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Abstract
Many problem domains including climatology and epidemiology require models
that can capture both heavy-tailed statistics and local dependencies. Specifying
such distributions using graphical models for probability density functions (PDFs)
generally lead to intractable inference and learning. Cumulative distribution networks (CDNs) provide a means to tractably specify multivariate heavy-tailed models as a product of cumulative distribution functions (CDFs). Existing algorithms
for inference and learning in CDNs are limited to those with tree-structured (nonloopy) graphs. In this paper, we develop inference and learning algorithms for
CDNs with arbitrary topology. Our approach to inference and learning relies on
recursively decomposing the computation of mixed derivatives based on a junction
trees over the cumulative distribution functions. We demonstrate that our systematic approach to utilizing the sparsity represented by the junction tree yields significant performance improvements over the general symbolic differentiation programs Mathematica and D*. Using two real-world datasets, we demonstrate that
non-tree structured (loopy) CDNs are able to provide significantly better fits to the
data as compared to tree-structured and unstructured CDNs and other heavy-tailed
multivariate distributions such as the multivariate copula and logistic models.

1 Introduction
The last two decades have been marked by significant advances in modeling multivariate probability
density functions (PDFs) on graphs. Various inference and learning algorithms have been successfully developed that take advantage of known variable dependence which can be used to simplify
computations and avoid overtraining. A major source of difficulty for such algorithms is the need to
compute a normalization term, as graphical models generally assume a factorized form for the joint
PDF. To make these models tractable, the factors themselves can be chosen to have tractable forms
such as Gaussians. Such choices may then make the model unsuitable for many types of data, such
as data with heavy-tailed statistics that are a quintessential feature in many application areas such as
climatology and epidemiology. Recently, a number of techniques have been proposed to allow for
both heavy-tailed/non-Gaussian distributions with a specifiable variable dependence structure. Most
of these methods are based on transforming the data to make it more easily modeled by Gaussian
PDF-fitting techniques, an example of which is the Gaussian copula [11] parameterized as a CDF
defined on nonlinearly transformed variables. In addition to copula models, many non-Gaussian
distributions are conveniently parameterized as CDFs [2]. Most existing CDF models, however,
do not allow the specification of local dependence structures and thus can only be applied to very
low-dimensional problems.
Recently, a class of multiplicative CDF models has been proposed as a way of modeling structured
CDFs. The cumulative distribution networks (CDNs) model a multivariate CDF as a product over
functions, each dependent on a small subset of variables and each having a CDF form [6, 7]. One
of the key advantages of this approach is that it eliminates the need to enforce normalization constraints that complicate inference and learning in graphical models of PDFs. An example of a CDN
is shown in Figure 1(a), where diamonds correspond to CDN functions and circles represent variables. In a CDN, inference and learning involves computation of derivatives of the joint CDF with
respect to model variables and parameters. The graphical model then allows us to efficiently perform
inference and learning for non-loopy CDNs using message-passing [6, 8]. Models of this form have
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been applied to multivariate heavy-tailed data in climatology and epidemiology where they have
demonstrated improved predictive performance as compared to several graphical models for PDFs
despite the restriction to tree-structured CDNs. Non-loopy CDNs may however be limited models
and adding functions to the CDN may provide significantly more expressive models, with the caveat
that the resulting CDN may become loopy and previous algorithms for inference and learning in
.CDNs then cease to be exact.
Our aim in this paper is to provide an effective algorithm for learning and inference in loopy CDNs,
thus improving on previous approaches which were limited to CDNs with non-loopy dependencies.
In principle, symbolic differentiation algorithms such as Mathematica [16] and D* [4] could be used
for inference and learning for loopy CDNs. However, as we demonstrate, such generic algorithms
quickly become intractable for larger models. In this paper, we develop the JDiff algorithm which
uses the graphical structure to simplify the computation of the derivative and enables both inference
and learning for CDNs of arbitrary topology. In addition, we provide an analysis of the time and
space complexity of the algorithm and provide experiments comparing JDiff to Mathematica and
D*, in which we show that JDiff runs in less time and can handle significantly larger graphs. We
also provide an empirical comparison of several methods for modeling multivariate distributions as
applied to rainfall data and H1N1 data. We show that loopy CDNs provide significantly better model
fits for multivariate heavy-tailed data than non-loopy CDNs. Furthermore, these models outperform
models based on Gaussian copulas [11], as well as multivariate heavy tailed models that do not allow
for structure specification.

