depicted in Fig. 1(b) was constructed as a simplified
representation of the signal transduction cascade stage. It essentially repres-
ents the same system as defined with Model 1, but uses the simpler kinetic
law to define reactions.

The system of ODEs used in this model is
8
>>>>>>>>><

>>>>>>>>>:

Ṡ = !k1 · S

˙dS = k1 · S

Ṙ = !
V1 · R · S

k2 + R
+

V2 · Rpp

k3 + Rpp

˙Rpp =
V1 · R · S

k2 + R
!

V2 · Rpp

k3 + Rpp

The model has five kinetic parameters: k1, k2, k3, V1, V2.

Model 3: The model depicted in Fig. 1(c) is a version of Model 2 with
degradation of protein S removed. As protein S cannot degrade, we would
not observe any signal decrease in system behaviours, and therefore we
would expect to see behaviours which are significantly different to the ones
produced with other models in this case study. Our goal for this model is to
demonstrate through hypotheses testing, that this model gains significantly
smaller evidential support from data than the rest of the models considered.

The system of ODEs used in this model is
8
>>>>>><

>>>>>>:

Ṡ = 0

Ṙ = !
V1 · R · S

k1 + R
+

V2 · Rpp

k2 + Rpp

˙Rpp =
V1 · R · S

k1 + R
!

V2 · Rpp

k2 + Rpp

The model has four kinetic parameters: k1, k2, V1, V2.

Model 4: The model depicted in Fig. 1(d) is a more complex version of
Model 1. Phosphatase PhA depicted in the bottom of the diagram deactiva-
tes protein R. This model was constructed to demonstrate how it would be
penalised for complexity according to Occam’s razor concept (see Jaynes,
2003) in Bayesian hypotheses testing.

4
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1
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3 METHODS AND RESULTS
We consider four alternative models of a biochemical system. The models
are artificially constructed to demonstrate the essence of the proposed metho-
dology and demonstrate its main points and advantages on an example with
a known result.
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(a) Model 1: A model of a signal
transduction cascade. Protein S
represents the input signal. S can
degrade to dS. At the same time S
activates protein R from its inac-
tive state, to an active state Rpp
by binding and activation. Protein
Rpp can then be deactivated. This
model was used to generate the
experimental data.

(b) Model 2: A simplified ver-
sion of a signal transduction cas-
cade. It represents the same pro-
cess as described by Model 1,
but a mechanistic description of
the activation process is omitted
and replaced with more general
functions.

(c) Model 3: A model of a signal-
ling cascade which is signifi-
cantly different to the rest of the
models considered in this paper.
This model does not describe
degradation of protein S.
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(d) Model 4: A more com-
plex version of Model 1. This
model mechanistically describes
how protein Rpp is deactivated by
phosphotase PhA.

Fig. 1. Models used for testing model comparison approach.

The schematic diagrams for the models are depicted in Fig. 1(a) – 1(d).
The entities in circles represent proteins involved in a biochemical network,
while arrows correspond to biochemical reactions. Enzymatic behaviour is
indicated by an arrow with a circle as head. For example, see Fig. 1(b) where
S in an enzyme for activation of R. Kinetic parameters of the reactions are
depicted as text beside the arrows e.g. k1, V1. These networks represent
realistic networks, and they all have a structure which is very common in
nature (Han et al., 2007).

Model 1: This model defines a common motif of signalling pathways that
is a stage in a signal transduction cascade, for example this motif is repeated
several times in (Schoeberl et al., 2002). The input signal is represented by
the concentration of protein S depicted in the top left of the diagram (see
Fig. 1(a)). This protein activates the next stage of the cascade by binding
to protein R forming complex RS, and activating R into its phosphorylated

form Rpp. Protein Rpp can then be deactivated. Model 1 also defines input
signal degradation by converting protein S into its degraded form dS.

