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What is this talk about?

How long should I observe a system before I can learn its dynamics? J

Andrea Montanari (Stanford) Information Theory



What is this talk about?

How long should I observe a system before I can learn its dynamics? J

» Information-theoretic tools

» Tutorial (no Information Theory background required)
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General estimation in Hamming metric

» Parameter space ©, |8 <

» Family of probability measures (Pg)gco on space X
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General estimation in Hamming metric

» Parameter space ©, |8 <

» Family of probability measures (Pg)gco on space X

Estimator:

6:X > ©

X —0(X)

Minimax risk

Ru(©) = inf max P (§(X) ) 9)
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Entropy and conditional entropy

X ~ px(-), probability measure on X, finite

H(X)=-)_ px(z)logpx(z).
TEX
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Entropy and conditional entropy

X ~ px(-), probability measure on X, finite

H(X)=-)_ px(z)logpx(z).
TEX

(X,Y)~px,y(:, ), probability measure on X x Y, finite

HX|Y)=- > pxv(z,y)logpx v(z|y).
TEX,yey
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Two properties

Chain rule

H(X,Y)=H(X|Y)+ H(Y)
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Two properties

Chain rule

H(X,Y)=H(X|Y)+ H(Y)

Sub-addittivity
H(X,Y)<H(X)+ H(Y)

[with = iff independent]
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Information-theoretic approach

» Assume 6 ~ P:

IgleaécPe( (X )759) ( (X)¢9)
= )~ P(9 = 60) Pe, (8(X) # 60)

6o€®
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Information-theoretic approach

» Assume 6 ~ P:

IgleaécPe( (X )759) ( (X)¢9)
= )~ P(9 = 60) Pe, (8(X) # 60)

6o€®

» Fano’s inequality

" H(O|X) -1
P(6(X) #6) > ~oglol
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Information-theoretic approach

» Assume 6 ~ P:

IgleaécPe( (X )759) ( (X)¢9)
= )~ P(9 = 60) Pe, (8(X) # 60)

6o€®

» Fano’s inequality

" H(O|X) -1
P(6(X) #6) > ~oglol

For any distribution P,

H(6X) -1
log |©|
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Some simple examples J
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Toy example

» ©=[2"={1,2,...,2"}
» X =(Xi,...,Xr), Xt €[2™] independent given 6.

>

1-p(1—2"™) iff=8,

p2~— ™ otherwise.

Po(X; = £) = {

How to choose P?
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Toy example

» ©=[2"={1,2,...,2"}
» X =(Xi,...,Xr), Xt €[2™] independent given 6.

>

1-p(1—2"™) iff=8,

p2~— ™ otherwise.

Po(X; = £) = {

How to choose P?

Uniform
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Evaluating the conditional entropy

H(f) =log|©| =m

Andrea Montanari (Stanford) Information Theory



Evaluating the conditional entropy

H(f) =log|©| =m
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Evaluating the conditional entropy

H(f) =log|©| =m

HO|X)=H(0,X)— H(X) (chain rule)
= H(X|6) + H(6) — H(X) (chain rule)
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Evaluating the conditional entropy

H(f) =log|©| =m

HO|X)=H(0,X)— H(X) (chain rule)
= H(X|6) + H(6) — H(X) (chain rule)

T
= Z H(X|9) — H(X)+m (chain rule)

1=1
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Evaluating the conditional entropy

H(f) =log|©| =m

HO|X)=H(0,X)— H(X) (chain rule)
(X16)+ H(A) — H(X) (chain rule)

Il
I

I
WE

H(X|9) — H(X)+m (chain rule)
1

.
Il

Y4
B

{H(X:|0) — H(X:)} +m (subadditivity)

o~
Il

1
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Evaluating the conditional entropy

H(f) =log|©| =m

HO|X)=H(0,X)— H(X) (chain rule)
= H(X|6) + H(6) — H(X) (chain rule)
T
= Z H(X|9) — H(X)+m (chain rule)
1=1
T
> {H(X:|0) - H(Xs)} +m (subadditivity)
t=1
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Fano’s inequality

H|X) -1

Ruy(©

v
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Fano’s inequality

H(|X) -1
log |©]

> 1 [H(X) - HX(8)] - m

Ru(©) >
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Fano’s inequality

H(B|X) -1
log |©|

> 1- 2 [H(G) - HOXe) - m .

Ru(©) >

Toy Theorem
Minimax error probability larger than (1/2) — (1/m) unless

T2 3E) - HEX )]
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Fano’s inequality

H(B|X) -1
log |©|

> 1- 2 [H(G) - HOXe) - m .

Ru(©) >

Toy Theorem
Minimax error probability larger than (1/2) — (1/m) unless

m _ 1 log|©]
T2 3B - HEG8) 2 1(X,;6)
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Interpretation

1 log|©|
2 I(X1;0)

» Hach observation yields I(X;;0) = H(6) — H(6|X1) bits

» Need to accumulate log |©| bits
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A more ‘dynamical’ example

te{l,...,T—1}

X1 =V1-62X,+63
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A more ‘dynamical’ example

te{l,...,T—1}

X1 =V1-62X,+63

» 80 C(0,1)
> Zt ~ii4. N(0,1)
» X; ~ N(0,1) dependent
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©| =5, T =20
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©| =5, T =40
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@] =5, T = 80
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©| =5, T = 160

v

A WA VR VA AW VA
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Conditional entropy

H(8|X) = H(0) + h(X|0) — h(X)
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Conditional entropy