2 Cumulative distribution networks
In this section we establish preliminaries about learning and inference for CDNs [6, 7, 8]. Let x be
a vector of observed values for random variables in the set 𝑉 and let 𝑥𝛼 , x𝐴 denote the observed
values for variable node 𝛼 ∈ 𝑉 and variable set 𝐴 ⊆ 𝑉 . Let 𝒩 (𝑠) be the set of neighboring variable
nodes for function node 𝑠. Define the operator ∂x𝐴 [⋅] as the mixed derivative operator with respect to
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variables in set 𝐴. For example, ∂𝑥1,2,3 [𝐹 (𝑥1 , 𝑥2 , 𝑥3 )] ≡ ∂𝑥1∂∂𝑥𝐹2 ∂𝑥3 . Throughout the paper we will
be dealing primarily with continuous random variables and so we will generally deal with PDFs,
with probability mass functions (PMFs) as a special case. We also assume in the sequel that all
derivatives of a CDF with respect to any and all arguments exist and are continuous and as a result
any mixed derivative of the CDF is invariant to the order of differentiation (Schwarz’ theorem).
Definition 2.1. The cumulative distribution network (CDN) consists of (1) an undirected bipartite
graphical model consisting of a bipartite graph 𝒢 = (𝑉, 𝑆, 𝐸), where 𝑉 denotes variable nodes and
𝑆 denotes function nodes, with edges in 𝐸 connecting function nodes to variable nodes and (2) a
specification of functions 𝜙𝑠 (x𝑠 ) for each function node 𝑠 ∈ 𝑆, where x𝑠 ≡ x𝒩 (𝑠) , ∪𝑠∈𝑆 𝒩 (𝑠) = 𝑉
and each function 𝜙𝑠 : ℝ∣𝒩 (𝑠)∣ 7→ [0, 1] satisfies the properties of a CDF. The
∏joint CDF over the
variables in the CDN is then given by the product of CDFs 𝜙𝑠 , or 𝐹 (x) = 𝑠∈𝑆 𝜙𝑠 (x𝑠 ), where
each CDF 𝜙𝑠 is defined over neighboring variable nodes 𝒩 (𝑠).
□
For example, in the CDN of Figure 1(a), each diamond corresponds to a function 𝜙𝑠 defined over
neighboring pairs of variable nodes, such that the product of functions satisfies the properties of
a CDF. In the sequel we will assume that both 𝐹 and CDN functions 𝜙𝑠 are parametric functions
of parameter vector 𝜽 and so 𝐹 ≡ 𝐹 (x) ≡ 𝐹 (x∣𝜽) and 𝜙𝑠 ≡ 𝜙𝑠 (x𝑠 ) ≡ 𝜙𝑠 (x𝑠 ; 𝜽). In a CDN,
the marginal CDF for any subset 𝐴 ⊆ 𝑉 is obtained simply by taking limits such that 𝐹 (x𝐴 ) =
lim 𝐹 (x), which can be done in constant time for each variable.
x𝑉 ∖𝐴 →∞

2.1 Inference and learning in CDNs as differentiation
For a joint CDF, the problems of inference and likelihood evaluation, or computing conditional CDFs
and marginal PDFs, both correspond to mixed differentiation of the joint CDF [6]. In particular, the
conditional CDF 𝐹 (x𝐵 ∣x𝐴 ) is related to the mixed derivative ∂x𝐴 [𝐹 (x𝐴 , x𝐵 )] by 𝐹 (x𝐵 ∣x𝐴 ) =
∂x𝐴 [𝐹 (x𝐴 ,x𝐵 )]
∂x𝐴 [𝐹 (x𝐴 )] . In the case of evaluating the likelihood corresponding to the model, we note that
for CDF 𝐹 (x∣𝜽), the PDF is defined as 𝑃 (x∣𝜽) = ∂x [𝐹 (x∣𝜽)]. In order to perform maximum1
likelihood estimation, we require the gradient vector ∇𝜽 log 𝑃 (x∣𝜽) = 𝑃 (x∣𝜽)
∇𝜽 𝑃 (x∣𝜽), which
requires us to compute a vector of single derivatives ∂𝜃𝑖 [𝑃 (x∣𝜽)] of the joint CDF with respect to
parameters in the model.
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2.2 Message-passing algorithms for differentiation in non-loopy graphs
As described above, inference and learning in a CDN corresponds to computing derivatives of the
CDF with respect to subsets of variables and/or model parameters. For inference in non-loopy
CDNs, computing mixed derivatives of the form ∂x𝐴 [𝐹 (x)] for some subset of nodes 𝐴 ⊆ 𝑉 can
be solved efficiently by the derivative-sum-product (DSP) algorithm of [6]. In analogy to the way
in which marginalization in graphical models for PDFs can be decomposed into a series of local
computations, the DSP algorithm decomposes the global computation of the total mixed derivative ∂x [𝐹 (x)] into a series of local computations by the passing of messages that correspond to
mixed derivatives of 𝐹 (x) with respect to subsets of variables in the model. To evaluate the model
likelihood, messages are passed from leaf nodes to the root variable node and the product of incoming root messages is differentiated. This procedure provably produces the correct likelihood
𝑃 (x∣𝜽) = ∂x [𝐹 (x∣𝜽)] for non-loopy CDNs [6].
To estimate model parameters 𝜽 for which the likelihood over i.i.d. data samples x1 , ⋅ ⋅ ⋅ , x𝑁 is
optimized, we can further make use of the gradient of the log-likelihood ∇𝜽 log 𝑃 (x∣𝜽) within
a gradient-based optimization algorithm. As in the DSP inference algorithm, the computation of
the gradient can also be broken down into a series of local gradient computations. The gradientderivative-product (GDP) algorithm [8] updates the gradients of the messages from the DSP algorithm and passes these from leaf nodes to the root variable node in the CDN, provably obtaining the
correct gradient of the log-likelihood of a particular set of observations x for a non-loopy CDN.