All the proteins used in this model (depicted with ellipses in Fig. 1(a))
will be represented as dependent variables in our ODE model. As we are
interested in modelling and analysis of temporal behaviour, the indepen-
dent variable is time. The biochemical reactions in this model (arrows in
Fig. 1(a)) are defined using the Mass Action kinetic law with parameters
depicted as textual remarks beside the arrows in model diagram (e.g. k1,
k5). The following system of ODEs defines this model:

8
>>>>>>>>>>>>><

>>>>>>>>>>>>>:

Ṡ = !k1 · S ! k2 · S · R + k3 · RS + k4 · RS

˙dS = k1 · S

Ṙ = !k2 · S · R + k3 · RS +
V · Rpp

Km + Rpp

ṘS = k2 · S · R! k3 · RS ! k4 · RS

˙Rpp = k4 · RS !
V · Rpp

Km + Rpp

This model has six kinetic parameters: k1 . . . k4, V, Km.

Model 2: The model depicted in Fig. 1(b) was constructed as a simplified
representation of the signal transduction cascade stage. It essentially repres-
ents the same system as defined with Model 1, but uses the simpler kinetic
law to define reactions.

The system of ODEs used in this model is
8
>>>>>>>>><

>>>>>>>>>:

Ṡ = !k1 · S

˙dS = k1 · S

Ṙ = !
V1 · R · S

k2 + R
+

V2 · Rpp

k3 + Rpp

˙Rpp =
V1 · R · S

k2 + R
!

V2 · Rpp

k3 + Rpp

The model has five kinetic parameters: k1, k2, k3, V1, V2.

Model 3: The model depicted in Fig. 1(c) is a version of Model 2 with
degradation of protein S removed. As protein S cannot degrade, we would
not observe any signal decrease in system behaviours, and therefore we
would expect to see behaviours which are significantly different to the ones
produced with other models in this case study. Our goal for this model is to
demonstrate through hypotheses testing, that this model gains significantly
smaller evidential support from data than the rest of the models considered.

The system of ODEs used in this model is
8
>>>>>><

>>>>>>:

Ṡ = 0

Ṙ = !
V1 · R · S

k1 + R
+

V2 · Rpp

k2 + Rpp

˙Rpp =
V1 · R · S

k1 + R
!

V2 · Rpp

k2 + Rpp

The model has four kinetic parameters: k1, k2, V1, V2.

Model 4: The model depicted in Fig. 1(d) is a more complex version of
Model 1. Phosphatase PhA depicted in the bottom of the diagram deactiva-
tes protein R. This model was constructed to demonstrate how it would be
penalised for complexity according to Occam’s razor concept (see Jaynes,
2003) in Bayesian hypotheses testing.
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dology and demonstrate its main points and advantages on an example with
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transduction cascade. Protein S
represents the input signal. S can
degrade to dS. At the same time S
activates protein R from its inac-
tive state, to an active state Rpp
by binding and activation. Protein
Rpp can then be deactivated. This
model was used to generate the
experimental data.
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sion of a signal transduction cas-
cade. It represents the same pro-
cess as described by Model 1,
but a mechanistic description of
the activation process is omitted
and replaced with more general
functions.
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cantly different to the rest of the
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(d) Model 4: A more com-
plex version of Model 1. This
model mechanistically describes
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phosphotase PhA.

Fig. 1. Models used for testing model comparison approach.

The schematic diagrams for the models are depicted in Fig. 1(a) – 1(d).
The entities in circles represent proteins involved in a biochemical network,
while arrows correspond to biochemical reactions. Enzymatic behaviour is
indicated by an arrow with a circle as head. For example, see Fig. 1(b) where
S in an enzyme for activation of R. Kinetic parameters of the reactions are
depicted as text beside the arrows e.g. k1, V1. These networks represent
realistic networks, and they all have a structure which is very common in
nature (Han et al., 2007).

Model 1: This model defines a common motif of signalling pathways that
is a stage in a signal transduction cascade, for example this motif is repeated
several times in (Schoeberl et al., 2002). The input signal is represented by
the concentration of protein S depicted in the top left of the diagram (see
Fig. 1(a)). This protein activates the next stage of the cascade by binding
to protein R forming complex RS, and activating R into its phosphorylated

form Rpp. Protein Rpp can then be deactivated. Model 1 also defines input
signal degradation by converting protein S into its degraded form dS.

