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The final algorithm in the tabular case
Choose δ ∈ (0, 1), initialize policy π, and run until convergence:
1. Sample a batch of random-length trajectories using policy π,
where the length T of each trajectory is drawn from T ∼ δ T .
2. Estimate Q(x, u) for all x, u by batch every-visit Monte Carlo.
3. Update policy: πxu ∝ Q(x, u).
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Background
• Probabilistic inference/learning techniques for optimal control.
(Cooper ’88; Dayan & Hinton ’97; Attias ’03; Doucet & Tadic ’04; Verma &
Rao ’06; Toussaint & Storkey ’06; Todorov ’08; Kappen et al. ’08; Peters &
Schaal ’08; Hoffman et al. ’08, ’09; Kober & Peters ’09)

• What it buys us: Fresh look at the problem; leverage existing
algorithms for inference/learning; new analysis tools; natural
extensions to structured domains/policies.
• Here we address the infinite-horizon model-free RL case.

Setup: Infinite-horizon MDP
• Discrete MDP with states xt, actions ut, and rewards rt ∈ [0, 1],
for t ≥ 0.
• Assume a starting distribution x0 ∼ p(x0).
• Find a stochastic policy π that maximizes the value function
V (π) = E

∞
hX
t=0

for discount factor γ ∈ (0, 1).

γ t rt ; π

i

Value function as mixture likelihood
• Toussaint & Storkey (2006) showed that V can be expressed as
the likelihood function of an infinite mixture model.
• Key idea 1: Treat the discounting factor γ t as a geometric
distribution over time steps, p(t) ∝ γ t.
• Key idea 2†: Treat each reward rt as the Bernoulli parameter of
a fictitious binary random variable R, i.e., rt ≡ p(R = 1|t).

†

Cooper (1988); Dayan & Hinton (1997).

Value function as mixture likelihood (2)
Let ξ = (x0, u0, . . .) be a state-action trajectory through the
MDP. Then V (π) reads:
V (π) =

∞
X
t=0

∞
X
X


γ t E rt ; π =
γt
p(ξ|t; π) rt,
t=0

ξ

where p(ξ|t; π) is the distribution of t-length trajectories:
p(ξ|t; π) = p(x0) p(ξ|t; MDP)

t
Y
τ =0

π(uτ |xτ ).

Value function as mixture likelihood (3)
• Using p(t) ∝ γ t, the value function V (π) reads:
V (π) ∝

∞
X
t=0

p(t)

X

p(ξ|t; π) p(R = 1|ξ),

ξ

where p(R = 1|ξ) is the terminal reward of ξ.
• V (π) is proportional to the mixture likelihood p(R = 1; π)
of a joint model p(t, ξ, R; π).
• Here t, ξ are the ‘latent’ variables and R is the ‘observed’ variable.
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Maximize V (π) using Stochastic EM
• E-step: Sample ti, ξi from the distribution of the latent data
given the observed data and the previous-step policy πk−1:
p(t, ξ|R = 1) ∝ p(t) p(ξ|t; πk−1) p(R = 1|ξ).
• M-step: Maximize over π the expected joint log-likelihood:
F (π) =

∞
X
t=0

p(t)

X
ξ

p(ξ|t; πk−1) p(R = 1|ξ) log p(ξ|t; π).

Forward simulation with importance sampling
• Consider a forward-simulation implementation of the E-step:
Sample ti ∼ p(t) and ξi ∼ p(ξ|ti; πk−1).
Assign to each ξi importance weight wi = p(R = 1|ξi).
• This scheme uses only the terminal reward of each sampled
trajectory.
• This is very inefficient; would require huge sample complexity.
• We need a new mixture representation.
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A new mixture model for V (π)
Theorem 1. For any scalar δ with γ < δ < 1, and corresponding
geometric distributions a(t) ∝ δ t and b(t) = (γ/δ)t, holds:
V (π) ∝

∞
X
T =0

a(T )

∞
X
t=0

b(t)

X

p(ξ|t; π) p(R = 1|ξ, T ),

ξ

where p(R = 1|ξ, T ) is the terminal reward of ξ if t ≤ T and 0
otherwise.
• In this model the latent variables are T, t, ξ.