3 Differentiation in loopy graphs
For loopy graphs, the DSP and GDP algorithms are not guaranteed to yield the correct derivative
computations. For the general case of differentiating a product of CDFs, computing the total mixed
derivative requires time and space exponential in the number of variables. To see this, consider the
simple example of the derivative of a product of two functions 𝑓, 𝑔, both of which are functions of
x = [𝑥1 , ⋅ ⋅ ⋅ , 𝑥𝐾 ]. The mixed derivative of the product is then given by [5]
∑
∂x𝑈 [𝑓 (x)]∂x{1,⋅⋅⋅ ,𝐾}∖𝑈 [𝑔(x)],
(1)
∂x [𝑓 (x)𝑔(x)] =
𝑈⊆{1,⋅⋅⋅ ,𝐾}

𝐾

a summation that contains 2 terms. As computing the mixed derivative of a product of more
functions will entail even greater complexity, the naı̈ve approach will in general be intractable.
However, as we show in this paper, a CDN’s sparse graphical structure may often point to ways
to computing these derivatives efficiently, with non-loopy graphs being special, previously-studied
cases. To motivate our approach, consider the following lemma that follows in straightforward
fashion from the product rule of differentiation:
∏
Lemma 3.1. Let 𝒢 = (𝑉, 𝑆, 𝐸) be a CDN and let 𝐹 (x) =
𝜙𝑠 (x𝑠 ) be defined over variables
𝑠∈𝑆
∏
in 𝑉 . Let 𝑀1 , 𝑀2 be a partition of the function nodes 𝑆 and let 𝐺1 (x𝐶1 ) = 𝑠∈𝑀1 𝜙𝑠 (x𝑠 ) and
∏
∪
∪
𝐺2 (x𝐶2 ) = 𝑠∈𝑀2 𝜙𝑠 (x𝑠 ), where 𝐶1 = 𝑠∈𝑀1 𝒩 (𝑠) and 𝐶2 = 𝑠∈𝑀2 𝒩 (𝑠) are the variables
∩
that are arguments to 𝐺1 , 𝐺2 . Let 𝑆1,2 = 𝐶1 𝐶2 . Then
[
]
[
]
∑
∂x [𝐺1 (x𝐶1 )𝐺2 (x𝐶2 )] =
∂x𝐶1 ∖𝑆1,2 ∂x𝐴 [𝐺1 (x𝐶1 )] ∂x𝐶2 ∖𝑆1,2 ∂x𝑆1,2 ∖𝐴 [𝐺2 (x𝐶2 )] . (2)
𝐴⊆𝑆1,2

Proof. Define 𝐿 = 𝐶1 ∖ 𝑆1,2 and 𝑅 = 𝐶2 ∖ 𝑆1,2 . Then
∑
∂x [𝐹 (x)] = ∂x [𝐺1 (x𝐶1 )𝐺2 (x𝐶2 )] =
∂x𝑈 [𝐺1 (x𝐶1 )]∂x𝑉 ∖𝑈 [𝐺2 (x𝐶2 )]
𝑈⊆𝑉

=

∑ ∑ ∑

∂x𝐴,𝐵,𝐶 [𝐺1 (x𝐶1 )]∂x𝑆1,2 ∖𝐴,𝐿∖𝐵,𝑅∖𝐶 [𝐺2 (x𝐶2 )]

𝐴⊆𝑆1,2 𝐵⊆𝐿 𝐶⊆𝑅

=

∑

∂x𝐴,𝐿 [𝐺1 (x𝐶1 )]∂x𝑆1,2 ∖𝐴,𝑅 [𝐺2 (x𝐶2 )].

(3)

𝐴⊆𝑆1,2

The last step follows from identifying all derivatives that are zero, as we note that in the above,
∂x𝐶 [𝐺1 (x𝐶1 )] = 0 for 𝐶 ∕= ∅ and similarly, ∂x𝐿∖𝐵 [𝐺2 (x𝐶2 )] = 0 for 𝐿 ∖ 𝐵 ∕= ∅.
The number of individual steps needed∩
to complete the differentiation in (2) depends on the size of
the variable intersection set 𝑆1,2 = 𝐶1 𝐶2 . When the two factors 𝐺1 , 𝐺2 depend on two variable
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sets that do not intersect, then the differentiation can be simplified by independently computing
derivatives for each factor and multiplying. For example, for the CDN in Figure 1(a), partitioning
the problem such that 𝐶1 = {2, 3, 4, 6}, 𝐶2 = {1, 2, 5, 7} yields a more efficient computation than
the brute force approach. Significant computational advantages exist even when 𝑆 ∕= ∅, provided
∣𝑆1,2 ∣ is small. This suggests that we can recursively decompose the total mixed derivative and
gradient computations into a series of simpler computations so that ∂x [𝐹 (x)] reduces to a sum that
contains far fewer terms than that required by brute force. In such a recursion, the total product of
factors is always broken into parts that share as few variables as possible. This is efficient for most
CDNs of interest that consist of a large number of factors that each depend on a small subset of
variables. Such a recursive decomposition is naturally represented using a junction tree [12] for the
CDN in which we will pass messages corresponding to local derivative computations.
3.1 Differentiation in junction trees
In
∪𝑛a CDN 𝒢 = (𝑉, 𝑆, 𝐸), let {𝐶1 , ⋅ ⋅ ⋅ , 𝐶𝑛 } be a set of 𝑛 subsets of variable nodes in 𝑉 , where
𝑖=1 𝐶𝑖 = 𝑉 . Let 𝒞 = {1, ⋅ ⋅ ⋅ , 𝑛} and 𝒯 = (ℰ, 𝒞) be a tree where ℰ is the set of undirected edges
so that for any pair
∩ 𝑖, 𝑗 ∈ 𝒞 there is a unique path from 𝑖 to 𝑗. Then 𝒯 is a junction tree for 𝒢 if any
intersection 𝐶𝑖 𝐶𝑗 is contained in the subset 𝐶𝑘 corresponding to a node
∩ 𝑘 on the path from 𝑖 to 𝑗.
For each directed edge (𝑖, 𝑗) we define the separator set as 𝑆𝑖,𝑗 = 𝐶𝑖 𝐶𝑗 . An example of a CDN
and a corresponding junction tree are shown in Figures 1(a), 1(b).