All the proteins used in this model (depicted with ellipses in Fig. 1(a))
will be represented as dependent variables in our ODE model. As we are
interested in modelling and analysis of temporal behaviour, the indepen-
dent variable is time. The biochemical reactions in this model (arrows in
Fig. 1(a)) are defined using the Mass Action kinetic law with parameters
depicted as textual remarks beside the arrows in model diagram (e.g. k1,
k5). The following system of ODEs defines this model:

8
>>>>>>>>>>>>><

>>>>>>>>>>>>>:

Ṡ = !k1 · S ! k2 · S · R + k3 · RS + k4 · RS

˙dS = k1 · S

Ṙ = !k2 · S · R + k3 · RS +
V · Rpp

Km + Rpp

ṘS = k2 · S · R! k3 · RS ! k4 · RS

˙Rpp = k4 · RS !
V · Rpp

Km + Rpp

This model has six kinetic parameters: k1 . . . k4, V, Km.

Model 2: The model depicted in Fig. 1(b) was constructed as a simplified
representation of the signal transduction cascade stage. It essentially repres-
ents the same system as defined with Model 1, but uses the simpler kinetic
law to define reactions.

The system of ODEs used in this model is
8
>>>>>>>>><

>>>>>>>>>:

Ṡ = !k1 · S

˙dS = k1 · S

Ṙ = !
V1 · R · S

k2 + R
+

V2 · Rpp

k3 + Rpp

˙Rpp =
V1 · R · S

k2 + R
!

V2 · Rpp

k3 + Rpp

The model has five kinetic parameters: k1, k2, k3, V1, V2.
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not observe any signal decrease in system behaviours, and therefore we
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Model 4: The model depicted in Fig. 1(d) is a more complex version of
Model 1. Phosphatase PhA depicted in the bottom of the diagram deactiva-
tes protein R. This model was constructed to demonstrate how it would be
penalised for complexity according to Occam’s razor concept (see Jaynes,
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the activation process is omitted
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Fig. 1. Models used for testing model comparison approach.

The schematic diagrams for the models are depicted in Fig. 1(a) – 1(d).
The entities in circles represent proteins involved in a biochemical network,
while arrows correspond to biochemical reactions. Enzymatic behaviour is
indicated by an arrow with a circle as head. For example, see Fig. 1(b) where
S in an enzyme for activation of R. Kinetic parameters of the reactions are
depicted as text beside the arrows e.g. k1, V1. These networks represent
realistic networks, and they all have a structure which is very common in
nature (Han et al., 2007).

Model 1: This model defines a common motif of signalling pathways that
is a stage in a signal transduction cascade, for example this motif is repeated
several times in (Schoeberl et al., 2002). The input signal is represented by
the concentration of protein S depicted in the top left of the diagram (see
Fig. 1(a)). This protein activates the next stage of the cascade by binding
to protein R forming complex RS, and activating R into its phosphorylated

form Rpp. Protein Rpp can then be deactivated. Model 1 also defines input
signal degradation by converting protein S into its degraded form dS.

All the proteins used in this model (depicted with ellipses in Fig. 1(a))
will be represented as dependent variables in our ODE model. As we are
interested in modelling and analysis of temporal behaviour, the indepen-
dent variable is time. The biochemical reactions in this model (arrows in
Fig. 1(a)) are defined using the Mass Action kinetic law with parameters
depicted as textual remarks beside the arrows in model diagram (e.g. k1,
k5). The following system of ODEs defines this model:
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This model has six kinetic parameters: k1 . . . k4, V, Km.

Model 2: The model depicted in Fig. 1(b) was constructed as a simplified
representation of the signal transduction cascade stage. It essentially repres-
ents the same system as defined with Model 1, but uses the simpler kinetic
law to define reactions.

The system of ODEs used in this model is
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The model has five kinetic parameters: k1, k2, k3, V1, V2.

Model 3: The model depicted in Fig. 1(c) is a version of Model 2 with
degradation of protein S removed. As protein S cannot degrade, we would
not observe any signal decrease in system behaviours, and therefore we
would expect to see behaviours which are significantly different to the ones
produced with other models in this case study. Our goal for this model is to
demonstrate through hypotheses testing, that this model gains significantly
smaller evidential support from data than the rest of the models considered.

The system of ODEs used in this model is
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The model has four kinetic parameters: k1, k2, V1, V2.