H(8|X) = H(0) + h(X|0) — h(X)
T T

= H(6) + > h(X:l6, X; 1) — > h(Xe|Xq,..., Xs 1)
t=1 t=1
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Conditional entropy

T
= H(6) + > h(X:l6, X; 1) — > h(Xe|Xq,..., Xs 1)
t=1 t=1

T
> H(6) + Y {h(X:|0, X¢ 1) — (Xt X 1)}
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Conditional entropy

H(0]X) = H(6) + h(X]6) — h(X)
T

h(X

T

Z (X0, Xe 1) — > R(Xel Xa, ..., Xi1)
t=1 =1

T

+ ) {h(X:]6, Xe-1) — h(Xe| Xi-1)}

t=1
{ (X+]6, Xt—1) (Xt|Xt_1)} (stationarity)
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Conditional entropy

H(6|X) = H(6) + h(X|6) — h(X)
T T
= H(6) + > h(X:l6, X; 1) — > h(Xe|Xq,..., Xs 1)
t=1 t=1
T
> H(0) + ) {h(X:]6, Xt-1) — h(Xe| Xe-1)}
t=1
= H(9) — { (X160, Xt—1) — (Xt|Xt_1)} (stationarity)
= H(6) — T I(6; X¢| Xt-1)
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A general lemma

Lemma

If Py 1s a stationary Markov process, then error probability
> (1/2) — (1/m) unless

log |©)|

1
T> - ————— .
2 I(6’, Xt’Xt—l)

vV
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A general lemma

Lemma

If Py 1s a stationary Markov process, then error probability
> (1/2) — (1/m) unless

log |©)|

1
T> - ————— .
2 I(6’, Xt’Xt—l)

vV

> I(0; X¢|Xt—1): ‘new’ information

Andrea Montanari (Stanford) Information Theory December 11, 2015 20 / 31



Bounding the mutual information

I(0, Xt|Xt_1) = h(Xt|Xt_1) — h(Xt|9, Xt—l)
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Bounding the mutual information

I(G, Xt|Xt_1) =
<

(Xt Xi—1) — h(X¢|0, Xi—1)
(X:) — Egh(02Z:)
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Bounding the mutual information

I(6; X¢| X¢—1) = h(Xt| Xt—1) — h(X¢]6, Xi—1)
< h(Xt) — Eoh(62:)
= E¢{h(N(0, 1)) — h(N(0,6%))
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Bounding the mutual information

I(G, Xt|Xt_1) = h(Xt|Xt_1) — h(Xt|9, Xt—l)
< h(X:) —Egh(6Z;)
= E¢{R(N(0,1)) — h(N(0,6?))
= Eg log(1/6)
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Hence

Xt+1:\/1—92Xt+QZt

We need to observe for

log |©]|
T> ———————
— 2Eglog(1/0)
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Hence

Xt+1:\/1—92Xt+QZt

We need to observe for

log |©]|
T> ———————
— 2Eglog(1/0)

» Tin — 00 as 8 =~ 1 ({X;} independnet
» Bad bound, cannot take 8§ — 0
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A more advanced application J
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High-dimensional SDE

%(t) = F(X(t);6) + B(t)

» X = X3 ={X()}tep, 7], X(t) €R?
» B = d—dimensional white noise: E{B;(t)B;(s)} = 6;6(¢t — s)
» For each § € ©, F(-;6) : R — R?
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Example

Langevin dynamics

‘L_f(t) = ~VH(X(t);6) + B(t)
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Example

Langevin dynamics

Cg_f(t) = ~VH(X(t);6) + B(t)

Spin model

n

H(z,0) = - Z Hij:vimi + Z V(zi),
(2,9) 1=1

ax;

3 (B =—V'(@(8) + 3 053(2) + Bi(t)
j=1
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Information-theoretic lower bound

Fano

log |©|

L
21(Xy;0)/T
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Information-theoretic lower bound

Fano

log |©|

L
21(Xy;0)/T

Duncan 1970; Kadota, Zakai, Ziv, 1971

1(xT:6) = %/OTIE{Var(F(t)\Xé)}dt,

F(t) = F(X(),0)
» Interpretation: New information = Var(F(t)| X)
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A general lower bound

Theorem (Bento, Ibrahimi, Montanari, 2011; Bento, Ibahimi 2014)
If X 1s stationary, then

T> log |©]
~ E{Var(F(t)| X}) }
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Application: Sparse, linear model

%(t) = —X(t) +pAcX(t) + B(t)
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Application: Sparse, linear model

t_f(t) = —X(t)+pAcX(t)+ B(2)

» Ag € {0,+1, —1}9*4 adjacency matrix of a (directed, signed)
graph

» deg(z) < k

> Amin(I— pAT™™)=1/7>0
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Application: Sparse, linear model

S0 = —X(0) + w AX (1) + B(1)

Theorem (Bento, Ibrahimi, Montanari, 2011)

In order to learn Ag, we need time at least

1
T> C’(k)max{;, %} logp.
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Application: Sparse, linear model

S0 = —X(0) + w AX (1) + B(1)

Theorem (Bento, Ibrahimi, Montanari, 2011)

In order to learn Ag, we need time at least

1
T> C’(k)max{;, %} logp.

» Regularized maximum likelihood gets the right scaling
[cf. Jose Bento’s talk]
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Conclusion
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Conclusion

» Learning dynamical systems from data
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Conclusion

» Learning dynamical systems from data

» Largely open

» Information theory gives useful lower bounds
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Conclusion

» Learning dynamical systems from data

» Largely open

» Information theory gives useful lower bounds

Thanks! )
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