(a)

(b)

(c)

(d)

Figure 1: a) An example of a CDN with 7 variable nodes (circles) and 15 function nodes (diamonds); b) A
junction tree obtained from the CDN of a). Separating sets are shown for each edge connecting nodes in the
junction tree, each corresponding to a connected subset of variables in the CDN; c), d) CDNs used to model
the rainfall and H1N1 datasets. Nodes and edges in the non-loopy CDNs of [8] are shown in blue and function
nodes/edges that were added to the trees are shown in red.

Since 𝒯 is a tree, we can root the tree at some node in 𝒞, say 𝑟. Given 𝑟, denote by 𝜏𝑖𝑗 the subset
of elements of 𝒞 that are in the subtree of 𝒯 rooted at 𝑗 and containing 𝑖. Also,
∪ let ℰ𝑖 be the set
of neighbors of 𝑖 in 𝒯 , such that ℰ𝑖 = {𝑗∣(𝑖, 𝑗) ∈ ℰ}. Finally, let 𝐶𝐴 = 𝑖∈𝐴 𝐶𝑖 . Suppose
𝑀1 , ⋅ ⋅ ⋅ , 𝑀𝑛 is a partition of 𝑆 such that for any 𝑖 = 1, ⋅ ⋅ ⋅ , 𝑛, 𝑀𝑖 consists of all 𝑠 ∈ 𝑆 whose
neighbors in 𝒢 are contained in 𝐶𝑖 and there is no 𝑗 >∏𝑖 such that all neighbors of 𝑠 ∈ 𝑀𝑖 are
included in 𝐶𝑗 . Define the potential function 𝜓𝑖 (x𝐶𝑖 ) = 𝑠∈𝑀𝑖 𝜙𝑠 (x𝑠 ) for subset 𝐶𝑖 . We can then
write the joint CDF as
∏
𝐹 (x) = 𝜓𝑟 (x𝐶𝑟 )
𝑇𝑘𝑟 (x),
(4)
𝑘∈ℰ𝑟
( ) ∏
where
x = 𝑗∈𝜏 𝑟 𝜓𝑗 (x𝐶𝑗 ), with 𝜓𝑗 defined as above. Computing the probability 𝑃 (x) then
𝑘
corresponds to computing
[
]
[
]
∏
∏
( )
( )
𝑟
𝑟
∂x 𝜓𝑟 (x𝐶𝑟 )
𝑇𝑘 x = ∂x𝐶𝑟 𝜓𝑟 (x𝐶𝑟 )
∂x𝐶 𝑟 ∖𝑆𝑟,𝑘 [𝑇𝑘 x ]

𝑇𝑘𝑟

𝑘∈ℰ𝑟

𝑘∈ℰ𝑟

[

= ∂x𝐶𝑟 𝜓𝑟 (x𝐶𝑟 )

∏

𝑘∈ℰ𝑟

𝜏
𝑘

]

𝑚𝑘→𝑟 (∅) ,

(5)

[
( )]
where we have defined messages 𝑚𝑘→𝑟 (𝐴) ≡ ∂x𝐴 ∂x𝐶 𝑟 ∖𝑆𝑟,𝑘 [𝑇𝑘𝑟 x ] , with 𝑚𝑘→𝑟 (∅) =
𝜏
𝑘
( )
∂x𝐶 𝑟 ∖𝑆𝑟,𝑘 [𝑇𝑘𝑟 x ]. It remains to determine how we can efficiently compute messages in the above
𝜏
𝑘

expression. We notice that for any given 𝑖 ∈ 𝒞 with 𝐴 ⊆ 𝐶𝑖 and 𝑈𝑖 ⊆ ℰ𝑖 , we can define the
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[

quantity 𝑚𝑖 (𝐴, 𝑈𝑖 ) ≡ ∂x𝐴 𝜓𝑖 (x𝐶𝑖 )

∏

𝑗∈𝑈𝑖

]