Model 4: The model depicted in Fig. 1(d) is a more complex version of
Model 1. Phosphatase PhA depicted in the bottom of the diagram deactiva-
tes protein R. This model was constructed to demonstrate how it would be
penalised for complexity according to Occam’s razor concept (see Jaynes,
2003) in Bayesian hypotheses testing.
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The schematic diagrams for the models are depicted in Fig. 1(a) – 1(d).
The entities in circles represent proteins involved in a biochemical network,
while arrows correspond to biochemical reactions. Enzymatic behaviour is
indicated by an arrow with a circle as head. For example, see Fig. 1(b) where
S in an enzyme for activation of R. Kinetic parameters of the reactions are
depicted as text beside the arrows e.g. k1, V1. These networks represent
realistic networks, and they all have a structure which is very common in
nature (Han et al., 2007).

Model 1: This model defines a common motif of signalling pathways that
is a stage in a signal transduction cascade, for example this motif is repeated
several times in (Schoeberl et al., 2002). The input signal is represented by
the concentration of protein S depicted in the top left of the diagram (see
Fig. 1(a)). This protein activates the next stage of the cascade by binding
to protein R forming complex RS, and activating R into its phosphorylated

form Rpp. Protein Rpp can then be deactivated. Model 1 also defines input
signal degradation by converting protein S into its degraded form dS.

All the proteins used in this model (depicted with ellipses in Fig. 1(a))
will be represented as dependent variables in our ODE model. As we are
interested in modelling and analysis of temporal behaviour, the indepen-
dent variable is time. The biochemical reactions in this model (arrows in
Fig. 1(a)) are defined using the Mass Action kinetic law with parameters
depicted as textual remarks beside the arrows in model diagram (e.g. k1,
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degradation of protein S removed. As protein S cannot degrade, we would
not observe any signal decrease in system behaviours, and therefore we
would expect to see behaviours which are significantly different to the ones
produced with other models in this case study. Our goal for this model is to
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The schematic diagrams for the models are depicted in Fig. 1(a) – 1(d).
The entities in circles represent proteins involved in a biochemical network,
while arrows correspond to biochemical reactions. Enzymatic behaviour is
indicated by an arrow with a circle as head. For example, see Fig. 1(b) where
S in an enzyme for activation of R. Kinetic parameters of the reactions are
depicted as text beside the arrows e.g. k1, V1. These networks represent
realistic networks, and they all have a structure which is very common in
nature (Han et al., 2007).

Model 1: This model defines a common motif of signalling pathways that
is a stage in a signal transduction cascade, for example this motif is repeated
several times in (Schoeberl et al., 2002). The input signal is represented by
the concentration of protein S depicted in the top left of the diagram (see
Fig. 1(a)). This protein activates the next stage of the cascade by binding
to protein R forming complex RS, and activating R into its phosphorylated

form Rpp. Protein Rpp can then be deactivated. Model 1 also defines input
signal degradation by converting protein S into its degraded form dS.

All the proteins used in this model (depicted with ellipses in Fig. 1(a))
will be represented as dependent variables in our ODE model. As we are
interested in modelling and analysis of temporal behaviour, the indepen-
dent variable is time. The biochemical reactions in this model (arrows in
Fig. 1(a)) are defined using the Mass Action kinetic law with parameters
depicted as textual remarks beside the arrows in model diagram (e.g. k1,
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Model 3: The model depicted in Fig. 1(c) is a version of Model 2 with
degradation of protein S removed. As protein S cannot degrade, we would
not observe any signal decrease in system behaviours, and therefore we
would expect to see behaviours which are significantly different to the ones
produced with other models in this case study. Our goal for this model is to
demonstrate through hypotheses testing, that this model gains significantly
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Fig. 1. Models used for testing model comparison approach.

The schematic diagrams for the models are depicted in Fig. 1(a) – 1(d).
The entities in circles represent proteins involved in a biochemical network,
while arrows correspond to biochemical reactions. Enzymatic behaviour is
indicated by an arrow with a circle as head. For example, see Fig. 1(b) where
S in an enzyme for activation of R. Kinetic parameters of the reactions are
depicted as text beside the arrows e.g. k1, V1. These networks represent
realistic networks, and they all have a structure which is very common in
nature (Han et al., 2007).