Special case: The limit δ → γ
• When δ → γ the value function reads:†
V (π) ≈

∞
X

p(T )

T =0

X
ξ

p(ξ|T ; π)

T
X

rt

t=0

• This is the stochastic shortest path formulation of an
infinite-horizon value function (Bertsekas & Tsitsiklis, 1996).
• Our theorem can be viewed as a generalization of this formulation.
†

Hoffman, Kueck, de Freitas, Doucet (UAI’09).

Stochastic EM in the new model
• In the new model the E-step allows more efficient sampling:
Sample Ti ∼ a(T ) and ξi ∼ p(ξ|Ti; πk−1), for i = 1, . . . , m.
Reuse all sub-trajectories ξit of ξi, weighted by wit = b(t) rit.
• In the M-step maximize over π the function
F (π) =

|ξi|
m
X
X
1
i=1

|ξi| t=0

wξit log p(ξit|t; π).
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The tabular case: Discrete x, u, multinomial π
• The probability of the t-length sub-trajectory of ξ is:
log p(ξt|t; π) = const. +

xu
c
xu tξ log πxu,

P

where cxu
tξ are counts of occurences of (x, u) in ξ up to time t.
• The M-step function F (π) reads:
F (π) =

X
xu

(log πxu)

|ξi|
m
X
X
1
i=1

|ξi| t=0

b(t) rξit cxu
tξi .

Stochastic EM = Optimistic policy iteration
• Define a function Q(x, u) as
Q(x, u) =

|ξi|
m
X
X
1
i=1

|ξi| t=0

b(t) rξit cxu
tξi .

• This is policy evaluation with batch every-visit Monte Carlo!
• Maximization of F (π) then gives:
πxu ∝ Q(x, u).

The algorithm (again)
Choose δ ∈ (0, 1), initialize policy π, and run until convergence:
1. Sample a batch of random-length trajectories using policy π,
where the length T of each trajectory is drawn from T ∼ δ T .
2. Estimate Q(x, u) for all x, u by batch every-visit Monte Carlo.
3. Update policy: πxu ∝ Q(x, u).

Application on POMDPs
The proposed algorithm is non-bootstrapping hence it is also
applicable on POMDPs. Related algorithms:
Jaakkola et al. (1995): optimizes average reward; ad-hoc
derivation; requires learning rate.
Perkins (2002): ad-hoc definition of Q(x, u); requires learning
rate.
Perkins & Precup (2003): must fully evaluate a policy before
updating it.

Continuous states-actions, finite horizon
• Linear-Gaussian controller ut = (θ + εt)φ(xt), where φ(·) are
basis functions, and εt ∼ N (εt; 0, σ 2) is injected noise.
• The M-step gives the PoWER algorithm (Kober & Peters, 2009):
DP
E
T
T
X
t=0 Qξtεξt
E ξ,
θ = θold + D P
Qξt =
rξτ .
T
τ =t
t=0 Qξt
ξ

• Our framework extends PoWER to the infinite-horizon setting.
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Experiment 1: The ‘chain’ toy MDP
Multinomial π.
Initialized π uniform.
Here we used δ = γ
and m = 50.
All runs converged
to the optimal policy.

Experiment 2: The Hallway POMDP
Used stochastic
memoryless policy π.
Initialized π uniform.
Here we used δ = 0.99
(and γ = 0.95).
For m = 1000 Stochastic
EM converged to an
optimal policy.†
†

Thanks to Chris Amato for sharing software.

Summary
• We have cast infinite-horizon model-free RL as a mixture learning
problem.
• We proposed a new mixture model and an efficient EM algorithm.
• Interesting links between stochastic EM and optimistic policy
iteration (Monte Carlo ES, Sarsa(1)).
• The proposed algorithm is non-bootstrapping, hence it is also
applicable on POMDPs.
• It found an optimal memoryless policy in the Hallway POMDP.
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