𝑚𝑗→𝑖 (∅) . Now select 𝑘 ∈ 𝑈𝑖 for the given 𝑖: we can

recursively re-write the above as
[
]
(
)
[
]
∏
𝑚𝑖 (𝐴, 𝑈𝑖 ) = ∂x𝐴 𝜓𝑖 (x𝐶𝑖 )
𝑚𝑗→𝑖 (∅) 𝑚𝑘→𝑖 (∅) = ∂x𝐴 𝑚𝑖 (∅, 𝑈𝑖 ∖ 𝑘)𝑚𝑘→𝑖 (∅)
𝑗∈𝑈𝑖 ∖𝑘

=

∑

𝑚𝑘→𝑖 (𝐵)𝑚𝑖 (𝐴 ∖ 𝐵, 𝑈𝑖 ∖ 𝑘) =

𝐵⊆𝐴

∑

𝐵⊆𝐴

∩

𝑚𝑘→𝑖 (𝐵)𝑚𝑖 (𝐴 ∖ 𝐵, 𝑈𝑖 ∖ 𝑘),

(6)

𝑆𝑖,𝑘

∩
where in the last step we note that whenever 𝐵 𝑆𝑖,𝑘 = ∅, 𝑚𝑘→𝑖 (𝐵) = 0, since by definition
message 𝑚𝑘→𝑖 (𝐴) does not depend on variables in 𝐶𝑖 ∖ 𝑆𝑖,𝑘 . From the definition of message
𝑚𝑗→𝑖 (𝐴), for any 𝐴 ⊆ 𝑆𝑖,𝑗 we also have
[
]
[
]
∏
( )
𝑗( )
𝑖
𝑚𝑗→𝑖 (𝐴) = ∂x𝐴 ∂x𝐶 𝑖 ∖𝑆𝑖,𝑗 [𝑇𝑗 x ] = ∂x𝐴,𝐶𝑗 ∖𝑆𝑖,𝑗 𝜓𝑗 (x𝐶𝑗 )
∂x𝐶 𝑗 ∖𝑆𝑙,𝑗 [𝑇𝑙 x ]
𝜏
𝑗

𝑙∈ℰ𝑗 ∖𝑖

𝜏
𝑙

( ∪
)
= 𝑚𝑗 𝐴 𝐶𝑗 ∖ 𝑆𝑖,𝑗 , ℰ𝑗 ∖ 𝑖 ,

(7)

where 𝜏𝑙𝑗 is the subtree of 𝒯 rooted at 𝑗 and containing 𝑙. Thus, we can recursively compute functions
𝑚𝑖 , 𝑚𝑗→𝑖 by applying the above updates for each node in 𝒯 , starting from from leaf nodes of 𝒯
and up to the root node 𝑟. At the root node, the correct mixed derivative is then given by 𝑃 (x) =
∂x [𝐹 (x)] = 𝑚𝑟 (𝐶𝑟 , ℰ𝑟 ). Note that the messages can be kept in a symbolic form as functions over
appropriate variables, or, as is the case in the experiments section, they can simply be evaluated for
the given data x. In the latter case, each message reduces to a scalar, as we can evaluate derivatives
of the functions in the model for fixed x, 𝜽 and so we do not need to store increasingly complex
symbolic terms.
3.2 Maximum-likelihood learning in junction trees
While computing 𝑃 (x∣𝜽) = ∂x [𝐹 (x∣𝜽)], we can in parallel obtain the gradient of the likelihood
function. The likelihood is equal to the message 𝑚𝑟 (𝐶𝑟 , ℰ𝑟 ) at the root node 𝑟 ∈ 𝒯 . The computation of its gradient ∇𝜽 𝑚𝑟 (𝐶𝑟 , ℰ𝑟 ) can be decomposed in a similar fashion to the decomposition of
the mixed derivative computation. The gradient of each message 𝑚𝑖 , 𝑚𝑗→𝑖 in the junction tree decomposition is updated in parallel with the likelihood messages through the use of gradient messages
g𝑖 ≡ ∇𝜽 𝑚𝑖 and g𝑗→𝑖 ≡ ∇𝜽 𝑚𝑗→𝑖 .
The algorithm for computing both the likelihood and its gradient, which we call JDiff for junction
tree differentiation, is shown in Algorithm 1. Thus by recursively computing the messages and their
gradients starting from leaf nodes of 𝒯 to the root node 𝑟, we can obtain the exact likelihood and
gradient vector for the CDF modelled by 𝒢.
3.3 Running time analysis
The space and time complexity of JDiff is dominated by Steps 1-3 in Algorithm 1: we quantify this
in the next Theorem.
Theorem 3.2. The time and space complexity of the JDiff algorithm is
(
)
𝑂 max(∣𝑀𝑗 ∣ + 1)∣𝐶𝑗 ∣ + max (∣ℰ𝑗 ∣ − 1) ∗ 2∣𝐶𝑗 ∖𝑆𝑗,𝑘 ∣ 3∣𝑆𝑗,𝑘 ∣ .
(8)
𝑗