Model 1: This model defines a common motif of signalling pathways that
is a stage in a signal transduction cascade, for example this motif is repeated
several times in (Schoeberl et al., 2002). The input signal is represented by
the concentration of protein S depicted in the top left of the diagram (see
Fig. 1(a)). This protein activates the next stage of the cascade by binding
to protein R forming complex RS, and activating R into its phosphorylated

form Rpp. Protein Rpp can then be deactivated. Model 1 also defines input
signal degradation by converting protein S into its degraded form dS.

All the proteins used in this model (depicted with ellipses in Fig. 1(a))
will be represented as dependent variables in our ODE model. As we are
interested in modelling and analysis of temporal behaviour, the indepen-
dent variable is time. The biochemical reactions in this model (arrows in
Fig. 1(a)) are defined using the Mass Action kinetic law with parameters
depicted as textual remarks beside the arrows in model diagram (e.g. k1,
k5). The following system of ODEs defines this model:
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Model 3: The model depicted in Fig. 1(c) is a version of Model 2 with
degradation of protein S removed. As protein S cannot degrade, we would
not observe any signal decrease in system behaviours, and therefore we
would expect to see behaviours which are significantly different to the ones
produced with other models in this case study. Our goal for this model is to
demonstrate through hypotheses testing, that this model gains significantly
smaller evidential support from data than the rest of the models considered.
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Model 4: The model depicted in Fig. 1(d) is a more complex version of
Model 1. Phosphatase PhA depicted in the bottom of the diagram deactiva-
tes protein R. This model was constructed to demonstrate how it would be
penalised for complexity according to Occam’s razor concept (see Jaynes,
2003) in Bayesian hypotheses testing.
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The schematic diagrams for the models are depicted in Fig. 1(a) – 1(d).
The entities in circles represent proteins involved in a biochemical network,
while arrows correspond to biochemical reactions. Enzymatic behaviour is
indicated by an arrow with a circle as head. For example, see Fig. 1(b) where
S in an enzyme for activation of R. Kinetic parameters of the reactions are
depicted as text beside the arrows e.g. k1, V1. These networks represent
realistic networks, and they all have a structure which is very common in
nature (Han et al., 2007).

Model 1: This model defines a common motif of signalling pathways that
is a stage in a signal transduction cascade, for example this motif is repeated
several times in (Schoeberl et al., 2002). The input signal is represented by
the concentration of protein S depicted in the top left of the diagram (see
Fig. 1(a)). This protein activates the next stage of the cascade by binding
to protein R forming complex RS, and activating R into its phosphorylated

form Rpp. Protein Rpp can then be deactivated. Model 1 also defines input
signal degradation by converting protein S into its degraded form dS.

All the proteins used in this model (depicted with ellipses in Fig. 1(a))
will be represented as dependent variables in our ODE model. As we are
interested in modelling and analysis of temporal behaviour, the indepen-
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Ṡ = !k1 · S ! k2 · S · R + k3 · RS + k4 · RS

˙dS = k1 · S
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by binding and activation. Protein
Rpp can then be deactivated. This
model was used to generate the
experimental data.

(b) Model 2: A simplified ver-
sion of a signal transduction cas-
cade. It represents the same pro-
cess as described by Model 1,
but a mechanistic description of
the activation process is omitted
and replaced with more general
functions.

(c) Model 3: A model of a signal-
ling cascade which is signifi-
cantly different to the rest of the
models considered in this paper.
This model does not describe
degradation of protein S.
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(d) Model 4: A more com-
plex version of Model 1. This
model mechanistically describes
how protein Rpp is deactivated by
phosphotase PhA.

Fig. 1. Models used for testing model comparison approach.

The schematic diagrams for the models are depicted in Fig. 1(a) – 1(d).
The entities in circles represent proteins involved in a biochemical network,
while arrows correspond to biochemical reactions. Enzymatic behaviour is
indicated by an arrow with a circle as head. For example, see Fig. 1(b) where
S in an enzyme for activation of R. Kinetic parameters of the reactions are
depicted as text beside the arrows e.g. k1, V1. These networks represent
realistic networks, and they all have a structure which is very common in
nature (Han et al., 2007).