(𝑗,𝑘)∈ℰ

(
)
∑𝐶𝑗 (∣𝐶𝑗 ∣)
𝑘
∣𝐶𝑗 ∣
Proof. The complexity of Step 1 in Algorithm 1 is given by 𝑘=1
∣𝑀
∣
=
𝑂
(𝑀
+1)
,
𝑗
𝑗
𝑘
which is the total number of terms in the expanded sum of products form for computing mixed
derivatives ∂x𝐴 [𝜓𝑗 ] for all 𝐴 ⊆ 𝐶𝑗 . Step 2 has complexity bounded by
𝑆𝑗,𝑘 (
(
)
∑ ∣𝑆𝑗,𝑘 ∣)
𝑂 (∣ℰ𝑗 ∣ − 1) ∗ max
2∣𝐶𝑗 ∖𝑆𝑗,𝑘 ∣ 2𝑙 = (∣ℰ𝑗 ∣ − 1) ∗ 𝑂(max 2∣𝐶𝑗 ∖𝑆𝑗,𝑘 ∣ 3∣𝑆𝑗,𝑘 ∣ )
(9)
𝑘∈ℰ𝑗
𝑘∈ℰ𝑗
𝑙
𝑙=0

since the cost of computing derivatives for each 𝐴 ⊆ 𝐶𝑗 is a function of the size of the intersection
with 𝑆𝑖,𝑗 . Thus we have the number of ways that an intersection can be of size 𝑙 times the number of
ways that we can choose the variables not in the separator 𝑆𝑗,𝑘 times the cost for that size of overlap.
Finally, Step 3 has complexity
bounded by 𝑂(2∣𝑆𝑗,𝑘 ∣ ). The total time and space) complexity is then
(

of order given by 𝑂 max(∣𝑀𝑗 ∣ + 1)∣𝐶𝑗 ∣ + max (∣ℰ𝑗 ∣ − 1) ∗ 2∣𝐶𝑗 ∖𝑆𝑗,𝑘 ∣ 3∣𝑆𝑗,𝑘 ∣ .
𝑗

(𝑗,𝑘)∈ℰ
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Algorithm 1: JDiff: A junction tree algorithm for computing the likelihood ∂x [𝐹 (x∣𝜽)] and its gradient
∇𝜽 ∂x [𝐹 (x∣𝜽)] for a CDN 𝒢. Lines marked 1,2,3 dominate the space and time complexity.

Input: A CDN 𝒢 = (𝑉, 𝑆, 𝐸), a junction tree 𝒯 ≡ 𝒯 (𝒢) = (ℰ, 𝒞) with node set 𝒞 = {1, ⋅ ⋅ ⋅ , 𝑛}
and edge set ℰ, where each 𝑖 ∈ 𝒞 indexes a subset 𝐶𝑖 ⊆ 𝑉 . Let 𝑟 ∈ 𝒞 be the root of 𝒯 and
𝑗
denote the subtree of 𝒯 rooted at 𝑗 containing
∩ 𝑘 by 𝜏𝑘 . Let 𝑀1 , ⋅ ⋅ ⋅ , 𝑀𝑛 be a partition of 𝑆
such that 𝑀𝑗 = {𝑠 ∈ 𝑆∣𝒩 (𝑠) ⊆ 𝐶𝑗 , 𝒩 (𝑠) 𝐶𝑘 = ∅ ∀𝑘 < 𝑗}.
Data: Observations and parameters
( (x, 𝜽)
)
Output: Likelihood and gradient ∂x [𝐹 (x; 𝜽)], ∇𝜽 ∂x [𝐹 (x; 𝜽)]
1

2

3

foreach Node 𝑗 ∈ 𝒞 ∏
do
𝑈𝑗 ← ∅; 𝜓𝑗 ← 𝑠∈𝑀𝑗 𝜙𝑠 ;

foreach Subset 𝐴 ⊆ 𝐶𝑗 do
𝑚𝑗 (𝐴, ∅) ← ∂x𝐴 [𝜓𝑗 ];
g𝑗 (𝐴, ∅) ← ∇𝜽 ∂x𝐴 [𝜓𝑗 ];
end
∩ 𝑗
foreach Neighbor
∩ 𝑘 ∈ ℰ𝑗 𝜏𝑘 do
𝑆𝑗,𝑘 ← 𝐶𝑗 𝐶𝑘 ;
foreach Subset∪𝐴 ⊆ 𝐶𝑗∑do
𝑚𝑗 (𝐴, 𝑈𝑗 𝑘) ← 𝐵⊆𝐴 ∩ 𝑆𝑗,𝑘 𝑚𝑘→𝑗 (𝐵)𝑚𝑗 (𝐴 ∖ 𝐵, 𝑈𝑗 );
∪
∑
g𝑗 (𝐴, 𝑈𝑗 𝑘) ← 𝐵⊆𝐴 ∩ 𝑆𝑗,𝑘 𝑚𝑘→𝑗 (𝐵)g𝑗 (𝐴 ∖ 𝐵, 𝑈𝑗 ) + g𝑘→𝑗 (𝐵)𝑚𝑗 (𝐴 ∖ 𝐵, 𝑈𝑗 );
end
∪
𝑈𝑗 ← 𝑈𝑗 𝑘;
end
if 𝑗 ∕= 𝑟 then ∩
∩
𝑘 ← {𝑙∣ℰ𝑗 𝜏𝑗𝑙 ∕= ∅}; 𝑆𝑗,𝑘 ← 𝐶𝑗 𝐶𝑘 ;
foreach Subset 𝐴 ⊆ 𝑆
do
(𝑗,𝑘∪
)
𝑚𝑗→𝑘 (𝐴) ← 𝑚𝑗 𝐴 𝐶𝑗 ∖ 𝑆𝑗,𝑘 , ℰ𝑗 ∖ 𝑘 ;
( ∪
)
g𝑗→𝑘 (𝐴) ← g𝑗 𝐴 𝐶𝑗 ∖ 𝑆𝑗,𝑘 , ℰ𝑗 ∖ 𝑘 ;

end
else
(
)
return 𝑚𝑟 (𝐶𝑟 , ℰ𝑟 ), g𝑟 (𝐶𝑟 , ℰ𝑟 )
end
end

Note that JDiff reduces to the algorithms of [6, 8] for non-loopy CDNs and its complexity then
becomes linear in the number of variables. For other types of graphs, the complexity grows exponentially with the tree-width.

4 Experiments
The experiments are divided into two parts. The first part evaluates the computational efficiency of
the JDiff algorithm for various graph topologies. The second set of experiments uses rainfall and
H1N1 epidemiology data to demonstrate the practical value of loopy CDNs, which JDiff for the first
time makes practical to learn from data.
4.1 Symbolic differentiation
As a first test, we compared the runtime of JDiff to that of commonly-used symbolic differentiation
tools such as Mathematica [16] and D* [4]. The task here was to symbolically compute ∂x [𝐹 (x)]
for a variety of CDNs. All three algorithms were run on a machine with a 2.66 GHz CPU and 16
GB of RAM. The JDiff algorithm was implemented in MATLAB. A junction tree was constructed
by greedily eliminating the variables with the minimal fill-in algorithm and then constructing elimination subsets for nodes in the junction tree [10] using the MATLAB implementation of [14]. For
square grid-structured CDNs with CDN functions defined over pairs of adjacent variables, Mathematica and D* ran out of memory for grids larger than 3 × 3. For the 3 × 3 grid, JDiff took less
than 1 second to compute the symbolic derivative, whereas Mathematica and D* took 6.2 s. and 9.2
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Figure 2: Both a), b) report average test log-likelihoods achieved for the CDNs, the nonparanormal bidirected
and Markov models (NPN-BDG,NPN-MRF), Gaussian bidirected and Markov models for log-transformed
data (GBDG-log,GMRF-log) and the multivariate logistic distribution (MVlogistic) on leave-one-out crossvalidation of the a) rainfall and b) H1N1 datasets; c) Contour plots of log-bivariate densities under the CDN
model of Figure 1(c) for rainfall with observed measurements shown. Each panel shows the marginal PDF
𝑃 (𝑥𝛼 , 𝑥𝛽 ) = ∂𝑥𝛼,𝛽 [𝐹 (𝑥𝛼 , 𝑥𝛽 )] under the CDN model for each CDN function 𝑠 and its neighbors 𝛼, 𝛽.
Each marginal PDF can be computed analytically by taking limits followed by differentiation; d) Graphs for
the H1N1 datasets with edges weighted according to mutual information under the CDN, nonparanormal and
Gaussian BDGs for log-transformed data. Dashed edges correspond to information of less than 1 bit.

s. each. We also found that JDiff could tractably (i.e.: in less than 20 min. of CPU time) compute
derivatives for graphs as large as 9 × 9. We also compared the time to compute mixed derivatives
in loops of length 𝑛 = 10, 11, ⋅ ⋅ ⋅ , 20. The time required by JDiff varied from 0.81 s. to 2.83 s. to
compute the total mixed derivative, whereas the time required by Mathematica varied from 1.2 s. to
580 s. and for D*, 6.7 s. to 12.7 s.
4.2 Learning models for rainfall and H1N1 data
The JDiff algorithm allows us to compute mixed derivatives of a joint CDF for applications in
which we may need to learn multivariate heavy-tailed distributions defined on loopy graphs. The
graphical structures in our examples are based on geographical location of variables that impose
dependence constraints based on spatial proximity. To model pairs of heavy-tailed variables, we
used the bivariate logistic distribution with Gumbel margins [2], given by
( ( 𝑥−𝜇𝑥,𝑠
)
𝑦−𝜇𝑦,𝑠 )
𝜃𝑠
−
−
𝜙𝑠 (𝑥, 𝑦) = exp − 𝑒 𝜎𝑥,𝑠 𝜃𝑠 + 𝑒 𝜎𝑦,𝑠 𝜃𝑠
, 𝜎𝑥,𝑠 > 0, 𝜎𝑦,𝑠 > 0, 0 < 𝜃𝑠 < 1.
(10)
Models constructed by computing products of functions of the above type have the properties of
both being heavy-tailed multivariate distributions and satisfying marginal independence constraints
between variables that share no function nodes [8]. Here we examined the data studied in [8], which
consisted of spatial measurements for rainfall and for H1N1 mortality. The rainfall dataset consists
of 61 daily measurements of rainfall at 22 sites in China and the H1N1 dataset consists of 29 weekly
mortality rates in 11 cities in the Northeastern US during the 2008-2009 epidemic. Starting from the
non-loopy CDNs used in [8] (Figures 1(c) and 1(d), shown in blue), we added function nodes and
edges to construct loopy CDNs (shown in red in Figures 1(c) and 1(d)) to construct CDNs capable
7