Model 1: This model defines a common motif of signalling pathways that
is a stage in a signal transduction cascade, for example this motif is repeated
several times in (Schoeberl et al., 2002). The input signal is represented by
the concentration of protein S depicted in the top left of the diagram (see
Fig. 1(a)). This protein activates the next stage of the cascade by binding
to protein R forming complex RS, and activating R into its phosphorylated

form Rpp. Protein Rpp can then be deactivated. Model 1 also defines input
signal degradation by converting protein S into its degraded form dS.

All the proteins used in this model (depicted with ellipses in Fig. 1(a))
will be represented as dependent variables in our ODE model. As we are
interested in modelling and analysis of temporal behaviour, the indepen-
dent variable is time. The biochemical reactions in this model (arrows in
Fig. 1(a)) are defined using the Mass Action kinetic law with parameters
depicted as textual remarks beside the arrows in model diagram (e.g. k1,
k5). The following system of ODEs defines this model:

8
>>>>>>>>>>>>><

>>>>>>>>>>>>>:

Ṡ = !k1 · S ! k2 · S · R + k3 · RS + k4 · RS

˙dS = k1 · S

Ṙ = !k2 · S · R + k3 · RS +
V · Rpp

Km + Rpp

ṘS = k2 · S · R! k3 · RS ! k4 · RS

˙Rpp = k4 · RS !
V · Rpp

Km + Rpp

This model has six kinetic parameters: k1 . . . k4, V, Km.

Model 2: The model depicted in Fig. 1(b) was constructed as a simplified
representation of the signal transduction cascade stage. It essentially repres-
ents the same system as defined with Model 1, but uses the simpler kinetic
law to define reactions.

The system of ODEs used in this model is
8
>>>>>>>>><

>>>>>>>>>:

Ṡ = !k1 · S

˙dS = k1 · S

Ṙ = !
V1 · R · S

k2 + R
+

V2 · Rpp

k3 + Rpp

˙Rpp =
V1 · R · S

k2 + R
!

V2 · Rpp

k3 + Rpp

The model has five kinetic parameters: k1, k2, k3, V1, V2.

Model 3: The model depicted in Fig. 1(c) is a version of Model 2 with
degradation of protein S removed. As protein S cannot degrade, we would
not observe any signal decrease in system behaviours, and therefore we
would expect to see behaviours which are significantly different to the ones
produced with other models in this case study. Our goal for this model is to
demonstrate through hypotheses testing, that this model gains significantly
smaller evidential support from data than the rest of the models considered.

The system of ODEs used in this model is
8
>>>>>><

>>>>>>:

Ṡ = 0

Ṙ = !
V1 · R · S

k1 + R
+

V2 · Rpp

k2 + Rpp

˙Rpp =
V1 · R · S

k1 + R
!

V2 · Rpp

k2 + Rpp

The model has four kinetic parameters: k1, k2, V1, V2.

Model 4: The model depicted in Fig. 1(d) is a more complex version of
Model 1. Phosphatase PhA depicted in the bottom of the diagram deactiva-
tes protein R. This model was constructed to demonstrate how it would be
penalised for complexity according to Occam’s razor concept (see Jaynes,
2003) in Bayesian hypotheses testing.
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degrade to dS. At the same time S
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tive state, to an active state Rpp
by binding and activation. Protein
Rpp can then be deactivated. This
model was used to generate the
experimental data.
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sion of a signal transduction cas-
cade. It represents the same pro-
cess as described by Model 1,
but a mechanistic description of
the activation process is omitted
and replaced with more general
functions.

(c) Model 3: A model of a signal-
ling cascade which is signifi-
cantly different to the rest of the
models considered in this paper.
This model does not describe
degradation of protein S.
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(d) Model 4: A more com-
plex version of Model 1. This
model mechanistically describes
how protein Rpp is deactivated by
phosphotase PhA.

Fig. 1. Models used for testing model comparison approach.