of expressing many more marginal dependencies at the cost of creating numerous loops in the graph.
All CDN models (non-loopy and loopy) were learned from data using stochastic gradients to update
model parameters using settings described in the Supplemental Information.
The loopy CDN model was compared via leave-one-out cross-validation to non-loopy CDNs of [8]
and disconnected CDNs corresponding to independence models. To compare with other multivariate
approaches for modelling heavy-tailed data, we also tested the following:
∙ Gaussian bi-directed (BDG) and Markov (MRF) models with the same topology as the loopy
CDNs for log-transformed data with 𝑥
˜ = log(𝑥 + 𝜖𝑖 ) for 𝜖𝑖 = 10−𝑖 , 𝑖 = 1, 2, 3, 4, 5, where we
show the results for 𝑖 that yielded the best test likelihood. Models were fitted using the algorithms
of [3] and [15]. For the Gaussian BDGs, the covariance matrices Σ were constrained so that
(Σ)𝛼,𝛽 = 0 only if there is no edge connecting variable nodes 𝛼, 𝛽. For the Gaussian MRF, the
constraints were (Σ)−1
𝛼,𝛽 = 0).
∙ Structured nonparanormal distributions [11], which use a Gaussian copula model, where the structure was specified by the same BDG and MRF graphs and estimation of the covariance was performed using the algorithms for Gaussian MRFs and BDGs on nonlinearly transformed data. The
nonlinear transformation is given by 𝑓𝛼 (𝑥𝛼 ) = 𝜇
˜𝛼 + 𝜎
˜𝛼 Φ−1 (𝐹˜𝛼 (𝑥𝛼 )) where Φ is the normal
CDF, 𝐹˜𝛼 is the Winsorized estimator [11] of the CDF for random variable 𝑋𝛼 and parameters
𝜇
˜𝛼 , 𝜎
˜𝛼 are the empirical mean and standard deviation for 𝑋𝛼 . Although the nonparanormal allows for structure learning as part of model fitting, for the sake of comparison the structure of the
model was set to be same as those of the BDG and MRF models.
∙ The multivariate logistic CDF [13] that is heavy-tailed but does not model local dependencies.
Here we designed the BDG and MRF models to have the same graphical structure as the loopy
CDN model such that all three model classes represent the same set of local dependencies even
though the set of global dependencies is different for a BDG, MRF and CDN of the same connectivity. Additional details about these comparisons are provided in the Supplemental Information.
The resulting average test log-likelihoods on leave-one-out cross-validation achieved by the above
models are shown in Figures 2(a) and 2(b). Here, capturing the additional local dependencies and
heavy-tailedness using loopy CDNs leads to significantly better fits (𝑝 < 10−8 , two-sided sign test).
To further explore the loopy CDN model, we can visualize the set of log-bivariate densities obtained from the loopy CDN model for the rainfall data in tandem with observed data (Figure 2(c)).
The marginal bivariate density for each pair of neighboring variables is obtained by taking limits
of the learned multivariate CDF and differentiating the resulting bivariate CDF. We can also examine the resulting models by comparing the mutual information (MI) between pairs of neighboring
variables in the graphical models for the H1N1 dataset. This is shown in Figure 2(d) in the form
of undirected weighted graphs where edges are weighted proportional to the MI between the two
variable nodes connected by that edge. For the CDN, MI was computed by drawing 50,000 samples from the resulting density model via the Metropolis algorithm; for Gaussian models, the MI
was obtained analytically. As can be seen, the loopy CDN model differs significantly from the
nonparanormal and Gaussian BDGs for log-transformed data in the MI between pairs of variables
(Figure 2(d)). Not only are the MI values under the loopy CDN model significantly higher as compared to those under the Gaussian models, but also high MI is assigned to the edge corresponding
to the Newark,NJ/Philadelphia,PA air corridor, which is a likely source of H1N1 transmission between cities [1] (edge shown in black in Figure 2(d)). In contrast, this edge is largely missed by the
nonparanormal and log-transformed Gaussian BDGs.

5 Discussion
The above results for the rainfall and H1N1 datasets, combined with the lower runtime of JDiff
compared to standard symbolic differentiation algorithms, highlight A) the usefulness of JDiff as an
algorithm for exact inference and learning for loopy CDNs and B) the usefulness of loopy CDNs
in which multiple local functions can be used to model local dependencies between variables in
the model. Future work could include learning the structure of compact probability models in the
sense of graphs with bounded treewidth, with practical applications to other problem domains (e.g.:
finance, seismology) in which data are heavy-tailed and high-dimensional and comparisons to existing techniques for doing this [11]. Another line of research would be to further study the connection
between CDNs and other copula-based models (e.g.: [9]). Finally, given the demonstrated value of
adding dependency constraints to CDNs, further development of faster approximate algorithms for
loopy CDNs will also be of practical value.
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