The schematic diagrams for the models are depicted in Fig. 1(a) – 1(d).
The entities in circles represent proteins involved in a biochemical network,
while arrows correspond to biochemical reactions. Enzymatic behaviour is
indicated by an arrow with a circle as head. For example, see Fig. 1(b) where
S in an enzyme for activation of R. Kinetic parameters of the reactions are
depicted as text beside the arrows e.g. k1, V1. These networks represent
realistic networks, and they all have a structure which is very common in
nature (Han et al., 2007).

Model 1: This model defines a common motif of signalling pathways that
is a stage in a signal transduction cascade, for example this motif is repeated
several times in (Schoeberl et al., 2002). The input signal is represented by
the concentration of protein S depicted in the top left of the diagram (see
Fig. 1(a)). This protein activates the next stage of the cascade by binding
to protein R forming complex RS, and activating R into its phosphorylated

form Rpp. Protein Rpp can then be deactivated. Model 1 also defines input
signal degradation by converting protein S into its degraded form dS.

All the proteins used in this model (depicted with ellipses in Fig. 1(a))
will be represented as dependent variables in our ODE model. As we are
interested in modelling and analysis of temporal behaviour, the indepen-
dent variable is time. The biochemical reactions in this model (arrows in
Fig. 1(a)) are defined using the Mass Action kinetic law with parameters
depicted as textual remarks beside the arrows in model diagram (e.g. k1,
k5). The following system of ODEs defines this model:

8
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>>>>>>>>>>>>>:

Ṡ = !k1 · S ! k2 · S · R + k3 · RS + k4 · RS

˙dS = k1 · S

Ṙ = !k2 · S · R + k3 · RS +
V · Rpp

Km + Rpp

ṘS = k2 · S · R! k3 · RS ! k4 · RS

˙Rpp = k4 · RS !
V · Rpp

Km + Rpp

This model has six kinetic parameters: k1 . . . k4, V, Km.

Model 2: The model depicted in Fig. 1(b) was constructed as a simplified
representation of the signal transduction cascade stage. It essentially repres-
ents the same system as defined with Model 1, but uses the simpler kinetic
law to define reactions.

The system of ODEs used in this model is
8
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Ṡ = !k1 · S

˙dS = k1 · S

Ṙ = !
V1 · R · S
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˙Rpp =
V1 · R · S
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The model has five kinetic parameters: k1, k2, k3, V1, V2.

Model 3: The model depicted in Fig. 1(c) is a version of Model 2 with
degradation of protein S removed. As protein S cannot degrade, we would
not observe any signal decrease in system behaviours, and therefore we
would expect to see behaviours which are significantly different to the ones
produced with other models in this case study. Our goal for this model is to
demonstrate through hypotheses testing, that this model gains significantly
smaller evidential support from data than the rest of the models considered.

The system of ODEs used in this model is
8
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>>>>>>:

Ṡ = 0

Ṙ = !
V1 · R · S

k1 + R
+

V2 · Rpp

k2 + Rpp

˙Rpp =
V1 · R · S

k1 + R
!
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k2 + Rpp

The model has four kinetic parameters: k1, k2, V1, V2.

Model 4: The model depicted in Fig. 1(d) is a more complex version of
Model 1. Phosphatase PhA depicted in the bottom of the diagram deactiva-
tes protein R. This model was constructed to demonstrate how it would be
penalised for complexity according to Occam’s razor concept (see Jaynes,
2003) in Bayesian hypotheses testing.
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Conclusions

• Bayesian methods for model comparison can 
rank models by evidential support

• Posterior Harmonic Mean Estimator is 
straightforward to implement, and is worth 
trying first, however, careful monitoring of 
estimates variance is required

• Posterior Harmonic Mean Estimator seems to 
overestimate the marginals in practical cases.
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Conclusions

• The Annealed Importance Sampling and the 
Annealing-Melting Integration Methods produce 
superior results, but are more computationally 
expensive

• These methods scale well (we tried applying 
them to models with >50 parameters and the 
variance of the estimates is still very small)
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Future Developments

• We are developing a software platform for 
applying Bayesian Inference to Systems Biology

• BioBayes, β is scheduled for November

• This will include three of the estimators 
considered today:

- Posterior Harmonic Mean Estimator

- Annealed Importance Sampling

- Annealing-Melting Integration
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